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Abstract

The Purpose of this manuscript is to study the contraction mapping
principle to prove our main result concerning local existence theorem of
fractional differential equations in L,,(a, b) Space, 1 < p < .
Keywords Existence. The contraction mapping principle. Fractional
derivative. Fixed point.
Introduction

Although the tools of fractional calculus have been available and
applicable to various fields of study, the investigation of the theory of
fractional differential equations has only been started quite recently. The
concept of fractional calculus (fractional derivatives and fractional integral)
Is not new. In 1695 L Hospital asked the question as to the meaning of Ty

daxm
. 1 . . . . . . 1
if n= > that is “ what if n is fractional?”. Leibniz replied that* dzx

will be equal to xVdx:x It is generally known that integer-order
derivatives and integrals have clear physical and geometric interpretations.
However, in case of fractional-order integration and differentiation, which
represent a rapidly growing field both in theory and in applications to real
world problems, it is not so. Since the appearance of the idea of
differentiation and integration of arbitrary (not necessary integer) order
there was not any acceptable geometric and physical interpretation of these
operations for more than 300 year. In recent years, fractional differential
equations have been investigated by many authors. Rawashdeh [8] used the
collocation spline method to approximate the solution of fractional
equations. Momani [6] obtained local and global existence and uniqueness
solution of the integro-differential equation. In the last years has found use
In studies of viscoelastic materials, as well as in many fields of science and
engineering including fluid flow, rheology, diffusive transport, electrical
networks, electromagnetic theory and probability. Mouffak B, Samira H
and Sotiris K. Ntouyas [7], studied the existence of solutions for boundary
value problems, for fractional differential equation €DIU(x) =
@(x,U(x)), for each x € [0,T], q € (0,1) and satisfying the boundary
condition éU(0) + wU(T) = ¢ where DY is the Caputo fractional
derivative, ¢:[0,T] X R - R , is a continuous function, &, w, e are real
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constants with ¢ + w # 0 by using Schaefer’s fixed point theorem. In [10]
Zhenyu G. and Min L., studied a system of fractional order differential
equations and some sufficient conditions for existence of unique mild
solutions for the system is established by Krasnoselskii fixed point
theorem. Recently, Khalida A. and Mouffak B. [3], it deal with the
existence of mild solutions for a class of fractional integro-differential
equations with state-dependent delay. Their results are based on the
technique of measures of noncompactness and Darbo’s fixed point
theorem.

Throughout this study the following definitions and propositions which will
be used in various places in this work.

Definitions and Formulation of the Main Result

Given g > 0, let L(a,b) denote to the set of all Lebesgue measurable
functionpdefined on measurable set such that:

b
j(b —x)9 L p(x)dx < oo,

a
as usual, denote by I'(q) is the Gamma function, and [q] denotes the
integer part of q.
Now, we present our main definitions:
Definition 1 (See [1]). Let ¢ be a lebesgue measurable function defined
a.e., on the interval [a, b]. The fractional integration of degree g > 0 for
@ is define :

b
D¢ ::%J(b —x)7 Y p(x)dx, for q >0

a
Provided that this integral (Lebesgue) exists.
Definition 2 (See [4]). The Caputo fractional derivative of order g > 0 for
a function ¢ is given by:

1

(Dg+ (P)(x) = F(m——q)f(x — s)m-a-1 (p(m)(s,U(s))dx,

a

Herem := [q] + 1.

Auxiliary Results

Let us introduce the following Propositions will be used in the text, first we
state Holder's inequality (See [9]):

Proposition 1

If u be a measurable space, and ¢, are two measurable functions ,let

g,p € (1,0) be such thati+% =1 .let 9eL,(W), @€ Ly(w), Then
(9¢)belongs to L(u) and satisfies
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jlﬁcpldus flﬁl“du flcplpdu
I T I

We also need:
Proposition 2 (See [1]).
Let @(x) be a continuous function on the interval [a, b] and let g > 0,
then D~ 9 exists and it is continuous with respect to x on [a, b].
Proposition 3 (See [5]).
Let ¢@(x) belongs to L(a,b) and let g > 0, then for all x €
[a, b]ED™ ¢ existsif g =1 and a.e.
if g <1.
Proposition 4 (See [2]).
Given @(x) € L(a,b) and let q,0 > 0, we have for all x € [a, b]
X

) f SD9@ds:=XD"@Dg or XD715D"4¢p :=XD~(@+D,

a
ii) Let g >0, then D 9¢ is absolutely continuous in x €
[a, b].
d
iii) If q = 1. Then agp—(q“hp :=%D~d¢),
everywhere and a.e.,if q < 1.
iv)Letq+o
<1, then D=9
=D D" %@ almost everywhere.
Finally, we state Proposition 5 (see [7] for a short proof).

Proposition 5
If ¢ be a continuous function from [a, b] = R. For 0 < q < 1, set

U(x) := %q)}(x —5)7 (s, U(s))ds

b
w €
_ I _e
(€+w)F(q)a §tw
iff U be a solution of the fractional boundary value problem D9U(x)

:= (x, U(x)), with condition £ U(a) + w U(b) =€, where ¢, w and
e areconstant,and ¢+ w # 0.

—5)7 (s, U(s))ds +
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In this section we introduce our main result, theorem deals with study the
local existence of p-integrable solution in L,,(a , b) space:
Theorem Given ¢(x,U(x)) the right-hand side of the fractional
differential equation D9U(x) := @(x, U(x)) satisfy the Lipschitz condition
in U with Lipschitz constant €, such that |@(x, Uy) — @(x, Uy)| <
C|U, — U,|, on the domain © , whence: D :={(x,U):|x — x,| < a,
U — Uy| < b} and it is p-integrable on (a, b) . There exists a p-integrable
solution for the fractional differential equation DIU(x) := @(x, U(x))
with the boundary conditioné U(a) + w U(b) = €, where ¢ , w and € are
constant,and {+w # 0 .
Proof First assume that ¥ be a mapping on L, (a, b), given by

X

1
Po(x) := rq)f(x —5)q71 (p(s,ﬁ(s))ds

— )7 (s, 9(s))ds + =

_ @ j(b
(f"‘w)F(CI)a f+w

and set

G(x):= j(x —5)a1 cp(s,ﬁ(s))ds

1
F(q)a

NG w) r(q) J(b = )7 (s, 9(5))ds +T

It guarantees that G(x) is contlnuouson the interval [a, b] and it is
measurable. Indeed, by virtue of Proposition 2, the first and the second
terms on the right hand side of equation G (x) is continuous for a < x < b
and for all g > 0. we are going to write

X

1
|G (x)|P := TQ)J(x —5)q 1 (p(s,ﬁ(s))ds

p

b
— “ f(b —5)7 (s, 9(s))ds + -
€ +w)l(q) §+w
a
Note that | + 9| < || + 9] implies [¢@ +I|P < (|| + |9])P, since
a+ b < 2max(a,b).
Therefore | + 9P < 2P(||P + [9]|P),
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p
|G(x)|P < 2P e )f(x — )7 (s, 9(s))ds

p

w -1 __c
E+w) (g J(b =T (s, 9())ds £+ w

It is readily seen that

&+ (j)) ) f(b =) (s, 9(s))ds

p

{+w

X P
1
(F(x))P := <Tq)j(x —5)q71 cp(s,ﬁ(s))ds)

It follows by virtue of Hélder's inequality and  ¢@(x, U(x)), (x —s)971 €
L,(a,b) yields

x b
1
(F(X))p = (rq)j(x — S)q_l(p(S,U(S))dS>

1
3

is Lebsegue integrable.
Thus, we set

1\ P
X

f P (S,U(s))dsr

a

@ )J(x _S)oz(q D ds

Q|3

X

<F( )f(x—s)‘t(q D) ds) f(pp(s,u(s))ds

a
(x — a)Pa1

S fotuone
p-1 a
Forall x € [a,b

], by virtue of Proposition 4.i, yields
X S

f f(pp(H,U(Q))dé?] ds = f[f(s —0)1_1(pp(9,"(l(9))d9] ds
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= f[ﬁD‘lcpp(s,U(s))] ds = XD 2P
a
By virtue of Definition 1, we get

X S
a -a

f cpp(B,U(B))dQI ds = %j(x — s)(pp(s,ﬂ(s))ds

Fora < x
X

< b, we get by virtue of Proposition 3 that j @P Lebesgue integrable

a

If, on the other hand, that there exists a Lebesgue integrable function 2(x)
on the interval [a, b] such that |@(x)| < 2(x)almost everywhere on [a, b],
here @(x) is measurable. Thus, ¢@(x) Lebesgue integrable function.This, in
turn, implies that (F(x))? Lebesgue integrable. Then we conclude that
|G (x)|P is Lebesgue integrable which, in turn, yields ¥ maps every
function 9 € L, (a, b) into a function which belongs to L,(a,b). We only
need to prove ¥ is a contraction mapping. To this end, Taking 9,9, €
L,(a, b), we obtain

|# (9, () - w(ﬁzm)ll”

rq )J (x = )77 (s, 91(5)) = @(5,9,(5))ds

p

j (b — )91 (@ (5, 91 (5)) — @(5,95(5))ds

(€+w)F()

1 _

!

© b
NGEDIO f(b = )77 (@(5,91(5)) — (s, 92(s) ) ds| dx

b X p

j(x — )77 (s,9,(5)) — @(s,95(s))|ds | dx

P

F(q) )

304 2016 AUl &gl (o gD g LG ased)



On the contraction mapping principle with the Caputo « = ..
fractional derivative U o C’L“")Jﬁ
b

b

+( 20 ),, j j(b—sw-llcp(s,ﬁl(s))—cp(s,ﬁz(s>>|ds dx

€ +w)I'(q)

a a
We note that ¢@(x,U) satisfy the Lipschitz condition on D with respect
to U. Hence,

(CACHRRICHCI)]

p
< (Fz(z) f(f(x—s)q 19,(s) — 192(S)|ds> dx

a

P
2Cw p )
* ((E + w) F(q)) J(J(b —5)7H[9,(s) — 192(5)|ds> dx

We used the fact that 9,9, € L,(a,b) and L, is a linear space, we clearly
have, [919,], (x —s)97%, (b —s)97! € L,(a, b). Once again, by virtue of
Holder's inequality. we get

¥ (9, () - w(ﬁzm)ll”

_ (g-1)
F(q) [j(x 5)a- ds] [f 19, (s)

a

1\ P

—9,(s)|P ds] dx

(€+w) r(q))pf lf CRDI 1%4 I j 19, (s)

1

—9,(s)|P ds dx

Pb _ pq—1
(x—a)

F(q) ) (pq 1 (pq-1\P~1

fl'ﬁl _192|p dS dx
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€ +w)I'(q)

b b
2Cw P rl(b—a)Pat
+( ) f —]|191—192|Pds dx
a

(=™
p-1 a

< ( oc )p[p mi f(x — )Pt p(x)dx

r(q)/ lpq—1
b b
(s r(q)>p [ppq_—ll]p | J l(b - [io, “92'%‘ dx

X
Where @(x) = f|191 — 9,|P ds,

Appliling simple calculations yields
1% (9:(0) = ¥ (@)

— -1 — 2
< (Fz(z))p [ppq —11]p 2 p:)pq J|191

b
(x —a)P?
— ﬁzlpdx—j—di (x)dx
; pq

_ b[ b
+((€ f{f)“’ r(q)),, [ppq__ll " b — et f l f 19, —192|pd5‘ ix

b
. . (x—a)P? | o
It is readily seen that JT(ID (x)dx = 0 ,implies

2C\Prp—117"1(b - a)?
) ] I8 = 9, 1}

[#(9:00) = ¥ (B )|} < (F(q) pq — 1
-1

2Cw Prp—11° »
+((€+w)r(q)) pq_1] (b — a)Pa|[9; — 9"

Finally, we have

1#(8:(0)) =¥ (B.0),

_ 1401
= Fz(z) ([ppq —11 (b= a)™ [é * ((f -(;)w))p]> 191
— V2l

<=
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1-
so if we denote — (b —a)? [ppq 11] iq + ((gfw)

p
) simply by A,
then the above mequallty reads
|#(©:()) = ¥ (@20)||,, < 21191 = DIl
we observe that ¥ is a contraction mappingand thus it has only one fixed
point, ¥ U(x) = U(x).
This concludes our proof.
O
For the sake of completeness, we consider explicit example of fractional
differential equations for the above theorem.
Example
Given D%7U(x)
erUZ

~ 55.5(1 + x?)

= ¢,and the space
L,(a,b), Choosing a=0,b=1 €e=1 (=1, w=1 p=2,
Next, forall (x,U,), (x,U,) € D, we have:

eru% Zxru2 1
,Uqp) — ,U)| = < U, —Uu

0o Un) =@t Ul = ey “ss50 120 = 15 0 ~ Ul
Hence,Adandwe can applying simple calculations yields

with boundary condition éU(0) + wU(1)

1= 2 [P ey
_F(q) pq—1 pq \(¢+w)
And
1 ; oz €U
Ulx) = Tq)oj(x ~) S sa s

eZS u(s)z 1
T 2I(q )f(l =) 0355.5(1 Ty Bt

llowsfrom the above Theorem The function U(x)is the only solution for
ZXUZ
0.7 : . _
D% U(x) = 55.5(1 1 x2) which satisfies U(0) +U(1) = 1.
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