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Abstract: 

Laplace Transform is an important mathematic device usually used in 

geometry, mathematics and statistics.  For example, the transform gives 

an excellent method to solve many difference equations. First transform 

gives the first derivation of algebra equations system. For the 

importance of this transformation and its numerous applications, many 

methods are used to find Laplace Transform and its inverse depending 

on MathCAD professional software. This will be illustrated in detail 

with many illustrating examples. 

 

 :انًستخهص

أٌ تحوٌلللم س لللل  ًٌةلللم أ ام مٌ تلللد  ياًلللد تسلللتخةو اللل  مت  لللً اناُة لللد  ان ٌ تللل               

  الإحص ء،   نتحوٌم اهى  بٍم انًة ل ٌعطلً ر ٌةلد يًتل لم نحلم يةًوالد يلٍ يعل  س  ان ل   

Difference equations   حٍللأ أٌ ال ل ٌعطللً انً للتةد ال نللى نًُعويللد انًعلل  س  انةب ٌللد

 َع ات لهًٍد هذا انتحوٌم  أ تخةاي ته انًتعلة م، تلى أ لتخةاو الةم ر ايلا لإٌةل   تحوٌلم س لل  

، هلذا يل   لٍتى   MathCAD professional  يعكو هُ،  ذنك   لإاتً   اهى انب َ يج انةل ه 

 .   ًء يٍ انت صٍم يوتح ت   ليةهد انتطبٍةٍد ا تهُ 

 

Introduction: 

         The proofs of the properties have been omitted and all operations 

are assumed to be well defined. 

Let )(tf  be a real-value function in [0, ) . We define the Laplace 

transform of f (t) as: 

0)Re()()()}({

0

 



sdttfestfL

st If f(t) is piecewise continuous on 

every interval [0,n] and of exponential order α [i.e., there exist constants 

M1,M2,and α such that for all t>M2 we have 
at

eMtf 1)(  , then it can be 
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shown that L{f(t)}=Φ(s) exists.  

Definition: 1 let F(t) be a real-valued function; then we define the 

Laplace- stieltjes transform of F(t) as :  0)Re()(

0





sdttdFe

st
  

We note that if F(t) is absolutely continuous and its Laplace- stieltjes 

transform exists, then F(t) is a differentiable monotonically increasing 

function and dF(t)=F
´
(t)dt  the Laplace- stieltjes  transform of F(t) then 

equals the Laplace transform for this case the following properties apply 

only to Laplace transform, although analogous properties hold for 

Laplace- stieltjes transform, let L{f(t)}=Φ(s) and assume that all 

operations are well defined. 

 

The Aim of this research: 

          This research aims to deal with difficulties caused by counting 

Laplace Transform and its inverse for complex equations, and equation 

system of “n” equations and “m” limits, to have the accurate solutions 

in the least time. 

 
1- The Properties of Laplace Transform: 

1- If L{f(t)i}=Φ(s)i  and )()(

1

stf i

i

i




 where i is constant (i=1,2,…), then 

the )()(

1

ss i

i

i 




  

2-If )()( tfetg
t then )()}({   stgL  

3-If










 


t

t

for

fortf
tg

0

)(
)(  then )()}({ setgL

s . 

4-If  0  and ),()( tftg  then )(
1

)}({





 stfL   

5-If g(t)=d
n
[f(t)]/dt

n
=f

(n)
(t), then  

).0(......

......)0()0()()}({

)1(

21









n

nnn

f

fsfssstgL 
Here the continuity at 0 of f

(n)
(t) is assumed 

for each n .  

6-If g(t)=t
n
f(t), then )()1()}({

)(
stgL

nn  

7-When the indicated limit exists, we have  0)( 


sLim
t

   

)()(
0

ssLimtfLim
st




  

)()(
0

ssLimtfLim
st




  

8-Let f(t) be the probability density function of a continuous random variable T, 

then )0()(
)1(TE  
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9-let f(t) =f(t)1*f(t)2=  dff

x

)()( 2

0

1   and L{f(t)i}=Φ(s)i       (i=1,2); 

Then )(*)()( 21 sss   . 

10-if f(t) is such that   

x

dttf

0

0)(  for all x>0 , then f(t) is called a null function and 

0)( s . 

Perhaps a word about the uniqueness of Laplace transform of f(t) is in order . 

Suppose f2(t) is a null function and f(t)=f1(t)*f2(t); then by properties (1) and (10),we 

have )}({)()()()( 21 tfLssss ii    one have can see that several different 

functions many have the same Laplace transform ; but if we do not consider null 

function , the Laplace transform of a function is unique. 

 

THEOREM 1.1. 

Suppose that the function )(tf  is continuous and piecewise smooth ( )(tf  is 

piecewise continuous) for all t > 0 and there are constants (M, a) such that 

 t
Metf

)( For Tt  , Then )(s is defined for all s > α and 

).0()()( fsss    Now if nth derivative )(tf
n

is piecewise smooth, then 

).0(......

......)0()0()()}({

)1(

21









n

nnn

f

fsfssstgL 
 

For example: 

• When n = 2 

).0()0()()(
2)2(

fsfsss    

• When n = 3 

).0()0()0()()(
23)3(

ffsfssss    

• When n = 4 

).0()0()0()0()()(
)3(234)4(

ffsfsfssss    

The following table list most commonly used functions, and 
at

at

if

if
a atutu








0

1
)()(

   is the Heaviside function.  

f =L
-1

(f
^
) )(s  f =L

-1
(f

^
) )(s  

1 1/s (s>0) t 1/s
2
 (s>0) 

T
n
 (n>=0) n!/(s

n+1
) (s>0) t

a
(a>-1) Γ(a+1)/s

a+1
(s>0) 

e
at

 1/s-a (s>0) Sin(kt) k/(s
2
+k

2
) (s>0) 

Cos(kt) s/s
2
+k

2
 (s>0) Sinh(kt) k/(s

2
-k

2
) (s>|k|) 

Cosh(kt) s/(s
2
-k

2
) (s>|k|) u(t-a) e

as
/s (s>0) 
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 EXAMPLE1.1. Find )(s  if  .1)0(,1)0(,32  xxexxx
t  

Solution: Apply Laplace transform on both sides of the equation, 

))(())(32( seLsxxxL
t  

Using the linear property )}({)()()()( 21 tfLssss ii    we have 

).(3)(2)())(32( ssssxxxL    

Together with, )0()0()()(
2

xsxsss    and 

 )0()()( xsss    We have,  

due to . 1)0(,1)0(  xx , 

)(3)(2)())(32( ssssxxxL      

    )(3)0()(2)0()0()(
2

sxssxsxss    

1)()32(
2  ssss   

So we have an algebraic equation for )(s , 

1

1
)(ˆ1)()32(

2




s
sessss

t  

Solve this equation for )(s , 

 
1

1
)(ˆ1)()32(

2




s
sessss

t  

 1
1

1
1)()32(

2 


 s
s

ssss    

1

)1)(1(

1

1
1)()32(

2









s

ss

s
ssss   

1

)1)(1(1
1)()32(

2






s

ss
ssss   

 
1

)1(1
1)()32(

2
2






s

s
ssss   

1
1)()32(

2
2




s

s
ssss   

We get  
)32)(1(

)(
2

2




sss

s
s  

 

2- Using MathCAD: 

MathCAD can help us in finding both Laplace transform and inverse Laplace 

transform. 

To use MathCAD to find Laplace transform, we first enter the expression of the 

function, then press [Shift] [Ctrl] [.], in the place holder type the key word Laplace 

followed by comma (,) and the variable name. For example, to find the Laplace of 

),sin()(
2

atttf   you first enter the expression ),sin(
2

att  by typing. 

t^2*sin(a*t), 

Then press [Shift] [Ctrl] [.], and entering keyword Laplace followed by comma (,) 

and t, you will get 

222322

2
2

)(

2

)(

8
,)sin(

as

a

as

as
tlaplaceatt





  
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If you want a simplified result, you type comma (,) after entering the variable name 

and keyword simplify, so the following input 

t^2*sin(a*t)[Shift][Ctrl][.]Laplace , t , simplify  

will produce the result 

322

22
2

)(

)3(2
,,)sin(

as

saa
simplifytlaplaceatt




  

Similarly, to use MathCAD to find inverse Laplace transform, we first, enter the 

expression, then press [Shift] [Ctrl] [.], in the place holder type the key word 

invlaplace followed by comma (,) and the variable name. For example, to find the 

inverse Laplace of ,
)(

8
322

2

as

as


you first enter the expression  ,

)(

8
322

2

as

as


 as  

8a*s^2/(s^2+a^2)^3, 

Then press [Shift] [Ctrl] [.], and entering keyword invlaplace followed by comma (,) 

and s, and for simplifying the result, by another comma (,) and keyword simplify, 

we get 

))sin()cos()(sin(
1

,,
)(

8

22

2

322

2

atatattaat
a

simplifysinvlaplace
as

as




  

When using MathCAD together with Laplace transform to solve an ODE (Ordinary 

Differential Equation) 

)(......... 01
)1(

1
)(

tfxaxaxaxa
n

n
n

n  
  

We follow these steps. 

• Step One: Apply Laplace to both sides of equation. Using MathCAD to find 

Laplace transform of f(t). 

• Step Two: Using the linear property and 

).0(............)0()0()()}({
)1(21   nnnn

ffsfssstgL   

To find an algebraic equation for ),(s  

• Step Three: Solve the equation obtained in Step Two for 

),(s  And using MathCAD to find inverse transform which will be the solution )(tx . 

EXAMPLE 2.1. Find general solution to x" + 2x' + 3x = t
2
e

t
. 

Solution:  Since we want to find general solution, we set, x(0) = a. and x'(0) = b 

• Step One Apply Laplace transform to both sides of the equation and find Laplace 

transform for t
2
e

t
. 

L(x"+2x'+3x)(s)=L(t
2
e

2
)(s) Type. 

T^2*e^t[Shift][Ctrl][.]Laplace ,t ,simplify       We find 

3

2

)1(

2
))((




s
setL

t
 

• Step Two: Using linear property to find an equation for )(s . 

))(32())(32( ssxxxL    

)(3))((2)(
2

sassbasss    

absasss 2)()32(
2     

The equation for ),(s  is 
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3

2

)1(

2
2)()32(




s
absasss   

Hence, 

)32()1(

2

)32(

2
)(

232 







sssss

absa
s  

• Step Three: Using MathCAD to find inverse Laplace transform and ),(tx we enter. 

s*a+b+a/(s^2+2s+3)+2/(s-l)^3(s^2+2s+3)[Shift] [Ctrl] [,]laplace,s 

And get 

)2sin(
18

2
)2cos(

9

2

9

2

3

1

)2sin(
2

2
)2cos()2sin(

2

2
)(

tette

tebttaetx

tt

tt































 

2.1. Solving System of Differential Equations: We can use Laplace transform 

method to solve system of differential equations. The procedure is the same as 

solving a higher order ODE. But, after applying Laplace transform to each 

equation, we get a system of linear equations whose unknowns are the Laplace 

transform of the unknown functions. The following example shows how we can use 

Laplace method with MathCAD to solve system of differential equations. 

EXAMPLE 2.2. Find solution to 

x' = 3x - 4y + t
2 

 
y' = -x + 5y + e^t 

 x(0) = 1, y(0) = -1 

Solution 

• Step One: Apply Laplace transform to both sides of the equations and use 

MathCAD to find Laplace transform of t
2
 and e

t
, 

L(x') = L(3x - 4y + t
2
) 

 L(y') = L(-x+5y+e
t
) 

and L( t
2
) (s) 

3

!2

s
  and L(e

t
)(s) = 

1

1

s
 

• Step Two: Apply linear property to get, a system of equations for ),(ˆ sx  and )(ˆ sy , 

due to )0()(ˆ)( xsxsxL   and ),0()(ˆ)ˆ( ysysyL   

3

6
)(ˆ4)(ˆ31)(ˆ

s
sysxsxs   

1

1
)(ˆ5)(ˆ1ˆ




s
sysxys  

From which we get 

2

6
1)(ˆ4)(ˆ)3(

s
sysxs   

1

1
1ˆ)5()(ˆ




s
yssx  

Fine ,
51

43
,

)(ˆ

)(ˆ
)(ˆ 























s

s
A

sy

sx
sx  
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And


























1

1
1

6
1

)(
3

s

ssb  

We have, in matrix form, )()(ˆ sbsxA         

• Step Three: Solve the algebraic equation and apply the inverse Laplace transform, 

using MathCAD we have 

 





















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





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 

3

3

3

3
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1

6
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)2)(3(

1

2
4

)6)(5(
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1
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s

s
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s

s

s

ss

ss
sbAsx       










)(

)(
)(
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tx
tx    

       






















tt

tt

ettett

ettett

2

1
))5sinh(

1331

8143
)5cosh((

))5sinh()5cosh((

2662

6954

1331

318

121

482

11

3

6655

2334

1331

37424

1331

1062

121

1472

11

15

   

EXAMPLE 2.3. Express 

5

52

20

)sin(2

3

)(

2













 



t

t

t

if

if

if

tt

e

tt

tf
t  

As linear combination of step functions. 

Solution   Notice f(t) has three different expresses over interval  [0, 2), [2, 5) and [5, 

 ), so we have two difference, u(t) – u2(t) and u2(t) –u5(t) and three products. 

• (t
2
 - t + 3)(u(t) – u2(t)) for (t

2
 - t + 3) defined on [0,2); 

• e
t
u2(t) – u5(t)) for e

t
 defined on [2, 5); 

• 2t sin(t)u5,(t) for 2t defined on [5.  ).  

f(t) is sum of these three products. 

f(t) = (t
2
 - t + 3)(u(t) – u2(t)) + e

t
u2(t)) – u5(t))) + 2tsin(t)u5(t)  

      = (t
2
 - t + 3)u(t) + (e

t
 - t

2
 + t - 3)u2(t) + (2tsin(t) – e

t
)u5(t). 

 

 

3- The Piecewise defined Functions: 

When solving an ODE )(......... 01

)1(

1

)(
tfxaxaxaxa

n

n

n

n  

  with multiple 

defined function f{t), we need to change f(t) into linear combinations of step 

functions Ua(t). 

Here 














atif

atif
atutua

1

0
)()(  

And 

   














01

00
)(

tif

tif
tu    

is called Heaviside function or unit step function. 

We have graphed some step functions in fig.1 
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  FIGURE 1. Step Functions 

 

In general, if ab  , 

bt

bta

at

if

if

if

tutu ba

















0

0

1

0

)()(  

f(t) = cos(2t) (u(t)) - u 2  (t)) Apply Laplace transform to both sides of the equation 

and using MathCAD we get 

4
)1(1)(ˆ)4(

2

2


 

s

s
esxs

s  

222
)4(

)1(
4

1
)(ˆ







 

s

s
e

s
sx

s  

 
3.1. Heaviside Function in MathCAD: You can get Heaviside function from Insert 

=> functions, click on all and the box of the function list, type Heaviside. Click Ok, 

to insert the function. 

 
The step function is given by ).()( attua   Hence the function 

6

63

30

2

)cos()(

3

1
2























t

t

t

if

if

if

t

t

et

tf  

Can be defined in MathCAD as 

).6())cos(2()3())(cos()()( 3

1

3

1
22 


ttttetttettf  

The following graph shows this function in MathCAD and its graph, 
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FIGURE 3.The graph of function in MathCAD 

3.2. Solve ODE With Piecewise Input Function: 

EXAMPLE 3.1. Find solution to x" + 4x = f(t),x(0) = 0,.X'(0) =-1  

Where 
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Solution   First we express f(t) as linear combination of step function. 

Using inverse Laplace transform, we get, 
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The equation x" + 4x = f(t) models a spring system that with one spring, one end of 

the spring is fixed and a object with 1 unit mass attached at one end. The Hook's 

constant k = 4. f(t) is external force applied to the system. In the Example 3.1, the 

force sin(2t) only applied at first Π unit of time (second).  

 
Figure 4. The diagram compares the solution of this equation 

with different input f(t). 

 

 

The graph contains solutions for the following three cases, 

(1) No external force is applied (blue curve). 

(2) Force of sin(2t) is applied at, first TT seconds and turnoff'(red curve). 
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(3) Force of sin(2t) is constantly applied (green curve). The initial configuration is 

that the spring is at equilibrium position x(0) = 0 and is compressed at 1 unit, speed 

(feet/s) x'(0)= -1. From the graph we can clearly see that when the force is turnoff at 

t =- Π its effect is immediately gone (as shown below Fig.5) . 

 
Figure 5. The graph contains solutions for the three cases 

 

When force sin(2t) turn off at t= Π , its effect is gone immediately. 

4. Delta Function: 

Delta function is one of so-called generalized functions, which are not functions in 

ordinary sense but, as operators that sometimes can be represented by ordinary 

functions. 

DEFINITION 4.1. The Dirac delta function at a, δa (t), is an operator that satisfies 

)()()(

0

agdtttg a 


  

For any continuous function, g(t). 

    In Physics, if f(t), bta   is a force that acts only during a short period of time 

interval [a,b], the impulse p of force f(t) is computed  as 

dttf

b

a

 )(  

δa (t) can be viewed as an instantaneous unit impulse that, occurs precisely at, the 

instant t = a. And pδa)t) is an instantaneous p units impulse that occurs precisely at, 

the time t = a. 

δa)t) is an important function used in modeling real phenomena, for example. 

• In modeling the movement of a baseball after being hit by bat. 

• In spring-mass system, where a object with given mass it, attached to one end of a 

spring whose other end is attached to a steady object (such as wall), modeling the 

movement when hits the object with a hammer. 

• Modeling the current in a closed circuit when the switch is turn on and off 

instantly. 

It, turns out, that we can stretch our self a little and compute the Laplace transform 

of δa)t). Let δ)t)= δ0)t)then δa)t)= δ (t - a). 

THEOREM 4.1    as
a esands

 )(ˆ1)(ˆ    

EXAMPLE 4.1. A mass m = 1 is attached to a spring with constant k = 4; there is not 

dashpot. The mass is released from the rest with x(0) = 3. At the instant I = Π the 

mass is struck with a hammer, providing an impulse p = 8. Determine the motion of 

the mass. 
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Solution: In general mx" + kx = f(t) models the movement, of a mass attached to the 

end of spring with no dashpot. So we need to solve 

x" + 4x = 8δ Π (t), x(0) =3, x'(0) =0. Applying Laplace transform to both sides of the 

equation, 
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Solve for ),(ˆ sx we get 
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Using MathCAD , we can find inverse Laplace transform, 
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So clearly the impact of the impulse is felt by the spring and changes the it’s 

movement, immediately. The solution curve is shown in fig.6. 

Z(t)=3cos(2t)  Solution with no impulse, x" + 4x =0,x(0)=3, x' (0)=0 

 
Figure 6. The solution curve of models movement 

 

Conclusions  

1- We can use Laplace transform method to solve system of complex differential 

equations, (higher order ODE). 

2- MathCAD can help us in finding both Laplace transform and inverse 

Laplace transform. 

3- We can get Heaviside function and graph of function can be gotten for any 

functions MathCAD professional. 

4- By using MathCAD we can find inverse matrix for any order (m*n).       

5- Simply we can get the results in the least time, for any functions or systems 

complex. 

6- In this program (MathCAD) any errors in data entering cause either error in 

the results or not answering.   
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