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Abstract 

 In this paper we study the critical values of the  𝑝𝑑  (gas pressure × electrode distance) 

and breakdown voltage dependency on effective secondary emission coefficient  𝛾. These values 

are calculated for different gases (H2, N2, Air, H2O, Hg, He, Ne, Ar, Kr and Xe). The critical 

values of the 𝑝𝑑 and breakdown voltage decreased with effective secondary emission coefficient 

𝛾 for all these gases 
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Introduction  

The discharge voltage in the 

process of electrical breakdown is very 

important in various electrical discharges 

of plasma and industrial applications [1-8]. 

The breakdown voltage represented by 

Paschen curve or Paschen law which is the 

relation between breakdown voltage and 

𝑝𝑑 (gas pressure × electrode distance) [9]. 

In this work; the critical values of 

breakdown voltage have been studied with 

critical values of  𝑝𝑑 (the discharge occur 

at this value of 𝑝𝑑) in Townsend discharge 

for rare gases and other gases. In this type 

of discharges; there are no light or spark, 

therefore is called dark discharge.  

The problem can be describe by 

two electrodes with distance  𝑑 inside 

vessel filling with a gas connected to DC 

power supply as shown in figure (1).  The 

mechanism of Townsend ionization can be 

characterized by exponentially growth in 

the numbers of electrons inside vessel. 

These electrons come from two 

avalanches. The first avalanche occur 

when an electrons emitted from the 

cathode surface by starting electrons 

impacted the cathode. The processes 

collisions between emitted electrons and 

neutral gas atoms released secondary 

electrons called 𝛼 − 𝑒𝑙𝑒𝑐𝑡𝑟𝑜𝑛𝑠  respect to 

the first Townsend coefficient or 

ionization Townsend coefficient 𝛼  (which 

can be define as the number of electron-

ion pairs created by a single electron in 

unit length and its depend on intensity of 

electric field, the pressure of gas and type 

of gas). The second  avalanche occur when 

the ions which created in the first 

avalanche bombarded the surface of 

cathode that lead to emit electrons called 

 𝛾 − 𝑒𝑙𝑒𝑐𝑡𝑟𝑜𝑛𝑠  respect to the second 

Townsend coefficient or secondary 

electron emission coefficient 𝛾 ((which 

can be defined as the number of secondary 

electrons from the surface of cathode to 

the number of ions bombarded the surface 

of cathode and its depend on the type of 

the material of cathode, gas pressure, 

applied electric field 𝐸, type of gas and 

distance between electrodes[10,11]. 
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Figure (1):  Schematic of the problem illustrated the neutral gas inside    vessel which 

contains two electrodes connected to power supply 

Theoretical treatment 

  The first Townsend coefficient  𝛼 

as a function of applied electric field and 

gas pressure is given by well-known 

equation, 

𝛼(𝐸 𝑝⁄ ) = 𝐴𝑝 𝑒−𝐵 
𝑝
𝐸    … (1) 

Where 𝐸 is the electric field and 𝑝 is the 

gas pressure;  𝐴 and 𝐵 are constants 

depend on the type of gas and listed in 

table (1) [12].  

The electric field related to the breakdown 

voltage 𝑉𝑏 and the distance between 

electrodes 𝑑 in the following equation, 

𝐸 =
𝑉𝑏

𝑑
    … (2) 

By using equation (2), rewrite equation (1) 

to be in the following form 

𝛼

𝑝
= 𝐴 𝑒

−𝐵 
𝑝𝑑
𝑉𝑏       … (3) 

 

Table (1): The values of  𝐴 and 𝐵 [12]. 

gas 𝐴 

𝑐𝑚−1𝑇𝑜𝑟𝑟−1 
 

𝐵 

𝑉𝑐𝑚−1𝑇𝑜𝑟𝑟−1 
 

He 3 34 

Ne 4 100 

Ar 12 180 

Kr 17 240 

Xe 26 350 

N2 12 342 

H2 5 130 

Air 15 365 

CO2 20 466 

H2O 13 290 

 

The second Townsend coefficient 

related to the first Townsend coefficient in 

a famous relation was driven by Townsend 

[9]: 

𝛼 =
1

𝑑
 𝑙𝑛 (1 +

1

𝛾
)     … (4) 

By substituting the value of 𝛼 into 

equation (3) to be in the following form: 

𝑙𝑛 (1 +
1
𝛾

)

𝑝𝑑
= 𝐴 𝑒

−𝐵 
𝑝𝑑
𝑉𝑏       … (5) 

Equation (5) simplifies to get the 

breakdown voltage as a function of 𝑝𝑑; 

𝑉𝑏 = 𝐵 𝑝𝑑 [1 𝑙𝑛 (
𝐴 𝑝𝑑

𝑙𝑛 (1 +
1
𝛾

)
)⁄ ]     … (6) 

I-calculation of the critical value of  

𝒑𝒅 

To calculate the critical value of  

𝑝𝑑 we must be find the fist derivative 

to the breakdown voltage, where 

𝑑𝑉𝑏

𝑑(𝑝𝑑)
= 0  ⇒ 𝑝𝑑 = (𝑝𝑑)𝑐𝑟𝑖𝑡𝑖𝑐𝑎𝑙 

Let       𝑥 = 𝑝𝑑     … (7𝑎), 

and       𝑅 =  𝑙𝑛 (1 +
1

𝛾
)     … (7𝑏) 

by using equations (7); we can write 

equation (6) in the form: 

𝑉𝑏 =
𝐵 𝑥

𝑙𝑛 (
𝐴 
𝑅  𝑥)

     … (8) 

Differentiate equation (8) with respect to 𝑥 

to get; 

𝑑𝑉𝑏

𝑑𝑥
=

𝐵 𝑙𝑛 (
𝐴 
𝑅  𝑥) − 𝐵

(𝑙𝑛 (
𝐴 
𝑅  𝑥))

2          … (9) 

At   
 𝑑𝑉𝑏

𝑑𝑥
= 0; we get the minimum 

breakdown voltage at the critical value of  

𝑝𝑑 [(𝑉𝑏)𝑚𝑖𝑛 is also called as the minimum 
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spark potential]. Therefore from equation 

(9) we can get; 

𝑙𝑛 (
𝐴 

𝑅
 𝑥) = 1      … (10) 

By inserting equations (7) into 

equation (10) , we get; 

𝑙𝑛 (
𝐴(𝑝𝑑)𝑐𝑟𝑖𝑡𝑖𝑐𝑎𝑙  

𝑙𝑛 (1 +
1
𝛾

)
 ) = 1      … (11) 

Take the exponential to the both 

side of above equation; we can get the 

critical value of  𝑝𝑑 as a function to the 

second Townsend coefficient 𝛾 in the 

following relation 

(𝑝𝑑)𝑐𝑟𝑖𝑡𝑖𝑐𝑎𝑙 =
2.718

𝐴
  𝑙𝑛 (1 +

1

𝛾
)   … (12) 

II- Calculation of the critical value of 

𝑉𝑏 as a function of 𝛾 

      It is simple to find a relation between 

critical values as a function of the second 

Townsend coefficient by using equation 

(12) into equation (6) to get the following 

relation; 

(𝑉𝑏)𝑐𝑟𝑖𝑡𝑖𝑐𝑎𝑙 =
𝐵

𝐴
 2.718 𝑙𝑛 (1 +

1

𝛾
) … (13) 

Results and discussion  

The critical values of the 𝑝𝑑 

calculated from equation (12), 

represented in figure (2) for rare gases 

and figure (3) for other gases. These 

figures illustrated that all values decrease 

with 𝛾. The critical values of the 𝑉𝑏 

calculated from equation (13), 

represented in figure (4) for rare gases 

and figure (5) for other gases. These 

figures illustrated that all values decrease 

with ESEC.  The factor 𝑙𝑛 (1 +
1

𝛾
) in 

equations (12) and equation (13) is 

proportional inversely with  𝜸  and that 

reflected on the critical values of the 𝑝𝑑 

and breakdown voltage. For low values 

of ESEC, the number of secondary 

electron emission from cathode surface 

are decrease due to  the impact  ions, 

therefore the number of collisions of 

electrons with the neutral gases also 

decrease that lead to increase the 

breakdown voltage. 
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 Figure (2): The critical values of the 𝑝𝑑 (Torr.cm) as a function of  𝛾 for rare gases. 
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 Figure (3): The critical values of the 𝑝𝑑 (Torr.cm) as a function of  𝛾 for other gases. 
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 Figure (4): The critical values of the 𝑉𝑏 (V) as a function of  𝛾 for rare gases. 
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 Figure (5): The critical values of the 𝑉𝑏 (V) as a function of  𝛾 for other gases. 
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Conclusions 

 The critical values of the 𝑝𝑑 and 

breakdown voltage decreased with 

effective secondary emission coefficient 

𝛾 for all studied gases according to the 

term 𝑙𝑛 (1 +
1

𝛾
). 
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 دراسة القيم الحرجة لفولتية الانهيار لغازات مختلفة
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 الخلاصة 

المسافة  ×)ضغط الغاز   𝑝𝑑تمت دراسة اعتمادية القيم الحرجة لكل من  في هذا البحث 

 ,H2, N2)لمختلف الغازات  𝛾 و فولتية الانهيار على عامل الانبعاث الثانوي المؤثربين القطبين( 

Air, H2O, Hg, He, Ne, Ar, Kr and Xe)  وجد بان القيم الحرجة لكل من .𝑝𝑑  و فولتية

 لجميع هذه الغازات. 𝛾الانهيار تتناقص مع زيادة  
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