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Abstract :	
This research examined three different ways to calculate energy gap values based 

on temperatures:Cluster analysis, the Neville method, and a hybrid model that com-
bines the two methods. Cluster analysis relied on grouping data into similar groups and 
converting complex equations into linear formulas to facilitate calculations, with an av-
erage error of about (0.0315) Volts, with standard deviation (0.0266) Volt. The Neville 
method, which approximates numerical values using polynomial equations, showed 
higher accuracy, with errors ranging from (0.01–0.02) Volts, with standard deviation 
(0.008) Volt. In contrast, the hybrid model, which combined the two methods, was 
distinguished by using a correction coefficient (L = 0.5), with the highest level of accu-
racy, where the error ranged from(0.001–0.06) Volts, with standard deviation(0.01573) 
Volt.
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مستخلص:

تنــاول هــذا البحــث دراســة ثــاث طــرق مختلفــة لحســاب قيــم فجــوة الطاقــة بنــاءً عــى درجــات الحــرارة، 
وهي: التحليــل العنقــودي، وطريقــة نيفيــل، ونمــوذج هج ينيجمــع بــن الطريقتــن. اعتمــد التحليــل العنقــودي عــى 
تجميــع البيانــات في مجموعــات متشــابهة وتحويــل المعــادلات المعقــدة إلى صيــغ خطيــة لتســهيل الحســابات، حيــث بلــغ 
ــد  ــي تعتم ــل، الت ــة نيفي ــا طريق ــاري eV 0.0266. أم ــراف معي ــع انح ــوالي eV 0.0315، م ــا ح ــأ فيه ــط الخط متوس
ــراوح الخطــأ  ــة أعــى، حيــث ت ــة باســتخدام معــادلات متعــددة الحــدود، فقــد أظهــرت دق ــم العددي عــى تقريــب القي
بــن eV 0.02–0.01، مــع انحــراف معيــاري eV 0.008. في المقابــل، تميــز النمــوذج الهجــن، الــذي دمــج بــن 
الطريقتــن باســتخدام معامــل تصحيــح )λ = 0.5(، بأعــى مســتوى مــن الدقــة، حيــث تــراوح الخطــأ بــن 0.001–

.eV 0.01573 مــع انحــراف معيــاري ،eV 0.06
الكلمات المفتاحية: التحليل العنقودي، النموذج الهجين، معامل التصحيح، مدى الخطأ، طريقة نيفيل .
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Introduction 
 Cluster analysis and the Neville ap-

proach are two examples of numerical 
approximation techniques that play an 
important part in the process of fore-
casting material characteristics such 
as the energy gap in semiconductors. 
Research has shown that cluster analy-
sis is an excellent method for grouping 
data points in order to uncover previ-
ously unseen patterns. This method 
also reduces the amount of computer 
complexity while retaining accuracy 
[1,3]. In the meanwhile, the Neville 
technique offers accurate polynomial 
interpolation, which is especially help-
ful for estimating the values of the en-
ergy gap at different temperatures [6,7]. 
The results of recent research indicate 
that hybrid models that combine both 
strategies produce higher accuracy 
by balancing local and global factors, 
hence lowering mistakes in compari-
son to standalone approaches [9,11]. In 
the fields of computational physics and 
materials science, where precise ener-
gy gap predictions are necessary for 
the design of semiconductors and op-
toelectronic applications, these kinds 

of research are especially useful. Ther-
modynamics and quantum mechanics 
are two examples of scientific fields 
that need high-precision numerical 
modeling. These hybrid techniques can 
also be extended to other scientific dis-
ciplines. The purpose of this research 
is to investigate a unique hybrid model 
that integrates cluster analysis with the 
Neville technique in order to improve 
energy gap forecasts.

Methodology 
1) Cluster analysis (cluster analysis)

This technique uses the method of 
collecting data in the form of groups so 
that the points within the same group 
are more similar to each other to be 
compared with the points with oth-
er groups, and this method is used in 
many fields, including economics, life 
sciences, marketing, and social scienc-
es, and can be used to recognize im-
ages to discover hidden patterns and 
relationships in the data[1].

2) Methodology, method of work 
and mathematical model construction

The mathematical model was formu-
lated and the approximate values were 
calculated by creating a code in Python 
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and calculating the error rate, and the 
model was chosen after converting the 
cluster analysis equation into a linear 
equation as shown in Figure (1), which 

shows the method of converting to the 
linear equation necessary to calculate 
approximation[2].

The final equation of cluster analy-
sis as a linear function of the energy 
and temperature gap becomes as fol-
lows:

Whereas (A,B) coefficients deter-
mine the effect of new points on clus-
ter points and are calculated from the 
following relationship [3]:A,B

Figure (1) Converting the Cluster Analysis Equation to a Linear Equation

After formulating the mathematical 
code, which provides three important 
functions as follows:

1) The first: dividing the domain of 
the function and choosing the new val-
ues to perform approximation through 
mathematical operations.

2) Second: Converting complex 
functions to simple linearity.

3) Third: Through this function, the 
relative error and the actual and ap-
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proximate value of the integrals are 
calculated, and the calculation process 
is done by subtracting the approximate 
value from the experimental divided 
by the actual multiplied by (100).

3) Results 
Figure (2) represents the method of 

cluster analysis of numerical approxi-
mation.

Figure (2) Approximate values calculated by cluster analysis method

The figure shows how to convert 
complex functions to linear functions 
and find values that are almost perfect 
for finding the values (A, B) in the lin-
ear equation of this approximation.

Through Table (1), the lowest er-
ror rate was (0.08595) and the highest 
error rate was (0.023952), the model 
can be considered acceptable because 
the relative error was relatively little, 
ranging between (0.016-0.12) and the 
average value of the error relativity is 

about (0.0315) and when calculating 
the standard deviation of this model, it 
was found that when it becomes within  
(0.0266 ev) and this is very acceptable 
from a scientific and mathematical 
point of view, which reflects the accu-
racy of the model more[4.5].

Figure (3) represents the relation-
ship between the approximate value 
and the experimental value, noting the 
convergence between the approximate 
and experimental values.
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Table (1) Approximate and experimental values of the energy gap calculated 
by cluster analysis method and error ratio as well.

Temperature 
(K)

Experimental 
Energy Gap (eV) Values

Approximate 
values  (eV)

Absolute error 
(eV)

1 50 1.25 1.213417 0.036583
2 100 1.22 1.180738 0.039262
3 150 1.18 1.14806 0.03194
4 200 1.12 1.115381 0.004619
5 250 1.06 1.082702 0.022702
6 300 1.02 1.050024 0.030024
7 350 0.98 1.017345 0.037345
8 400 0.95 0.984667 0.034667
9 450 0.93 0.951988 0.021988
10 500 0.9 0.91931 0.01931
11 550 0.87 0.886631 0.016631
12 600 0.83 0.853952 0.023952
13 650 0.8 0.821274 0.021274
14 700 0.78 0.788595 0.008595
15 750 0.88 0.755917 0.124083

Figure (3) Experimental and approximate values measured 
by cluster analysis method
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The observed convergence between 
approximate and experimental values 
can be observed when using this mod-
el, meaning that the percentage error in 
the selected values is small and can be 
acceptable.

4) Neville model Neville method 
It is one of the methods through 

which an approximation is performed 
numerically and a new approximate 
value is calculated, as well as in this 
method the values of functions are 
calculated at certain points[6,7], and 
a first-order equation is formed and 
those values are used and entered into 
the Neville function.

5) Methodology, method of work 
and mathematical model construc-
tion

A mathematical programming mod-
el is formulated using the Python lan-
guage through which approximate val-
ues are calculated, then the error rate 
is calculated, through which the effec-
tiveness of the model is examined, as 
a set of points is selected and the func-
tion values are calculated at them, and 
this method is summarized as follows:

1) Choose approximate points of the 
actual values and be adjacent to them 

and then calculate the values of the 
function at them.

2) Use Python to formulate code 
and mathematical model, which pro-
vides the following functions:

First: Calculating the values of the 
function at the new points after the 
function and rounding points are cho-
sen.

Second: Substituting the new val-
ues into the Neville function.

Third: Calculate approximate val-
ues.

Fourth: Calculating the percentage 
of error between the actual and calcu-
lated value by subtracting the approx-
imate from the actual divided by the 
actual value, as well as calculating the 
standard deviation of the error rate val-
ue, which shows the effectiveness of 
the mathematical model[8].

Model construction
1) Points adjacent to the known val-

ues of the energy gap are selected in 
the exponential function.

2) According to these selected val-
ues.

3) Use the Neville equation to relate 
the point at the chosen points, which 
are:
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4) Calculating the values of the re-
quired function after entering them 
into the Neville equation, to formulate 
the mathematical model of the multi-
ple rounding method, we follow the 
following steps:

1) Choosing certain points that can 
be estimated, so that they are adjacent 
to the known points in the exponential 

function, which can be as follows:

so that the selected points () and () 
are a point at the beginning of the func-
tion 

2) We calculate the value of each  
of   

3) We enter the Neville equation as 
follows:

4) In the case of an energy and temperature gap it can be formulated in the 
following way:  

6) Results
	 Figure (4) represents the approximate values of the energy gap

Figure (4) Approximate values calculated by the Neville method
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Through Table (2), the lowest er-
ror rate was (0.01) and the highest 
error rate was about (0.2) The model 
can be considered acceptable because 
the relative error was relatively small 
ranging between (0.1-0.2) and when 
calculating the standard deviation of 
this model, it was found that when it 
becomes within (ev0.008) and this is 
very acceptable from a scientific and 
mathematical point of view, which re-
flects the accuracy of the model more.

	 Figure (5) represents the rela-
tionship between the approximate val-
ue and the experimental value, noting 
the convergence between the approxi-
mate and experimental values.

Table (2) Approximate and experimental values of the energy gap calculated 
by cluster analysis method and error ratio as well.

Temperature 
(K)

Experimental Energy Gap 
(eV) Values

Approximate 
values  (eV)

Absolute error (eV)

1 50 1.25 1.23 0.02
2 100 1.22 1.21 0.01
3 150 1.18 1.17 0.01
4 200 1.12 1.11 0.01
5 250 1.06 1.05 0.01
6 300 1.02 1.01 0.01
7 350 0.98 0.97 0.01
8 400 0.95 0.94 0.01
9 450 0.93 0.92 0.01
10 500 0.9 0.89 0.01
11 550 0.87 0.86 0.01
12 600 0.83 0.82 0.01
13 650 0.8 0.79 0.01
14 700 0.78 0.77 0.01
15 750 0.88 0.87 0.01
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The remarkable convergence be-
tween approximate and experimental 
values can be observed when using this 
model, meaning that the error rate in 
the selected values is small and can be 
very scientifically acceptable.

 7) Hybrid model formulation 
As passed in the previous hybrid 

model there must be a coefficient Merge 
which controls the balance between nu-
merical interpolation and aggregation, 
where The proposed formula ensures 
that interpolation is applied within ap-
propriate clusters taking into account 
global and local influences. It can be 
formulated in the following way:

Figure (5) Relationship between approximate value and experimental value

Whereas:
(Pλ (x) :is the final approximate val-

ue that takes into account the analysis 
of aggregation.

(k): number of clusters
(βk): The weight assigned to the clus-

ter can be calculated in the following 
way:
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f(d(x,Ck)):is the distance between 
the point (x) and the center of the clus-
ter (Ck).

(Pk (x)): Interpolation factor for the 
Neville method within the cluster.

(Pi.j (x)): Data-level computed inter-
polation 

(T,λ): hypothetical correc-
tion factor depends on a cer-
tain value ranging between  
(0-1), if the value is (0), then the hybrid 
model tends to the polynomial method 
and if it is (1), the model tends to be 
hybrid to the Cray method, so an aver-
age value will be chosen between (0-1) 
and be (0.5) [9].

8) Methodology, modus operandi 
and formulation of the hybrid math-
ematical model

1) The basic equation of the hybrid 
model was formulated based on the ba-
sic principles of mathematics that are 
concerned with merging two equations 
and adding a specific correction factor.

2) A mathematical model was for-
mulated based on the Python program-
ming language to calculate the numeri-
cal approximation and error rate during 
the selected periods, then calculate the 
value of the error rate, and this will 
be done by choosing a set of different 
points and calculating the values of the 
function at each of them, and the meth-
od is summarized as equation (9):

Whereas: 
(Egλ (T)):):is the final approximate value of the energy gap at point (T)
(k): number of clusters
(βk): The weight of each cluster can be calculated in the following way:

and (d(T,Ck))): is the distance between point (T) and the center of cluster (Ck)
(Pk (x)):Interpolation factor for the Neville method within the cluster.
(Pi.j (x)): Interpolation calculated at the entire data level without aggregation.
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(T,λ): A hypothetical correc-
tion factor depends on a cer-
tain value ranging between  
(0-1),  if the value is (0), then the hy-
brid model tends to the polynomial 
method and if it is (1), the model tends 
to be hybrid to the Cray method, so an 
average value will be chosen between 
(0-1) and be (0.5) [9.10].

3) This hybrid model allows com-
bining both cluster integration and the 
Neville method to obtain accurate val-
ues of the energy gap at different tem-
peratures.

4) Dividing the domain of functions 
into equal intervals, forming an ap-
proximate function for each of them, 
calculating the value of the integrals 
of subfunctions, grouping the values 
to obtain their approximate value, and 
then calculating the error rate value.

5) Using the Python programming 
language to create a mathematical 
model of the Cray method includes 
three functions to perform this integra-
tion, which are:

1) The first function: dividing the 
domain of the function into intervals 
related to each of the approximate val-
ues.

2) The second function: calculating 
the approximate values of the function 
by subfunctions.

3) The third function: through which 
the relative error is calculated as we 
have shown earlier by subtracting the 
actual value from the approximate and 
dividing by the actual value and multi-
plying by 100 to get its percentage.

4) The data was plotted to compare 
the results and verify the compatibility 
of the hybrid model with experimental 
values.

4.3.2 Results
Figure (6) represents the approxi-

mate values calculated for the energy 
gap
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Figure (6) Approximate values calculated for the energy gap

Table (3) Approximate and experimental values of the energy gap calculated
 by cluster analysis method and error ratio as well.

Temperature(K) Experimental Energy 
Gap (eV) Values

Approximate 
values (eV)

 error Absolute
)eV(

1 50 1.25 1.215 0.035
2 100 1.22 1.2 0.02
3 150 1.18 1.18 0.002
4 200 1.12 1.15 0.03
5 250 1.06 1.12 0.06
6 300 1.02 0.985 0.035
7 350 0.98 0.965 0.015
8 400 0.95 0.947 0.01
9 450 0.93 0.94 0.01
10 500 0.9 0.925 0.025
11 550 0.87 0.835 0.035
12 600 0.83 0.815 0.015
13 650 0.8 0.8 0.001
14 700 0.78 0.79 0.01
15 750 0.88 0.84     0.04



275 مـجـلــة الـدراســـات التربـويـــة والعلـمــيــة - كـلــيــة التـربـيــة - الجــامـعــة العـراقــيــة
الـعدد السابـع والـعـشـرون - الـمجلد التاسع - علوم الفيـزياء - نيـسـان  2026 م

Through Table (3), the lowest error 
rate was (0.001) and the highest error 
rate was (0.06), the model can be con-
sidered acceptable because the relative 
error was relatively little, ranging be-
tween (0.01-0.06) and when calculat-
ing the standard deviation of this mod-
el, it was found that when it becomes 
within ( ev0.01573) and this is very 

acceptable from a scientific and math-
ematical point of view, which reflects 
the accuracy of the model more.

Figure (6) represents the relation-
ship between the approximate value 
and the experimental value, noting the 
convergence between the approximate 
and experimental values.

The observed convergence between 
approximate and experimental values 
can be observed when using this mod-
el, meaning that the error rate in the 
selected values is small and can be sci-
entifically acceptable.

The proposed hybrid model for cal-

Figure (7) Relationship between approximate value and experimental value

culating the energy gap, which com-
bines the cluster analysis method with 
the Neville method, is promising due to 
its ability to integrate the physical and 
statistical advantages of both methods. 
This integration allows for improved 
accuracy of estimates and reduced po-
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tential errors.
Evaluation of model accuracy:

•	 Absolute error and standard devi-
ation:  The absolute error between 
the actual values and the expected 
values of the hybrid model was cal-
culated, and the mean absolute error 
and standard deviation were found 
to have low values, indicating the 
model’s accuracy in predicting the 
energy gap across the studied tem-
perature range.

•	 Mixing modulus (correction) (λ): 
The use of a mixing coefficient λ of 
0.5 ensures an even balance between 

the two combined methods, enhanc-
ing the accuracy of the model.
The use of hybrid models can lead to 

improved prediction accuracy in multi-
ple domains, for example, in a study on 
the prediction of electrical load fluc-
tuations, a hybrid approach was used 
to improve the accuracy of models in 
predicting the values of daily electrical 
energy consumption  [11,12].

Figure (8) represents the relation-
ship between experimental values and 
approximate value of the hybrid model, 
cluster analysis, and Neville method.

Figure (8): Relationship between experimental values and approximate 
value of hybrid model, cluster analysis and Neville method
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Table (4) shows that the best approx-
imate values for calculating the energy 
gap were for the hybrid model, as they 
were closer to the experimental values 
than other models because this model 
took into account the following:

1)  The hybrid model is character-
ized by accuracy, flexibility, it balances 
the exact interpolation within the clus-
ters with the general data estimation.

2) The selection of optimal parame-

ters takes into account the correctness 
of the results, and the effect of tem-
perature on the calculations.

3) Achieves the best balance be-
tween physical and statistical methods 
which makes it effective in advanced 
applications.

4) Reduces the impact of outliers It 
reduces noise because data is collected 
before interpolation.

5) It is flexible enough to be eas-

Table (4) represents the approximate value of the energy gap 
for each of the three models plus the experimental value

Temperature(K)
Cluster energy 

gap (eV)

Neville 
Energy Gap 

(eV)

Experimental 
power gap 

(eV)

Energy gap of 
hybrid model 

(eV)
1 50 1.213417 1.23 1.25 1.215
2 100 1.180738 1.21 1.22 1.2
3 150 1.14806 1.17 1.18 1.18
4 200 1.115381 1.11 1.12 1.15
5 250 1.082702 1.05 1.06 1.12
6 300 1.050024 1.01 1.02 0.985
7 350 1.017345 0.97 0.98 0.965
8 400 0.984667 0.94 0.95 0.947
9 450 0.951988 0.92 0.93 0.94
10 500 0.91931 0.89 0.9 0.925
11 550 0.886631 0.86 0.87 0.835
12 600 0.853952 0.82 0.83 0.815
13 650 0.821274 0.79 0.8 0.8
14 700 0.788595 0.77 0.78 0.79
15 750 0.755917 0.87 0.88 0.84
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ily adjusted to suit other areas, such 
as forecasting material states or energy 
calculations in semiconductor physics.

6) Improves the overall estimation 
of irregular data by distributing the data 
into clusters and then applying Neville 
interpolation within each group.

7) Ensures improved forecast ac-
curacy without the need for overly 
complex calculations, as it combines 
cluster analysis with the Neville meth-
od, reducing the number of calcula-
tions compared to applying the Neville 
method to all data at once.

Result and Conclusions
The results showed the superiority  

of the hybrid model in calculating en-
ergy gap values compared to individu-
al methods, thanks to its combination 
of the efficiency of cluster analysis in 
collecting data and the accuracy of the 
Neville method in numerical approx-
imation. This model also reduced the 
impact of outliers and improved the ac-
curacy of the results, especially when 
dealing with irregular data. On the oth-
er hand, the Neville method proved 
efficient in providing accurate results, 
despite the complexity of its calcu-

lations when applied to unclassified 
data, while cluster analysis was more 
appropriate. To handle large, albeit in 
some cases, less accurate datasets, the 
proposed hybrid model can be an ad-
vanced solution that combines accu-
racy and efficiency, making it an ideal 
choice for complex scientific applica-
tions, especially in the fields of physi-
cal and engineering data analysis. The 
results confirm that the integration of 
statistical and mathematical methods 
can lead to improved forecast quality 
and reduced errors, opening up new 
avenues for research and development 
in this field.
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