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ABSTRACT 

This study examines the distributions of the 

elastic electron-scattering form factors, the 

nuclear matter density, and the root-mean-

square radii for the nuclei with a high proton 

content: 9C, 12N, and 23Al. Using the Folding 

model with effective two-body interactions, we 

assess Pauli-pairing and the mass center 

impacts on the density. This method allows us 

to derive a two-body density distribution formula  

 

 

 

 

 

For selected nuclei via the pair correlation 

function. The nucleon density distribution for 

two oscillating harmonic particles, modeled by a 

two-frequency shell approach, uses two 

parameters: (bc) for core orbits and (bv) for halo 

orbits. Results confirm the presence of proton 

halo structures in 9C, 12N, and 23Al. The 

valence-proton configuration is pure (1p1/2) for 

9C and 12N and pure (2s1/2) for 23Al. 

Calculated neutron and matter density 

distributions exhibit a significant long-tail effect, 

and the results align with experimental data. 

Keywords: Matter density distributions, folding 

model, one–proton halo nuclei, root-mean 

square radii 

1. INTRODUCTION 

In modern nuclear physics, the exploration of 

exotic nuclei represents one of the most active 

research frontiers. Such studies are essential 

not only for revealing unconventional features of 

nuclear structure but also for improving our 

understanding of astrophysical nucleon 

synthesis mechanisms. The nucleus can be 

divided into two types: stable nuclei, which can 

exist in nature, and unstable nuclei (radioactive 

nuclei), which decay to stable nuclei within a 

finite lifetime. Exotic nuclei are among the most 

fascinating areas of study in contemporary 

nuclear physics because it is still unknown how 

many unstable nuclei exist and how they decay. 

The nuclear structures and behaviors of nuclei 

at the proton or neutron drip lines can be highly 
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odd, posing challenges to our conventional 

wisdom based on experience with nuclei at or 

near stability (zhou, 2017). Nuclear physics is 

particularly interested in tensor interactions. It is 

essential to describe the deuteron's properties. 

It is important for nuclear structure, especially in 

exotic nuclei with extreme proton-to-neutron 

ratios far from stability (Dellagiacoma, et al., 

1983).  

     A series of experiments (Nilsson T. et 

al.,1996) (Anne R. et al., 1990) has been 

conducted to investigate protons and neutrons 

in structurally well-defined, proton-rich or 

neutron-rich nuclei. In nuclear physics, an 

exotic nucleus is a configuration in which a 

secondary cluster of protons orbits the central 

core, with the majority of the nucleus enveloped 

by this cluster. These protons have very short 

lifetimes; at the same time, the energy needed 

to remove the outer cluster from the nucleus 

near the drip line is minimal. Several 

approaches have been developed to address 

the influence of tensor forces on the ground-

state properties of nuclei (Bethe et al., 1963) 

(Kuo and Brown, 1967). Providencia and 

Shakin (1964) utilized a nearest-neighbor 

correlation operator to describe short-range 

correlation effects, similar to the method 

employed by Pacchi and Milecki (1968). 

     To introduce dynamical and tensor 

correlations, Dellagiacoma et al. 1983 devised 

a simple phenomenological method. One-

proton halo 17F nuclei were used to calculate 

double-folding potentials using two different 

density models. The characteristics of exotic 

nuclei and how they relate to nucleonic 

interactions (Nakada, 2020). (Luay et al., 2020) 

studied the densities of 14B and 17C using the 

cluster model (BCM). 

A different study employed a similar approach 

to examine the properties of the exotic nuclei 

18N and 20F, using a two-body model with 

Gaussian and Woods-Saxon wave functions. 

The calculations successfully captured the 

characteristic long-tail density distributions and 

revealed significant differences in elastic form 

factors )calculated via PWBA) compared to their 

stable isotopes (14N and 19F) due to valence 

neutron effects (Hawraa et al., 2022). 

investigation into the nuclear structure of halo 

nuclei 23O and 24F utilizing a two-body model 

of (core + n) within Woods-Saxon radial wave 

functions and harmonic oscillator that, 

conducted b (Ghufran et al., 2020). 

   The goal of this study is to develop 

distributions of the two-body density relevant to 

limit nuclei, accounting for center-of-mass and 

Pauli-pair association effects that depend on 

effective two-body interactions relative to the 

pair correlation function. the formula depending 

on the folding model and considering the nuclei 

to be made of more one  part, the nucleus with 

the halo, for the nucleus (22N, 23O and  24F) is 

studied taking into account the nuclei (core + p) 

and calculated of form factors and rms radii 

which depending on TBCDD formula and the 

pauli pair and center of mass correlations 

function of the neutron-rich halo nuclei. The 

function of the pair correlation is to determine 

the equation for the two-body operator density 

within the folding model. 

2. THEORY 

The operator did the nucleon density of a nuclei 

(contain A particles with point shape) (Ghufran 

et al., 2020) study of the nuclear structure of 

halo nuclei 23O and 24F using the two-body 

model". 
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    where the parameter jn
is the occupation 

percentage of jn .   Hence jn
=0 or 1 for 

closed shell nuclei, while for open shell nuclei , 
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we use the same expression of eq ( 1 ) but now 

10  jn
 . 

)r(nR is function of the harmonic 

oscillator radial wave that base on parameters 

of the harmonic oscillator size (b)  

The folding model provides an effective 

framework for analyzing nucleon-nucleus 

scattering outcomes by utilizing the target's 

ground-state density and a two-body effective 

interaction (Ahmad, 1995). Initial 

implementations of this model treated the target 

density as independent of the effective 

interaction. The pair correlation function 

enables the equation derivation for the two-

body operators density used to finite nuclei, as 

demonstrated below:
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C(𝑟1, 𝑟2) is mass center (c.m.) and Pauli pair Ccm 

and Cp, respectively (AHMAD et al., 1981), so 

that  
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Substitute equations (4) and (5) into (3) and 

using equation (3) in equation.(2), we get:                                                                                                                                    
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where  𝑐0=3(π/5)1/2, 𝛼 is the oscillator constant

( )312 99.0 −= A  and 𝐾𝑓
  is local Fermi 

momentum. 

    The result provided distribution of the state 

two-body for the distribution of the functional 

two-body of the charge density (6) as:  
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where 
ij

 the wave function for two particles. In 

the scenario of halo nuclei, it is reasonable to 

treat the core and halo densities independently. 

The way in which the ground-state matter 

density distribution of exotic nuclei is defined is 

given in reference (Abdullah, 2020). 
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    The root mean square radii for the respective 

densities mentioned above are provided by 

(Antonov et al., 2004). 
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Where u is (proton, neutron or matter). 

    The form factors for elastic electron 

scattering are emitted by the nuclei being 

examined (Brown et al., 1983). 
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Where the nucleon finite correction for size  Ffs 

(q) is defined [Brown et al., 1983] : 
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     Within this framework, the free nucleon form 

factor Ffs (q) is considered identical for neutrons 

and protons. Mass correction center Fcm (q) as 

(Walecka, 2001). 

Abq
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(12) 

    Here, A denotes the number of the nuclear 

mass, and b is the parameter of the harmonic-

oscillator size. 

3. RESULTS AND DISCUSSION 

The distributions of matter density for one-

proton halo nuclei in their ground states (9C, 

12N, 23Al) and the root mean square radii 

associated with the form factors testing by the 

two-body harmonic oscillator model, with (bc) 

and (bv). 

    The folding model, designed to reveal how 

the center of mass and Pauli-pair associations 

influence nuclear density, can be captured by a 

formula for the two-body density of limit nuclei 

in terms of the pair-correlation function. By 

applying this approach, the ground-state 

properties of halo nuclei were uncovered 

through the two-body density, as detailed in 

equations (Kuo and Brown, 1967) (Providencia 

and shakin, 1964) (Malecki and Picchi,1968). 

Table 1 showcases key features of halo nuclei 

(Ozawa et al., 2001) (Warner et al., 2006) (Zhao 

et al., 2003)(Zhang et al., 2005). The 

characteristic radii of neutrons and protons, 

determined through equations 9 and 8, are also 

highlighted in the table. 

In Table 1, the βc and βv values from the TFSM 

are presented, along with the observed and 

calculated rms radii for 9C, 12N, and 23Al. 

Halo  
nuclei 

Core  
nuclei 

b   

 (fm) 

b   

 (fm) 

rms matter radii for   

 

Calculated 
Experimental  

 9C  8B  
1.85 

 2.10  2.44  2.38±0.04 [21] 

 12N  11C  
1.62 

 1.80  2.28  2.18 0.26 [22]  0.24 [22] 

 23Al  22Mg  
1.88 

 1.97  2.85  2.78   0.26 [23]  0.25 [24] 

1. 9C Nucleus 

     The nucleus 9C is generated by compine 8B 

core with a valence proton. An oscillator size 

parameter for the 8B core (bc = 1.85 fm) yields 

a root-mean-square (rms) nucleon radius of 

2.44 fm. For the valence proton in the exotic 

nucleus 9C, a pure configuration (1p1/2) with 

oscillator size parameter (bv) of 2.10 and 

occupation probability (0.25) fm, findings in rms 

nucleon radius of 2.77 fm, which is detected by 

the matter density distribution, and that agrees 

with table 1. Figure 1 presents the variation of 

matter density as a function of distance r (fm). 

In Figure 1-a, the black line represents the 

contribution from the core 8B, while the blue 

line, corresponding to the valence component, 

exhibits a pronounced long tail. The total matter 

density, depicted in red, also shows an 

extended tail and closely aligns with the 9C data 

from Hong et al. (2005), shown as filled circles. 

Figure 1-b provides a comparison between the 

matter density distributions of the stable 12C 

nucleus and the 9C nucleus. 
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Figure 1- (a) A comparison between the 

distribution of the matter density and the data 

for 9C. (b)  Comparison of the matter density of 

9C with nucleus 12C. 

   Figure 2 presents the elastic electron-

scattering form factors; the red line is obtained 

using the oscillator size b = 1.9 fm. The filled 

circle is the particle data for 12C (Crannell, 

1966). 9C shows behavior comparable to 12C; 

the first diffraction minimum is at -1 for 9C and 

at -1 for 12C. 

 

Figure 2- highlights the differences in elastic 

electron scattering form factors between 9C and 

12C, offering a clear comparison based on data 

from (Brown and Radhi, 1983). 

2. 12N  Nucleus 

    The nucleus 12N is formed by combining the 

core nucleus 11C with an additional proton in its 

valence shell. Parameter of the oscillator size 

for 11C core is βc = 1.62 fm, resulting in rms of 

2.28 fm. The valence proton forms a pure 1p1/2 

state with parameters of the oscillator size of βv 

= 1.70 fm, occupation number of 0.25, and rms 

radius of 2.57 fm. rms radii were provided from 

the distribution of the matter density as Table 1. 

Distribution of the matter density (Figure 3). 

    The black line in Figure 3(a) is 11C core 

contribution, while the blue line corresponds to 

the valence proton, leading to a distribution with 

an extended tail. The red line shows the entire 

matter density distribution, which has a long tail, 

in agreement with Xing et al. (2010). The filled 

circle. Figure 3(b) compares the red and blue 

lines. 

 

 

Figure 3- (a) Comparison between the 

distribution of the matter density and 

experimental data for 12N .(b) Comparison 

between 12N nuclei and 14N density.  

     The elastic electron-scattering factors are 

shown in Figure 4, where the red line 
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corresponds to factors with an oscillator size 

parameter β = 1.71 fm (βc and βv). The filled 

circle symbol shows 12N  (Dally et al., 1970). 

When comparing, they exhibit a trend to the 

experimental data for 14N; however, the first 

diffraction minimum for 12N occurred at -1, 

whereas for 14N it was at 

 

Figure 4- Comparison between 12N and 

experimental data of 14N in elastic electron 

scattering  

3. 23Al Nucleus 

    The nucleus 23Al is created by combining the 

core nucleus 22Mg with an additional proton. 

Parameters of the oscillator size for 22Mg is 

(βc=1.88fm), resulting in rms radius of (2.85fm). 

At the same time, the valence proton forms the 

pure (2s1/2) state with an occupation number of 

0.25 and parameters of the oscillator size βv of 

1.97fm, leading to an rms radius of (2.98fm) that 

was detected by the distribution of the matter 

density. In addition, the findings agree with the 

experimental data. 

     The black line in Figure (5-a) represents the 

contribution of core 22Mg, while the blue line 

illustrates the valence, which features an 

extended tail. Distribution of the matter density 

combining the valence and the core, wherever 

the red line represents the long tail and aligns 

well with (Fang et al., 2005). Figure (5-b) 

compares the distribution of the density of 34Al 

and 27Al.

 

 (a)                                                               (b) 

Figure 5-(a) illustrates a comparison of 

disterbution of the the matter density of 23Al 

with the experimental data. (b): compared 

between 23Al nuclei with 27Al matter density. 

    Figure 6 presents the elastic electron 

scattering form factors. The red line shows the 

form factors for the oscillator size parameter 

β=1.93 fm. The filled circle shows the 

experimental findings for 23Al (Li and Yearian, 

1974), which are compared with the theoretical 

findings for the elastic scattering of 23Al and the 

practical findings for 27Al. The first diffraction 

minimum is shown at q = 1.6 and 1.5 fm-1 for 

23Al and 27Al, respectively. 
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Figure 6 - A comparison of elastic electron 

scattering form factors with the 

experimental data for 27Al, highlighting key 

similarities and differences [27] 

4. CONCLUSION 

While proton valence is often highlighted as a 

hallmark of halo nuclei, this study turns its 

attention to those with neutron valence. On the 

other hand, the neutron halo formed a 2s1/2 

orbital. At the same time, the calculated matter 

density for these nuclei revealed a pronounced 

tail, captured by the distribution of the two-

nucleon density within a folding model for 

parameters of the core and valence oscillator 

sizes, bcore and bvalence. These findings 

closely matched experimental findings. The 

striking contrast in form factors between stable 

counterparts (12C, 14N, and 27Al) and unstable 

nuclei (9C, 12N, and 23Al) can be traced to the 

unique charge distribution of the neutrons. 
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