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Abstract:

new bounds for Lyapunov function and we In this paper, we give a
new hypothesis depending on Lyapunov function for state a
establishing two types of stability which are exponential stability
and uniform exponential stability for nonlinear systems.
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1.Introduction :

The investigation of stability analysis of nonlinear systems using the
method has produced avast body of important results and second Lyapunov
have been widly stadied[1,2,4,5,11]

The second method of Lyapunov attempts to give information on the stability
of equilibrium state of linear and nonlinear systems without any prior
knowledge of their solutions.

The second method of Lyapunov is based on a generalization of the idea that is
the system has an asymptotically stable equilibrium state,and then the stord
energy of the system displaced within the domain of attraction decays with
increasing time until it finaly assumes its minimum value at the equilibrium
state.The method consists of determination of a functions (energy) function
called the Lyapunov function ,which is more general than that of energy and is
more widely applicable [6].

The linear systems where the asymptotic stability implies the exponential
stability,the exponential stability for nonlinear time —varying systems ,in
general,may not be easily verified .Only,a few investigations have with
exponential stability conditions for nonlinear time —varying systems[9,10].
Moreover,the problem of Lyapunov characterization of exponential stability
of nonlinear time-varying systems with Lyapunov functions has remained
open.

Important engineering processes involve time-varying linear and nonlinear
models[3,8].

Asystem that is exponentially stable has the property that the state converges
exponentially to zero state irrespective of the initial state We furthermore see
that if a time invariant linear system is asymptotically stable the convergence
of the state to the zero state is exponential.

2.preliminaries:

The following notation will be used this paper:
is the n-dimensional Euclidean vector space, R" is the set of all non-R"
negative real numbers , ”X” is the Euclidean norm of a vector X € R"
Consider the nonlinear system described by the time-varying differential
equation:
X'(t) = f(x(t),t),t >0
(1) X(to) = XO’tO > O

Where X() € R", F(x1):R"xR" > R%¢ 2 given nonlinear function

satisfying F(0.)=0 for allt € R* we shall assume that conditions are imposed
on system (1) such that the existence of its solutions is guaranteed.
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Definition 2.1:[7]
A function V(X,t) ‘R"xR" > R"
satisfying the following conditions :
a. V>0 g5 911 x#0 jn Qand all t
VO1)=0 forallt
b. VX <0 foral x#0 in Q and all t
V(0,8=0 for an ¢t
Where Q is the region , is called the Lyapunov function.

with continuous first partial derivatives

Definition 2.2[10]

The zero solution of system (1) is exponentially stable if any solution
X(Xo, 1) of (1) satisfies:
[xCxo. O] < B . to) X (=5t ~t5) VT 2

Where B R"xR" > R" js 5 non-negative function increasinginh€ R",
and? is a positive constant .

Remark 2.3:[10]

If the function #()in the definition (2.2) dose not depend on b , the zero
solution is called uniformly exponentially stable.

Definition 2.4:
V(x,t):R"xR" - R

A function is called a Lyapunov-Like function for
@) if Y (%1 is a continuously differentiable in t € R and in X€R"  and there

exist positive numbers CRCRCH I and non-negative number k, such
that:

X <V (xD < LYK Yt e R xR” (2.4.1)
V'(x,t) < ~2,4/|X] ~kexp(~&), ¥t > 0,x e R" {0} (2.4.2)

3. Main result:

The following theorems for (uniformly exponential, exponential) stability
of a nonlinear system is discussed theoretically with new conditions are
assumed.

Theorem 3.1:

The system (1) is uniformly exponentially stable if it admits a Lyapunov-
Like function and the following two conditions hold:

o, 37> 0:V (1) =V (x, 1) < yexp(-t), wheres > A, 12,
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b, My 2 k> 0,where m = A1 2,87 for all % eR"xR"

proof:

consider QIx 1) =V (xyexp(m(t—1,)) where V(1) js Lyapunov-Like function
)) Q'(x,t) =V'(x,t)exp(m(t —t,)) + mV(x,t)exp(m(t —t,

From (2.4.2) we obtian:

Q'(x,t) <[-4,|x I kexp(—at)]exp(m(t—t,)) +mV(x,t)exp(m(t -t ))

From the right hand of (2.4.1) we have:

— X" <AV (AT X 2V (x 1) 4,

which implies
So that:

Q) <[V (%) A, 1 4, —kexp(-a)]exp(m(t —t,)) + mV (x,t) exp(m(t ~t,))

From the condition (a) we obtain:

Q'(x,t) <myexp(-&) exp(m(t —t,)) —kexp(=at) exp(m(t —t;))
Multiplying the right hand by exp(dy) =1 , We obtain:

Q'(x,t) = myexp(-5(t —ty))exp(m(t —t,)) —kexp(=5(t —t,)) exp(m(t - t;))

Q'(x,t) < (my —k)exp((m-3)(t—t,))
Hence:

QU6 1) = Q% t) < [ (My —k)exp((M—S)(s —t,))ds

Q(x,t) < Q(Xy,t) + (my — k) /(m = S)[exp((m - 5)(t —t;)) —1]
Q(x,t) < Q(Xy,ty) — (my —k) /(5 —m)exp((m - 5)(t —t;)) + (My —k) /(6 —m)
Since (M7 —K)/(8 —m)exp((m—8)(t —1,)) > 0,then :
Q(x,t) < Q(Xy, 1) +(my —k)/(6 —m)
since Q% 1) =V (%5.1) , then:

QX,1) <V (%o, t) + (my —k) /(5 —m)
From the right hand of (2.4.1) we obtain:

QX 1) < A|x["* + (my —k) /(5 —m)
Seting : Al + (7RG = AP =0

Q(x.t) < B(|%[)

From the left hand of (2.4.1):

<V (1) 4]°

X< Q0 4 (Mt~ <[A(|ep(-m(t—t,)/ 41"
X <LB(x[)/ 41° exp(-mp(t —1,))

Therefore the system(1) is uniformly exponentially stable.
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Corollary 3.2:
The system (1) is uniformly exponentially stable if it admits a Lyapunov-
Like function and satisfies the condition (a) of theorem(3.1),and k=0.

Proof:
From theorem (3.1), when k=0, we have :

B%|) = A% [ +my (5 -m)=0
And:
IX| <18 %)/ 417 exp(-mp(t —t,))

Hence the system (1) is uniformly exponentially stable.

Lemma 3.3:

In theorem (3.1) if we chose QUAD) =V (X DBXP(ML)  thon the system (1)
is exponentially stable.
Proof:

Q'(x,t) =V'(x,t)exp(mt) + mV (x,t) exp (mt)

From (2.4.2) we obtain:

Q'(x,t) < [—ﬂ3||x||“r —kexp(=at)]exp(mt) + mV (x,t) exp(mt)
From the right hand of (2.4.1) we have:

— X[ <AV (1) ]
Hence:

Q'(x,t) <m[V (x,t) =V " (x,t)]exp(mt) — k exp ((m — S)t)
From the condition (a) we obtain:

Q'(xt) <(my—k)exp((m—o)t)
Hence:

Q1) Q%) < [ (my —K)exp((m—5)s)ds

Q(x.1) < QX ) + (my —k) /(S5 —m)exp((m - 6)t,) — (My — k) /(5 —m)exp((m - 5)t)

Then:

Q(x,t) < Q(X,t) + (My —K) /(8 —m)exp((m — &)t,)

Since Q(Xo’to) :V(tho)eXp(mto) then:

Q(x,t) <V (%, ty) exp(mty) + (My —k) /(5 —m)exp((m — S)t,)

QX t) < A[%[" " exp(mty) + (my —K) (5 — m)exp((m— &)t,)

Setting Al exp(mty) + (my —K) (S —m)exp((m—8)t) = B(%|t) = 0
Hence:

Q(x,) < A(% | ty)
Now, from the left hand of (2.4.1),we have:
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IX["® <V (x0)/ 4

Then:

X <LB(x]t)/ 17 exp(-mpt)

Hence the system (1) is exponentially stable.

Corollary 3.4.
The system (1) is exponentially stable if it is admits a Lyapunov-Like
function and satisfies the condition (a) of theorem (1) and k=0.

Let us chose a new bounds for Lyapunov-Like function as the following:
AX" <V (x,t) < A,[X°
V'(x,t) < =A]X| —kexp(at)exp(—-m(t —t,))

Theorem 3.5:

The system(1) with above Lyapunov-Like function is (exponentially,
uniformly exponentially) stable if the following condition hold:

such that ¥ (x D =V (X ) <yexp(-&) \ypere 0> M= X123y 20
Proof:

Let QXD =V(xDepM(t—1)) \ypare V(%) js the above Lyapunov-Like
function

Q(x 1 =V'(x,exp(m(t—1,)) + mV(x,t)exp(m(t -t,))

<[-A[¥| — kexp(a) exp(-m(t — t,))]exp(m(t — t,)) + mV (x, t)exp(m(t — t,))
< —A|X exp(m(t —t,)) —kexp(dt) + mV (x,t)exp(m(t —t,))
Since:
then ~ X[ <V OO/ 2T X[ =V )/ 21
Hence:
QX,t) < V(X )4/ A" Y exp(m(t —t,)) — kexp(&) + mV (x,t)exp (m(t —t,))

<mpV (x,t) =V " (x,t)]ep(m(t —t,)) —kexp(&)
From the condition of theorem we obtain:
Q(x,t) <myexp(-at)exp(m(t —t,)) —kexp(dt)

Multiplying the right hand by &P (%) =1 e optain:
Q(x,t) <myexp((m-3)(t—t,)) —kexp(s(t+1,))

Q(x,1) = Q(Xp:t) < jmyexp((m —6)(s—1,))ds - kjexp(é(s +15))ds

to to
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< (myl(m=o))[exp((m-o)(t—t,)) —1] - (k/5)[exp(o(t +1,)) —exp(2,)]
< (my /(6 —m))—(my /(s —m))exp((m—35)(t—1,))+ (k/5)exp(2&,) — (k/ ) exp(s(t +1,))
< (My /(5 —m)) + (k/5) exp (23,

Hence:
Q(x,t) < Q(Xo,t,) + (My /(6 —m)) + (k/ 5)exp(2&,)
<V (X, to) + (my /(6 —m)) + (k7 5) exp(2&,)
If k>0 then:
Q(X,t) < x| + (my (5 —m)) + (k/ 5) exp(26%,)
Setting: Z2Pl” + My IS —m)) + (k/ )ep(2) = Al |, t) = 0

Since: AN <V xt) then:
X<V )/ 4T

| <[Q(x.t)/ A, exp(m(t —t,))]"?

X <LB(%] to)/ A1 P exp((-m/ p)(t ~ 1))

Hence the system (1) is exponentially stable.

If k=0 then:

Q(x,1) < A[x[" +my /(5 —m)

Setting: Z2ll’ +mr A& —m) = A(l]) =0
Hence:

X <LB(% )/ 41" exp((-m/ p)(t ~t,))

Therefore the system (1) is uniformlly exponentially stable.

Remark 3.6:

1. in theorem (3.5) if the second bound of Lyapunov-Like function as the
following:

V'(x,t) <—A|X —kexp(-at)exp(-m(t —t,))
Then the system(1) is uniformlly exponentially stable.

2. in theorem (3.5) if we chose QU1 =V (X D)&XP(ML) thon the system(1)
is exponentially stable.
3.

Remark 3.7:

It should be noted that, the choice of Lyapunov-Like function and Q(X.1) of
effects the type of stability of the system.
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