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ORIGINAL STUDY

Study of Fusion Reactions of Some Light Projectiles
on Medium Targets

Ruaa S. Abdullhussein a, Ghuzlan S. Ahmed b, Sarah M. Obaid c,*

a College of Health and Medical Technology, Middle Technical University, Baghdad, Iraq
b Department of Physics, College of Education for Pure Science (Ibn-Alhaitham), University of Baghdad, Baghdad, Iraq
c Biomedical Engineering Department, Al-Mustaqbal University College, Babylon, Iraq

Abstract

Background and objectives: The investigation of heavy-ion (HI) induced fusion processes in order to comprehend the
many mechanisms involved in these reactions has long been a focus of nuclear physics. The complicated structure and
behavior of projectile and target nuclei with various projectile energy allows us to define the reaction process and may
aid in the investigation of the potential of creating superheavy elements (SHE) in the laboratory.
Methods: The semiclassical and full quantum mechanical complete fusion cross section calculations sfus and the dis-

tribution of the fusion barrier Dfus for the systems 12Cþ50Ti,15Nþ56Fe,16Oþ63Cu and 40Arþ27Al. The calculations have
been carried out by using SCF code for semiclassical and CC code for quantum mechanical calculations. To account for
the target and projectile relative motion, we modified these codes. The fusion barrier distribution to be calculated
directly from this code by subroutines written in Fortran language and added to the main code. The coupled-channel is
considered by taking two channels only due to the difficulty of solving coupled differential equations.
Results: The obtained results for sfus and the Dfus for the studied systems were compared to the related measured data

and discussed.
Conclusion: The semiclassical method used to describe the fusion reaction agrees very well with the quantum method

and with the measured data and we can conclude that this semiclassical method can be used as alternative to quantum
method to study the fusion reaction.

Keywords: Semiclassical method, Fusion cross-section, Fusion barrier distribution, Medium targets

1. Introduction

T he collision of two nuclei or one nucleus with
an outside subatomic particle is referred to as

a nuclear reaction in nuclear physics and nuclear
chemistry. They collide, creating one or more new
nuclides. At least one nuclide undergoes change as
a result of the reaction. When one nucleus interacts
with another, they separate without altering the
nature of any nuclide. This is a form of nuclear
scattering. A nuclear reaction includes the collision
of more than two particles. A nuclear reaction is a
change in a nuclide caused by collision or a spon-
taneous change in a nuclide caused by no contact
[1]. Theoretically, it is difficult to account for fusion,

quasi-elastic processes, and combined elastic and
inelastic dispersion [2,3]. It is crucial to understand
the complexity of the collision process at low en-
ergies that a unique nuclear potential be found that
simultaneously describes multiple reaction mecha-
nisms. Complex nuclear fusion could not be viewed
as a straightforward barrier breaching by an un-
structured entity whose potential was solely reliant
on the separation between the centers of the inter-
acting systems. Instead, a delicate balance between
the nuclear and Coulomb interactions is used to
manage it. The interplay of various open and virtual
channels as well as the synthesis's inherent flexi-
bility, which can vary throughout the process, both
have a substantial influence on the likelihood of
tunneling. One of the most intriguing and
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thoroughly researched phenomena is still how nu-
clear fusion works. In order to understand astro-
physical nucleogenesis and the structures of
medium nuclei, it is crucial to study this process. As
a result, systematic research on the fusion of stable
and exotic nuclei at energies much below the
Coulomb barrier is now conceivable [4]. Scamps
et al., used the coupled-channels approach to
examine the preliminary measured data for the
nucleon transfer reactions of the 40Ca þ 58Ni and
40Ca þ 64Ni systems. It was shown that a simple
transfer treatment in the coupled-channels tech-
nique could not duplicate both the transfer proba-
bility and the sub-barrier augmentation of fusion
cross sections simultaneously [5]. Ghorbani et al.,
calculated sfus for the 18Oþ63Cu, 194Pt; 16Oþ208Pb
and 12Cþ141Pr reactions using Wong's formula. They
adopted double folding potential. In order to do this,
they used the double folding potential and verified
it using the temperature dependence of the repul-
sive nuclear potential, which results in minimal
changes in the height of the barrier, location, and
curvature and provides good agreement with data
[6]. Majeed and his colleagues have widely investi-
gated the role of the breakup channel, and we
recommend readers to references for more infor-
mation [7e15]. The approaches based on quantum
mechanics and semiclassical to study the properties
of fusion reactions for some light, medium, and
heavy mass systems appear to be very competitive.
This research focuses on using two approaches

based on quantum mechanics and semiclassical to
obtain the complete cross section of fusion sfus (mb)
and the barrier distribution of the fusion Dfus (mb/
MeV) for medium target systems involving
(12Cþ50Ti,15Nþ56Fe,16Oþ63Cu and 40Arþ27Al), the
results of the semiclassical and quantum mechani-
cal methods were compared to the measured data to
determine the success or failure of the selected
semiclassical method in contrast to the quantum
method.

2. Theoretical background

2.1. The semi-classical approach

2.1.1. The single-channel
In the one-dimensional potential model, semi-clas-

sicaltheoryisutilizedtoestimatethefusioncrosssection
simply because it is believed that one can only explain
thedegreeoffreedomoftherelativemotionofcolliding
heavy ions. The total potential for the l th partial wave
between the target andprojectilenuclei is givenby [16]

VlðrÞ¼VNðrÞþVCðrÞ þ Z2lðlþ 1Þ
2mr2

¼ V0ðrÞ þ Z2lðlþ 1Þ
2mr

ð1Þ

where, VCðRÞ and VNðRÞ refers to Coulomb and nu-
clear potentials, respectively. The l ¼ 0 is referred to
Coulomb barrier as illustrated in Fig. 1.
Hill and Wheeler introduced the tunneling proba-

bility, which is based on the parabolic approximation
[18]. The following equation can be used to calculate
the likelihood of tunneling past the fusion barrier.

Tfus
l ¼ 1

1þ exp
�
2p
Zw ðVb � EÞ� ð2Þ

The following assumptions for barrier were
made by Wong to further simplify this parabolic
approximation by location Rb, barrier curvature Zu,
and barrier height Vb.
Within the paradigm of partial wave analysis, the

total fusion cross-section is defined as

sfusðEÞ¼ p

k2
X∞
l¼0

ð2lþ1ÞTfus
l ð3Þ

One may transform the summation over l in Eq.
(3) into an integral with respect to l by including the
contributions from the fusion process's infinitely
many partial waves, therefore the formula from
Wong is gives as [19].

Fig. 1. Depicts the projectile and target interaction that tunnels through the barrier distribution height via tunneling [17].
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sfus¼ZwR2
b

2E
ln
�
1þ exp

�
2p
Zw

ðVb�EÞ
��

ð4Þ

2.1.2 The coupled-channel description
The effect of the breakup channel can be consid-

ered using several theoretical approaches to study
the total fusion cross section. For the occurrence of
comprehensive fusion by the boundary conditions
used, for instance, the location of the fusion deci-
sion, all the various fragment breakup and relative
motion-related reaction mechanisms, should be
taken into account in addition to the incomplete
fusion (ICF) and complete fusion (CF) definitions for
bound and unbound states [20]. A set of coupled
channel equations is obtained using the continuum-
discretized coupled channel (CDCC) formalism.

iZ _a�9ðtÞ¼
X
9

h
d �9;9 Vopt

�9þ 〈90jVðT; tÞj9〉
#
e
iðe�9�e9Þt

�
Z

a 9

ð5Þ
We assume a coupled channels set denoted by

9, defining the excitation and the time-dependent
probability amplitude, a �9 (t) and E �9 respectively.
The Hamiltonian of the system involves complex
optical potentials. Vopt

�9ðrÞ, that interact with one
other when they are diagonal in channel space, and
the channel-coupling V. The flux loss into implicitly

unconsidered channels is accounted for by the
imaginary parts of the optical potentials, and the
vectors represent the system's intrinsic states j�9〉.
The time-dependent total fusion probability is given
by [21e23]

TfusðtÞ ¼1�
X

�9ja �9ðtÞj2 ð6Þ

We get;

dTfus

dt
¼ �

X
�9ða�9* _a �9þa �9 _a�9*

!
ð3aÞ

where a�9* fulfills the complex conjugate Eq. (1), can
be obtained in form [24]

dTfus

dt
¼

� 2
Z

X
�9;9 Im

h
d �9;9 V

�9
opt þ 〈90jVðT; tÞj9〉e

iðe�9�e9Þt
�

Z

a�9a�9
*

ð7Þ
Eq. (5) provides a time-dependent fusion cross

section formula [25,26].

sfus¼ � k
E

X
i;j

〈4ðþÞ
i jImfHgj4ðþÞ

j 〉 ð8Þ

where H denotes the full systems' Hamiltonian and
4
ðþÞ
i In channel I is the exact wave function. Many

applications presume that the channel-coupling
interaction exists. With initial conditions, these
equations must be solved a�9ðt/�∞Þ ¼ d�90 means
that before the collision ðt/�∞Þ the projectile is in
its ground state. The channel of the final population
9 in a collision with angular momentum l is [25,26]
Tlð�9Þ ¼ ja�9ðl; t/�∞Þj2 then the cross section is

Table 1. The parametrization of Woods-Saxon potential with the height
of the barrier Vb.

System V0 (MeV) r0 (fm) a0 (fm) W0 (MeV) ri (fm) ai (fm)
12Cþ50Ti �33.7 1.01 0.48 �10.4 0.923 0.777
15Nþ56Fe �89.5 1.01 0.88 �27.1 0.928 0.772
16Oþ63Cu �91.9 1 0.9 �27.6 0.931 0.769
40Arþ27Al �85.4 1.03 0.58 �10.2 0.928 0.768

Fig. 2. Presents theoretical predicted sfus and Dfus for the
12Cþ50Ti system compared to measured data [37].
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sfus
�9¼ p

k2

X∞
l¼0

ð2lþ1Þ Tfus
l ð9Þ

Tfus
l ¼1þ exp

"
2p
Zw

"
BcþZ2lðlþ 1Þ

2mR2
c

�Ec:m

##
ð10Þ

where Bc and Rc are the barrier radius Coulomb and
height, respectively. When the breakup channel
coupling effect is being used where [26]

TBU
l ¼1� exp

"
� 2

Z∞
r0

ImVpol
	
Ec:mffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� 2h=r� lðlþ 1Þ=r2p dr

#

ð11Þ

the potential of the dynamic polarization is Vpol,
resulting from the elastic coupling channel to the

breakup one. h is the parameter of the Sommerfeld
and r0 is the closest approach distance, multiplied
by the wave number k, obtained from 1 � 2h =r0 �
lðl þ 1Þ =r20 ¼ 0. After that, the total breakup prob-
ability will be calculated by [25,26],

TBU
l ðtotalÞ¼TBUðNÞ

l þ TBUðCÞ
l ð12Þ

TBUðNÞ
l is the nuclear breakup probability and TBUðCÞ

l
is the Coulomb breakup probability was extensively
discussed in Ref. [26]. The partial fusion probability
Tfus
l has to be multiplied by the breakup survival

probability ð1� TBU
l Þ, then the cross section is given

as [26];

sfus
�9¼ p

k2

X∞
l¼0

ð2lþ1Þ �1�TBU
l

�
Tfus
l ð10aÞ

Fig. 3. Presents theoretical predicted sfus and Dfus for the
15Nþ56Fe system compared to measured data [38].

Fig. 4. Presents theoretical predicted sfus and Dfus for the
16Oþ63Cu system compared to measured data [39,40].
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2.2 The quantum mechanical approach

The overall fusion reaction cross sections, sfus, of
the nuclei in the collision are affected by internal
excitations that might occur within them as well as
different particle transmission pathways. However,
to characterize the current response process, several
degrees of freedom effectively participate in it.
Therefore, for the fusion strategy, it is required to
explicitly include the couplings among the different
freedom degrees. Additionally, this was accom-
plished by adding a certain number of components
to the system's wave function, corresponding to a
certain number of underlying quantum mechanical
situations [22,27].
Take into account the reaction modeled by the

total wave function Jðr; tÞ, where r denotes the
vector of separation between the target and projec-
tile nuclei and t is the collection of their intrinsic
coordinates. Therefore, the Hamiltonian that de-
scribes the reaction dynamics can be written as,

H¼H0 þTþU ð11aÞ
where H0 is the Hamiltonian for the intrinsic mo-
tion, U is the potential of the interaction, and T is the
Kinetic energy operator for the relative motion be-
tween the projectile and target nuclei. The intrinsic
Hamiltonian eigenstates, jhD, fulfil the Schr€odinger
Eq. (11a),

ðeh�H0ÞjhD ð12aÞ
The orthonormality condition is,

ChD¼
Z

dt4�
h0 ðtÞ4hðtÞ ¼ dhh0 ð13Þ

where 4hðtÞ and 4h0 ðtÞ are the states jhD and j�hD
wavefunctions, respectively. Therefore the in-
teractions reads [27],

U¼U0 þU
00 ð14Þ

where U0 represent the diagonalization for the
channel space [27],

U0 ¼
X
h

hDU0
h Ch

�� ð15Þ

U
00 ¼

X
h

���hDU 00
h;h0 Ch0

��� ð16Þ

where,

U0
hðrÞ¼

Z
dt j4hðtÞj2 U0ðr;tÞ ð17Þ

U
00
h;h0 ðrÞ¼

Z
dt 4�

h0 ðtÞU00 ðr;tÞ4hðtÞ ð18Þ
The U0 potential is taken as arbitrary, except the

case where the channel space is diagonal. As the
potential is selected, then U

00
were calculated as

U
00 ¼ U� U0. It was usually convenient to select U0

so that U
00
was completely off diagonal. However, in

certain states, components of U
00
were done as below

[22,27],

U
00
h;h0 ðrÞ¼

Z
dt 4�

h0 ðtÞU00 ðr;tÞ4hðtÞ�dhh0 U0
hðrÞ

ð19Þ
The coupled channel equations were derived

from the Schr€odinger equation as,

ðE�HÞ jJhðh0 k0ÞD¼0 ð20Þ

Fig. 5. Presents theoretical predicted sfus and Dfus for the
40Arþ27Al system compared to measured data [41].
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and the expansion of the channel is written as,�����Jhðh0 k0ÞD¼
X
h

jjhðh0 k0ÞD jhD ð21Þ

The collision was initiated in the channel h0,
with the wave vector k 0, and the scale of energy was
chosen so that eh0 ¼ 0, according to the notation
jJðh0 k0ÞD. Due of the response off the diagonal
section. The Schr€odinger equation solution should
has components jJhðh0 k0ÞD for both h ¼ h0 and hs
h0. In order to include just better channels or a
closed coupling approximation, the infinite expan-
sion of Eq. (21) was eliminated. Only one may
incorporate the imaginary component in the chan-
nel U0

h ðrÞ and potentials in order to account for the
flux that is lost over the disregarded channels. To
determine the function of a wave, the Hamiltonian
must be written as follows [22,27],

H¼H0 þH0 þU
00 ð22Þ

where,

H0 ¼KþU0 ð23Þ
Equations for the coupled channel were ob-

tained by substituting Eqs. (22) and (23) into Eq. (20)
and taking the product of the scalar with all intrinsic
states, Chj [22,27]

�
Eh�H0

h

������jhðh0 k0ÞD¼
X

�hU
00
h;h0 ðrÞ

���jh0 ðh0 k0ÞD

ð24Þ
Or,�

Ehþ -2

2m
D�U0

hðrÞ
�
jhðrÞ¼

X
�hU

00
h;h0 ðrÞ jh0 ðrÞ ð25Þ

where,

Eh¼E� eh ð26Þ

Eh is the relative motion total energy in channel h
and,

H0
h¼TþU0

h ð27Þ
Eq. (25) was simplified to jjhðh0 k0ÞD/jhðrÞ,

and the potential of the channel were written as,

U0
h¼Vh þ iWh ð28Þ

where the flow in channel h is compensated for by
the imaginary component Wh lost to others not
involved in the linked channel equations. The con-
tinuity equation failed as a non-Hermitian natural
consequence of H. The continuity equation was

formulated as follows in general situations when the
channel coupling interaction U

00
h was hermitian [22].

V �
X
h

j
h
¼ 2

-

X
h

WhðrÞ jjhðrÞj2s0 ð29Þ

where jh is the h channel's probability current den-
sity. Utilizing the idea of the sh absorption cross
section, integrate the aforementioned equation into
a large sphere with a radius bigger than the range of
interaction [16,28,29],

sh¼ k
E

X
h

CjhD ð30Þ

The relationship is as follows when it comes to
the absorptive potential,

Wh¼WD
h þWF

h ð31Þ
The fusion reaction cross section changes

depending on how WD
h and WF

h are used to deter-
mine flux loss to other direct reaction pathways and
fusion absorption, respectively [28,29],

sF¼ k
E

X
h

CjhD ð32Þ

Fusion reactions are significantly impacted by
couplings between several channels.

2.3 Fusion barrier distribution

In the last quarter century, various channels have
been well understood in relation to fusion reactions.
At Coulomb sub-barrier energies Vb, it enhanced
the cross section of total fusion reactions sfus in
several states by orders of magnitude. A coupling
channel divides the fusion barrier into many sec-
tions, which is known as the fusion barrier distri-
bution Dfus which can be written as [27,30],

DfusðEÞ¼d2GðEÞ
dE2

ð33Þ

where GðEÞ can be written as [30],

GðEÞ¼E sfusðEÞ ð34Þ
In addition to the measurements of the fusion

reaction barrier, the coupling channel during colli-
sion played an important role in understanding the
nature of the fusion reaction [27,30],

Df ðEÞzGðEþDEÞ þGðE�DEÞ � 2GðEÞ
DE2

ð35Þ
Eq. (35) provides a rough estimate of the sta-

tistical error related to the distribution of the fusion
reaction barrier based on the interval DE between

AL-BAHIR JOURNAL FOR ENGINEERING AND PURE SCIENCES 2023;2:10e17 15



the data of the fusion cross section, which can be
written as [30].

dDstat
f ðEÞz

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½dGðEþDEÞ�2 þ ½dGðE�DEÞ�2 þ 4½dGðEÞ�2

q
ðDEÞ2

ð36Þ
where dGðEÞ represents the mean level of uncer-
tainty in the energy product measurements made by
the total fusion reaction cross section at the known
collision energy. Whenever uncertainties were rated
as the following [30],

dDstat
f ðEÞz

ffiffiffi
6

p
dGðEÞ

ðDEÞ2 ð27aÞ

3. Results and Discussion results

In this section, we present theoretical estimation
for the cross section of the total fusion sfus (mb) and
the fusion barrier distribution Dfus (mb/MeV) using
the two approaches of quantum mechanics and
semiclassical which are implemented in codes
written in Fortran language and we codenamed
them as SCF for semiclassical calculations and CC
for quantum mechanical calculations. The SCF code
is originally written by H. D. Marta and his collab-
orators using Fortran language, while the CC code is
originally written by L. F. Canto and his collabora-
tors using Fortran language. These codes are origi-
nally programmed for studying the fusion reaction
using the two approaches of quantum mechanics
and semiclassical; for more details we rerefer the
readers for the work in Refs. [31e36]. The original
codes were unpublished online and we got them by
private communications and these mentioned codes
were originally used to calculate the fusion cross
section only and the parameters for Woods-Saxon
potential were estimated and tested manually, we
had written some subroutines to fit these parame-
ters by adopting Wong formula and the least square
method to predict the best set of these parameters
for each system and then we added subroutine for
the fusion barrier calculations. For medium target
systems involving 12Cþ50Ti,15Nþ56Fe,16Oþ63Cu and
40Arþ27Al. The calculations were performed calcu-
lations using the fusion reaction code CC for the
same examined systems in order to compare with
other theoretical models that included full quantum
mechanics with all order coupling channels. The
same parametrization of the Woods-Saxon potential
that is obtained from fitting were utilized in the
calculations for the two codes in the present are
displayed in Table 1. The semiclassical and

complete quantum mechanical computations
without coupling, respectively, are shown by the
dashed blue and red curves. For the entire quantum
mechanical computation and the semiclassical
calculation, the solid blue and red curves represent
the calculations that include coupling effects. Fig. 2
depicted the calculations of the cross section of the
fusion sfus, and the distribution of the fusion bar-
rier Dfus, respectively for the system 12Cþ50Ti.
The inclusion of coupled channels for this reaction

show that full quantum mechanical approach im-
proves the calculations of the cross section of the
fusion sfus , and the distribution of the fusion barrier
Dfus very well below and above the Coulomb barrier.
The measured data for this system are obtained from
Ref. [37]. The calculation sfus , and Dfus are shown in
Fig. 3. For the system 15Nþ56Fe using the two
employedmethods. The calculations coupled channel
effect calculations using the semiclassical and quan-
tum approaches are in better agreement in describing
the measured data below and above the Coulomb
barrier for the fusion cross section sfus , while the
semiclassical approach including coupling more
successful in describing the measured data of Dfus as
shown in Fig. 3. The measured data for this system is
taken from [38]. Fig. 4 depicted the theory and
measured data for sfus,Dfus for the system

16Oþ63Cu.
The semiclassical calculations with and without
coupling as well as the quantummechanical with and
without coupling don't comport with the measured
data below and above the Coulomb barrier for sfus.
But the for Dfus the semiclassical calculations coupled
channel calculations are in an excellent agreement
below and above the Coulomb barrier. Themeasured
data for this system is obtained from [39,40]. Fig. 5
depicted the theory and measured data for sfus, and
Dfus for the system

40Arþ27Al using bothmethods. The
measured data for this system are obtained from
Ref. [41]. The calculations of quantum approach
including the channel coupling are the best to
describe the measured data.

4. Conclusion

The adopted semiclassical and quantum methods
to calculate the total cross section of fusion sfus and
the distribution of the fusion barrier Dfus for the
systems 12Cþ50Ti,15Nþ56Fe,16Oþ63Cu and
40Arþ27Al. The non-coupling and coupling between
the elastic channel are considered in the calcula-
tions. The fitted parameters of the Woods-Saxon
potential using the classical Wong formula are
adequate that leads to reasonable results of the
prediction of sfus and Dfus compared to the
measured data. The comparison of the calculations
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with the measured data are in reasonable agree-
ment. The semiclassical method is very competitive
in reproducing sfus and Dfus for the studied systems,
therefore we can recommend this method to be
used and tested for more heavier systems. The two-
channel coupling considered in the present work
seems sufficient to calculate sfus and Dfus for the
studied systems and considering three channel
coupling might improve the calculations.
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