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Abstract

This review highlights recent theoretical progress in predicting heavy-ion fusion events at and below the 
Coulomb barrier, focussing on the effects of channel coupling, nucleon transfer, and breakdown phenomena. 
nThe research integrates results from semi-classical and quantum mechanical approaches applied to many nu-
clear systems, including 28Si+90,92Zr, 41K+28Si, 6Li+64Ni ,40Ca+194Pt, and 40Ar+148Sm.   The semi-classical WKB 
approximation provides a first-order representation of barrier penetration while neglecting internal degrees 
of freedom. In contrast, quantum coupled-channels methodologies (CDCC, CCFULL) include couplings to 
vibrational excitations, transfer channels, and nuclear deformation, hence improving predictive accuracy at 
sub-barrier energies.   The calculated observables fusion cross section (σfus), fusion barrier distribution (Dfus), 
and fusion probability (Pfus) demonstrate that including coupling effects significantly improves agreement with 
experimental data under the barrier. Systems that use positive Q-value neutron or proton transfer (PQNT, 
PQPT) show improved fusion because neck creation and nucleon exchange decrease the barrier.  The results 
reveal that quantum mechanical calculations match experimental data better than semi-classical ones, particu-
larly below the barrier. Above the barrier, both approaches work about the same.  In general, the investigations 
show that coupling to inelastic, transfer, and breakup channels is necessary for accurate modelling of fusion 
near the barrier.  These ideas are useful for studying nuclear structure, making superheavy materials, and fusion 
reactions in space.

Kewwords: Heavy-ion fusion, Coupled-channels method, Sub-barrier fusion, Quantum tunneling, Trans-
fer and breakup coupling. 

النماذج النظرية وشبه الكلاسيكية لاندماج الأيونات الثقيلة: 
مراجعة شاملة لتأثيرات الاقتران بين القنوات والنقل تحت حاجز كولوم

سارة مهدي عبيد1    ،    زينه جميل رحيم 2    ،     نور عادل محمد 3    ،      فؤاد عطية مجيد4
1 قسم الفيزياء الطبية ، كلية العلوم ، جامعة المستقبل ، بابل ، العراق 

2 قسم الفيزياء ، كلية التربية ، الجامعة العراقية ،بغداد ، العراق 

3 وزارة التربية، المديرية العامة للتربية الرصافة الثالثة، بغداد، العراق

4 قسم الفيزياء ، كلية التربية للعلوم الصرفة ،جامعة بابل، بابل ، العراق 

مستخلص:

تُســلّط هــذه المراجعــة الضــوء عــى التقــدّم النظــري الأخــر في التنبــؤ بظواهــر الاندمــاج النــووي الثقيــل عنــد أو دون حاجــز كولــوم، مــع 
التركيــز عــى تأثــرات اقــران القنــوات، وانتقــال النيوكليونــات، وظواهــر الانهيــار. وقــد دمجــت الدراســة بــن نتائــج النــاذج شبه-الكلاســيكية 
والكمّيــة، والتــي طُبّقــت عــى عــدة أنظمــة نوويــة مثــل : 28Si+90,92Zr, 41K+28Si, 6Li+64Ni 40Ca+194Pt, and 40Ar+148S يُقــدّم التقريــب شــبه-
الكلاســيكي )WKB( وصفًــا مــن الدرجــة الأولى لاخــراق الحاجــز، لكنــه يُمــل التأثــرات الداخليــة للنــواة. في المقابــل، توفــر نــاذج القنــوات 
المترابطــة الكمّيــة )مثــل CDCC وCCFULL( إمكانيــة تضمــن اقترانــات بالاهتــزازات النوويــة، وقنــوات انتقــال النيوكليونــات، وتشــوهات 
النــواة، ممــا يُسّــن بشــكل كبــر مــن دقــة التنبــؤ خاصــة عنــد الطاقــات دون الحاجز.تشــر القيــم المحســوبة لــكل مــن المقطــع العــرضي للاندمــاج 
)σfus( وتوزيــع حاجــز الاندمــاج )Dfus( و واحتماليــة الاندمــاج  )Pfus( إلى أن إدخــال تأثــرات الاقــران يحسّــن التوافــق مــع البيانــات التجريبيــة 
 )PQPTو PQNT( ــة ــة Q موجب ــة ذات قيم ــة أو بروتوني ــالات نيوتروني ــى انتق ــوي ع ــي تحت ــة الت ــا أن الأنظم ــة. ك ــات المنخفض ــد الطاق عن
تُظهــر تعزيــزًا واضحًــا في معــدلات الاندمــاج، نتيجــة لانخفــاض الحاجــز بفعــل تكويــن العنــق وتبــادل النيوكليونــات. وتكشــف النتائــج أن 
الحســابات الكمّيــة تُطابــق التجــارب بشــكل أفضــل مــن النــاذج شبه-الكلاســيكية عنــد الطاقــات دون الحاجــز، بينــا تتقــارب الطريقتــان في 
النتائــج فــوق الحاجــز. عمومــا، تؤكــد هــذه الدراســات أن إدخــال اقترانــات القنــوات اللاخطيــة، والانتقاليــة،  يُعــد ضروريًــا لنمذجــة دقيقــة 
ــة  ــاصر الفائق ــن العن ــة، وتكوي ــة النووي ــة في مجــالات دراســة البني ــم ذات أهمي لتفاعــات الاندمــاج بالقــرب مــن الحاجــز. وتُعــد هــذه المفاهي

الثقــل، وتفاعــات الاندمــاج في الفضــاء.
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1. Introduction
To understand a lot of things, includ-

ing how superheavy elements are made 
in the lab and how stars make new ele-
ments in space, we need to know how 
heavy-ion fusion processes work at 
near- and sub-barrier energy.  When 
two nuclei collide and get over the 
Coulomb barrier, which is the repul-
sive electrical potential between them, 
fusion happens. This mostly happens 
via quantum tunnelling.  The classi-
cal model says that fusion can’t hap-
pen below this barrier, while quantum 
mechanics says that fusion can happen 
via barrier penetration. This makes 
modelling sub-barrier fusion both the-
oretically difficult and experimentally 
important. 

Precise modelling of fusion cross 
sections requires transcending sin-
gle-channel approximations.  The in-
corporation of channel coupling to 
inelastic excitations, nucleon transfer, 
or breakdown states has been crucial 
for accurately replicating experimen-
tal outcomes at sub-barrier energies.  
The advancement of intricate meth-
odologies, like the Coupled-Channels 
Formalism, the Continuum Discre-

tised Coupled Channels (CDCC), and 
semi-classical approximations such as 
the WKB technique, has markedly en-
hanced the prediction capability of nu-
clear reaction theories.

This review looks at how both 
methods work with a variety of fusion 
systems, focussing on those with me-
dium-mass and neutron-rich nuclei, to 
provide a full comparison of the two. A 
big part of the study focusses on how 
positive-Q-value neutron or proton 
transfer (PQNT, PQPT) and the estab-
lishment of a neck area following a col-
lision may both make fusion more like-
ly below the Coulomb barrier. There 
has been a lot of theoretical research 
on fusion dynamics at energy below 
the barrier. Early models that used the 
WKB approximation only looked at 
barrier penetration in one dimension, 
but they didn’t have the complexity re-
quired to explain the experimental im-
provements seen at low energies [1, 2]. 
It was subsequently found that adding 
internal degrees of freedom and chan-
nel couplings was very important [3].

The Coupled-Channels (CC) ap-
proach became the most common 
way to include these kinds of effects.  
Dasgupta et al. [4] and Balantekin & 
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Takigawa [5] showed that coupling to 
vibrational or rotational states splits 
the barrier into many smaller barriers, 
which makes tunnelling more likely.  
These calculations provide results that 
match the observed fusion excitation 
functions and barrier distributions ex-
actly.  Also, neutron and proton trans-
port pathways were quite important.  
Beckerman et al. [6] and Broglia et 
al. [7] found that positive Q-value nu-
cleon transfer makes fusion easier by 
decreasing the effective barrier.  Later 
theoretical studies employing quantum 
diffusion models [8] and TDHF simu-
lations [9] backed this idea.  Canto et 
al. [11] expanded the CDCC method, 
which was first created by Alder and 
Winther [10], to nuclear fusion. This 
made it possible to work with weakly 
bound and halo nuclei.  People have 
used these models on systems like 
6Li+64Ni, 11B+159Tb, and 6He+238U [12, 
13].  Majeed et al. [14–16] and Musa et 
al. [17] have both employed quantum 
mechanical (CCFULL) and semi-clas-
sical (SCF) computations to look into 
medium-mass systems like 28Si+Zr iso-
topes, 40Ca+194Pt, and 46Ti+64Ni.  Their 
findings showed that quantum cou-
pling models make the agreement with 

experimental cross-sections and bar-
rier distributions below the Coulomb 
barrier much better, particularly when 
transfer and breakdown effects are tak-
en into account.

The goal of this review is to criti-
cally examine and compare semiclassi-
cal and quantum mechanical models of 
heavy-ion fusion, particularly near and 
below the Coulomb barrier, by analyz-
ing the effects of coupling to inelastic, 
transfer, and breakup channels, with 
the aim of evaluating their predictive 
accuracy and guiding future develop-
ments in nuclear reaction theory.

2. Theoretical Background
2.1 No-Coupling formalism
To get the fusion cross section, we 

use both semiclassical theory and a 
one-dimensional potential model.  It 
is based on the idea that the relative 
speed of the colliding heavy ions to-
tally determines their dynamics [18, 
19].  The semiclassical model is based 
on the Schrödinger equation, which 
naturally includes the system’s energy 
and angular momentum as well as the 
potential energy of radial motion.  The 
theory also takes quantum tunnelling 
effects into account in a clear way.  So, 
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semiclassical theory is a really useful 
way to understand how quantum sys-
tems function, and it also lets us figure 
out the fusion cross section in a one-di-
mensional potential model  [20].

 ....... ( 1 )

The wave function described in 
Equation 1 can be determined using the 
time-dependent Schrödinger equation. 
The method is based on the assumption 
that the particle trajectories, derived 
from the traditional Rutherford trajec-
tories, are located in a system charac-
terized by a potential energy V(r) and a 
reduced mass μ. As described in [20], 
the real parts of the Coulomb potential 
and the centrifugal potential are an in-
tegral part of the method and can be 
used to estimate the wave function..

 .......... ( 2 )

An accurate treatment of classical 
forbidden elastic channel scattering 
in the coupled channel framework re-
quires the inclusion of the imaginary 
part of the complex core potential to 
describe the important absorption pro-
cess [19].

 ............... ( 3 )
The significant absorption due to 

the interference of (ℓ) waves generated 
by the real and imaginary parts of the 
nuclear potential is studied using the 
wave expansion method. Semiclassical 
theory and previous studies show that 
nuclear fusion is initiated when two 
nuclei are close enough to cross the 
potential barrier and reach the inner re-
gion. Therefore, the probability of pen-
etrating this barrier can be determined 
using the WKB method. These results 
are well documented in the literature. 
[18, 19, 20, 21, 22].

  .. (4)

Equation (4)   can be expressed as 
where the local wave-function number 
is ℓ (r), limits,  and  are as defined 
by places of turning to the classical tra-
jectory.

 ..(5)

Employing the Hill-Wheeler for-
mula, the probability of penetration 
through the fusion barrier can be de-
picted, given its adjustability via a par-
abolic function [18].
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.. (6)

The cross-sectional area of ​​the fu-
sion barrier can be determined using 
the Wenzel-Kramers-Brillouin (WKB) 
approximation as described in equation 
[22, 24]. The curvature (Ωl) and height 
(Vb(l)) of the barrier are crucial, while 
E represents the kinetic energy of the 
projectile hitting the target nucleus..

For the ℓ-th partial wave in the 
γ-channel, the radial wave function is 
uγl​(kγ​,r), and the imaginary part of the 
interaction potential is  .

2.2. The Coupled Channels For-
malism

Nuclear collisions often induce in-
ternal excitations and various particle 
transfer processes in the interacting nu-
clei, both of which have a significant 
impact on the total cross section (σfus) 
of the fusion reaction. Due to the com-
plex interactions between the different 
degrees of freedom that govern these 

..(7)

.. (8)

reactions, an accurate description of 
nuclear fusion requires explicit consid-
eration of the coupling between them. 
This is usually achieved by formulating 
a total wave function for the system, 
whose components correspond to the 
relevant intrinsic quantum mechanical 
states [25, 26]. The reaction dynamics 
are determined by the nuclear reaction 
described by the total wave function 
Ψ( ,τ), where r denotes the relative 
distance vector  and τ denotes the in-
trinsic coordinates of the projectile and 
the target. represents the collision and 
the corresponding intrinsic degrees of 
freedom of the projectile (𝝃). For sim-
plicity, we do not consider the internal 
arrangement of the target. By the Ham-
iltonian. 

.......... (9)

In this study, we neglect nuclear 
coupling and focus only on the pro-
jectile-target interaction, expressed as 
V(r,ξ) in the projectile intrinsic Ham-
iltonian H(ξ). Our theoretical compar-
ison is limited to the Coulomb dipole 
term. Equation [27] gives the eigen-
vector of H (ξ).
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 ........... (10)

The internal kinetic energy is de-
noted by ϵβ. The Alder-Winther (AW) 
method consists of two main steps. 
First, the time evolution of the variable 
r is described by classical mechanics, 
resulting in a trajectory determined by 
the angular momentum ℓ and the col-
lision energy E. Unlike the original 
AW method, which uses symmetric 
Rutherford trajectories, we determine 
the trajectory by solving the classical 
equations of motion with the potential  
V( )=⟨φ∣V( ,ξ)∣φ⟩, where φ is the 

ground state of the projectile. This key 
step transforms the coupled interac-
tions into time-dependent interactions 
in ξ space, defined as Vl(ξ,t)≡V( (t),ξ). 
Subsequently, the intrinsic dynamics is 
treated as a time-dependent quantum 
mechanical problem by expanding the 
wave function based on the intrinsic ei-
genstates [28]. 

 ...... (11)

Substituting this spread into the 
Schrödinger equation for the wave 
function ψ(ξ, t) yields the AW equa-
tions (see reference [29]).

The solution of these equations uti-
lized the initial condition a(ℓ,t→−∞)=​
δβ0, indicating that the projectile was 
initially in its ground state (t→−∞). 
The post-collision population of the 
angular momentum channel ℓ,  = 
∣  (ℓ,t→+∞)∣2, allows for the 
determination of the angle-integrated 
cross-section [30].

 ....... (13)

The application of this technique to 

fusion reactions begins with a quantum 
mechanical calculation of the fusion 
cross section using the coupled chan-
nel method. The total fusion cross sec-
tion is then determined by summing the 
contributions of the individual chan-
nels. The development of the partial 
waves leads to the following equation, 
as shown in Ref. [31].

..(14)

..(15)
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The imaginary optical potential re-
lated to fusion in the channel uℓ(k)​(r) 
has an absolute value ∣WF∣. With β 
representing the radial wave function 
for the ℓ-th partial wave in the prior 
equation, the likelihood of fusion can 
be estimated using the subsequent ap-
proximation:

 ........ (16)

The transmission factor through 
the barrier is denoted by , while 

 signifies the probability of 

the system [32]. 
2.3. Distribution of Fusion Barrier

 ........ (17)

The fusion excitation function was 
derivatized to extracting the barrier dis-
tribution as the second derivative of 
(EσF) with respect to the energy [33, 34]. 
The point difference method was using 
to found the second derivative as given 
below. The barrier distribution is defined 
at energy (E1 +E2+E3)/4[35] as

 ........ (18)

where (EσF) are evaluated at ener-
gies (Ei)

∆E The energy step used to calcu-
late the second derivative is presented 

here. The statistical error δc associated 
with this second derivative at energy E 
was then determined using the follow-
ing equation [36].

 ........... (19)

The absolute errors in the cross sec-
tions are indicated by(EσF)i Because δc 
is proportional to σF for cross sections 
measured with a fixed percentage er-
ror, the barrier distribution diminishes 
at higher energies where the cross sec-
tions exhibit larger values [37-40]. 

3. Results and Discussion 
This section analyses the prediction 

efficacy of semi-classical and quan-
tum mechanical models for heavy-ion 
fusion at and under the Coulomb bar-
rier.  The WKB approximation offers 
a fundamental account of barrier pen-
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etration but overlooks significant nu-
clear structural effects, resulting in an 
underestimating of sub-barrier fusion.  
Quantum coupled-channel models 
(e.g., CCFULL, CDCC), which include 
inelastic excitations, deformation, and 
nucleon transfer, provide much en-
hanced concordance with experimental 
results, especially in systems including 
positive Q-value transfer channels.  Re-
sults from systems such as 28Si+90,94Zr, 
and 40Ca+194Pt underscore the critical 
importance of coupling effects, which 
attenuate at elevated energies, lead-
ing to a convergence of both models.  
These results highlight the significance 
of channel couplings in precisely mod-
elling fusion processes pertinent to nu-
clear structure, astrophysics, and the 
synthesis of superheavy elements.

Figure 1 shows a full compari-
son of the quantum mechanical cou-
pled-channel (CC) and semi-classical 
fusion (SCF) models for the fusion 
reaction 28Si+90Zr, using experimen-
tal data as a guide.  Panel (A) shows 
the fusion cross section 𝜎fus on a log-
arithmic scale. It is clear that models 
that include channel couplings (solid 
lines) produce much higher sub-bar-
rier fusion cross sections than models 

that don’t include them (dashed lines). 
The CC model (blue solid) is more in 
line with the experimental data than 
the SCF model (red solid), especially 
around and below the barrier energy 𝑉b 
= 73.66 MeV.  Panel (B), which shows 
the fusion barrier distribution 𝐷 fus D 
fus​, shows strong and structured peaks 
in the linked scenarios. This shows that 
the fusion process is very sensitive to 
internal nuclear excitations and cou-
plings. These characteristics are not 
present or are too smooth in the uncou-
pled simulations.  This makes it further 
clearer how important channel cou-
plings are for understanding the fine 
structure of the fusion barrier.  Lastly, 
Panel (C) shows that the fusion proba-
bility 𝑃 fus P fus​ slowly goes from al-
most zero to one as energy rises. Cou-
pled calculations again do a better job 
of matching the experimental rise than 
uncoupled ones, which indicate a more 
sudden change.  Overall, the findings 
show that coupling effects, especially 
in the quantum mechanical context, 
are very important for properly mod-
elling fusion dynamics, especially in 
the sub-barrier zone where actual evi-
dence is quite different from basic bar-
rier-penetration predictions.
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Figure 2 panels (A)–(C) depict the 
fusion dynamics of the 28Si+92Zr sys-
tem by juxtaposing experimental data 
(green circles) with theoretical predic-
tions derived from coupled-channel 
(CC) and semi-classical fluctuation 
(SCF) models, including both coupling 
effects and their absence.  Panel (A) 
illustrates the fusion cross section 𝜎 
fus σ fus​ as a function of the center-
of-mass energy 𝐸 c.m. E c.m.​, whereby 
coupling effects (solid lines) markedly 
augment sub-barrier fusion relative to 
non-coupling scenarios (dashed lines), 
hence fitting more closely with empiri-
cal evidence.  The barrier energy (Vb = 
72.15) MeV is provided for reference.  
Panel (B) displays the first derivative 
of the energy-weighted cross section, 
𝐷fus = 𝑑(𝐸𝜎fus)/𝑑𝐸, which emphasis-

es the barrier distribution.  The pro-
nounced peak around 𝑉𝑏 seen in the 
coupled-channel calculations is atten-
uated in the actual data, indicating the 
effects of channel couplings and poten-
tial diffuseness.  Panel (C) illustrates the 
fusion probability \( P_{\text{fus}} \), 
demonstrating that coupling effects de-
crease the energy threshold for fusion 
and enhance concordance with experi-
mental findings.  The use of couplings 
in both CC and SCF models markedly 
enhances the theoretical representation 
of sub-barrier fusion dynamics.

Figure 1: Shows the comparsion of the calculated 𝜎fus panel (A) Dfus panel (B) and 
Pfus panel (C) for the system 28Si+90Zr  compared with the experimental data [41]. 
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Figure 3 illustrates a compara-
tive examination of the fusion reac-
tion 41K+28Si using experimental data 
alongside theoretical models derived 
from coupled-channels (CC) and semi-
classical fusion (SCF) methodologies, 
including both coupling effects and 
their absence. Panel (A) illustrates the 
fusion cross section 𝜎fus as a function 
of center-of-mass energy Ec.m., where 
the experimental data (green circles) 
distinctly indicate a significant en-
hancement beneath the Coulomb bar-
rier Vb = 37.48 MeV, which is more 
accurately represented by the coupled 
SCF model (solid red line) in com-
parison to alternative methodologies. 
Panel (B) illustrates the fusion barrier 
distribution Dfus obtained from the sec-
ond derivative of the product (E𝜎), em-

phasising the influence of channel cou-
plings in producing a more fragmented 
and structured distribution that closely 
corresponds with experimental charac-
teristics. The SCF model with coupling 
demonstrates a better alignment with 
the observed peak location and width. 
Panel (C) illustrates the fusion proba-
bility $P_{\text{fus}}$, indicating that 
coupled models exhibit a distinct aug-
mentation under the barrier, with the 
coupled SCF findings precisely mirror-
ing the experimental increase and sat-
uration pattern. The incorporation of 
coupling effects is crucial for accurate-
ly reflecting experimental results, and 
among the evaluated models, the semi-
classical fusion method with coupling 
demonstrates the most favourable con-
cordance across all three observables.

Figure 2: Shows the comparsion of the calculated 𝜎fus panel (A) Dfus panel (B) and 
Pfus panel (C) for the system 28Si+92Zr  compared with the experimental data [42]. 
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Figure 4 panels (a) and (b) compare 
actual data with many theoretical mod-
els for the system 6Li+64Ni that use al-
ternative coupling methods to show the 
fusion cross-section σ as a function of 
center-of-mass energy 𝐸c.m. for a specif-
ic nuclear reaction [44].  In both pan-
els, the uncoupled computations (red 
open circles) greatly underestimate the 
actual results (black squares), particu-
larly in the sub-barrier energy area.  The 
theoretical predictions are improved by 
include couplings to the projectile (red 
dashed line) or the target (blue dashed 
line); nevertheless, the highest agree-
ment is obtained over the whole energy 
range when both couplings are includ-
ed simultaneously (solid cyan line).  
The significance of coupling effects in 
increasing the likelihood of fusion be-

low the Coulomb barrier is well shown 
by the insets, which zoom into the 
low-energy (sub-barrier) area.  These 
findings highlight how correct repro-
duction of real fusion cross-sections, 
especially in the barrier and sub-barrier 
energy regimes, requires the inclusion 
of both projectile and target excitations 
in coupled-channel computations.

Figure 3: Shows the comparsion of the calculated 𝜎fus panel (A) Dfus panel (B) and Pfus 
panel (C) for the system 41K+28Si  compared with the experimental data [42]. 
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The fusion dynamics of the 
40Ca+194Pt system are depicted in the 
figure using three important observ-
ables: (a) the fusion cross-section 𝜎fus 
σ fus, (b) the fusion barrier distribution 
𝐷fus D fus, and (c) the fusion prob-
ability 𝑃fus P fus, each as a function 
of the center-of-mass energy 𝐸 c.m. E 
c.m.  The actual fusion cross-sections 
(green dots) in panel (a) are contrast-
ed with theoretical predictions from a 
coupled-channel calculation that in-
cludes vibrational states (red), a sin-
gle-channel SCF model (grey), and an 
expanded calculation that additionally 

includes two-neutron pickup (blue).  
The SCF model understates the data, 
especially in the sub-barrier area. In 
contrast, the agreement is much im-
proved by coupling to vibrational and 
transfer channels.  Panel (b) displays 
the distribution of fusion barriers. Un-
like the abrupt peak from the SCF mod-
el, the addition of couplings results in a 
more organised and larger distribution 
that more accurately represents the ob-
served pattern.  Panel (c) displays the 
fusion probability, where the magenta 
arrow indicates the barrier energy (Vb 
= 174.43 MeV), where coupled-chan-

Figure 4: Compares experimental results with several coupling models to display the 
fusion cross sections for the 6Li+64Ni system vs center-of-mass energy.  Sub-barrier fu-
sion is underestimated in uncoupled calculations, but the fit is improved by considering 
couplings to the projectile or target.  Incorporating both target and projectile excitations 
yields the best agreement, underscoring the significance of channel couplings in correct-
ly characterising fusion below and close to the Coulomb barrier [44].
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nel calculations once again closely 
match the experimental results.  Over-
all, the findings highlight how import-
ant channel couplings are to precisely 

re-creating the fusion dynamics, espe-
cially electron transfer and vibrational 
excitations.

Figure 5: Shows the comparsion of the calculated 𝜎fus panel (a) Dfus panel (b) and Pfus pan-
el (c) for the system 40Ca+194Pt  compared with the experimental data [42].

Figure 6 provides a detailed ex-
amination of the fusion reaction 
40Ar+148Sm  fusion cross section σfus, 
the second derivative of E·σ (Dfus), 
and fusion probability Pfus, all plotted 
against the center-of-mass energy Ec.m.. 
The experimental fusion cross sections 
(green dots) show considerable ampli-
fication at sub-barrier energies rela-
tive to the single-channel (SCF) mod-
el, indicating robust coupling effects.  
The coupled-channels estimate with 
CCFULL (red line) accurately reflects 
the experimental trend, particularly in 
the sub-barrier area.  In panel (b), the 
distribution of the fusion barrier, 𝐷fus, 

exhibits several peaks, indicating the 
occurrence of channel coupling, in-
cluding inelastic excitations or neutron 
transmission.  CCFULL accurately rep-
resents this structure, in contrast to the 
SCF model, which forecasts a single, 
narrow peak.  The fusion probability 
shown in panel (c) exhibits a sharp in-
crease near the barrier and attains satu-
ration at elevated energies; once again, 
CCFULL aligns well with the data.  
The comparison underscores the need 
of including couplings to replicate the 
observed improvement of sub-barrier 
fusion and the intricate barrier struc-
ture.
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4. Conclusion 
This review critically analyses the 

fusion dynamics of heavy-ion systems 
at and below the Coulomb barrier, 
comparing semi-classical and quan-
tum mechanical models, with particu-
lar emphasis on channel coupling and 
transfer effects.  The semi-classical 
WKB and SCF methods, while bene-
ficial for their conceptual clarity and 
classical interpretation of barrier pen-
etration, inadequately represent exper-
imental evidence at sub-barrier ener-
gies, when quantum effects prevail.

 Quantum coupled-channel models, 
namely CCFULL and CDCC, provide 
enhanced predictive capability by in-
cluding essential nuclear structural ef-
fects, including inelastic excitations, 
deformation, and multi-nucleon trans-

fer, particularly those with positive 
Q-values (PQNT and PQPT).  This ad-
dition substantially alters the effective 
potential barrier, resulting in increased 
tunnelling probabilities and fusion 
cross sections.  The use of these mod-
els in reactions such as ²⁸Si+⁹⁰,⁹²Zr, 
⁴⁰Ca+¹⁹⁴Pt, and ⁴¹K+²⁸Si substanti-
ates that these couplings are crucial 
for accurately reflecting the observed 
sub-barrier fusion phenomena, as 
shown by enhanced concordance with 
experimental σfus, Dfus, and Pfus values.

 The findings highlight the essential 
role of quantum mechanical coupling 
schemes in realistic models of heavy-
ion fusion, especially for nuclear astro-
physics, unusual nuclei, and the cre-
ation of superheavy elements.  Future 
developments must include compre-

Figure 6: Shows the comparsion of the calculated 𝜎fus panel (a) Dfus panel (b) and Pfus 
panel (c) for the system 40Ar+148Sm  compared with the experimental data [45].
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hensive microscopic analyses using 
time-dependent Hartree-Fock (TDHF) 
or density-constrained TDHF (DC-
TDHF), with the methodical incorpo-
ration of breakdown and reorientation 
effects for weakly bound and deformed 
systems.
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