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Abstract: 
 

In this paper, we give a new bounds for Lyapunov function and we 

state a new hypothesis depending on Lyapunov function for 

establishing two types of stability which are exponential stability 

and uniform exponential stability for nonlinear systems. 
 

 

 ـة المنتظمــةٌسألأ ةالأســتقـرارٌــو  ـةسٌالأ ةالأســتقـرارٌــ
 للأنظـمـة اللاخـطٌــة

 
 شهٌد ناصر حسٌن    

 جامعة ذي قار / كلٌة العلوم
 قسم علوم الحاسبات

 
 الخلاصة

 
قـمنا فً هـذا البحـث  بـإعـطاء قـٌـود جـدٌـده لـدالــة لٌــابانــوف  كـذلـك وضـعنا فـرضٌـات 

 ـمـد على دالــة لٌـابانـوفتعـت
للـحصـول على نـوعـٌـن من الاســتـقـرارٌة  هـما الأسـتقـرارٌــة الأسـٌــة و 

 الأسـتقـرارٌــة الأسـٌــة المنتظمة للأنظمة اللاخـطٌــة.
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1.Introduction : 
       

       The investigation of stability analysis of nonlinear systems using the 

second Lyapunov method has produced avast body of important results and 

have been widly stadied[1,2,4,5,11] 

The second method of Lyapunov attempts to give information on the stability 

of equilibrium state of linear and nonlinear systems without any prior 

knowledge of their solutions. 

The second method of Lyapunov is based on a generalization of the idea that is 

the system has an asymptotically stable equilibrium state,and then the stord 

energy of the system displaced within the domain of attraction decays with 

increasing time until it finaly assumes its minimum value at the equilibrium 

state.The method consists of determination of a functions (energy) function 

called the Lyapunov function ,which is more general than that of energy and is 

more widely applicable [6]. 

The linear systems where the asymptotic stability implies the exponential 

stability,the exponential stability for nonlinear time –varying systems ,in 

general,may not be easily verified .Only,a few investigations have with 

exponential stability conditions for nonlinear time –varying systems[9,10]. 

Moreover,the problem of Lyapunov characterization of exponential stability 

of nonlinear time-varying systems with Lyapunov functions has remained 

open. 

Important engineering processes involve time-varying linear and nonlinear 

models[3,8]. 

Asystem that is exponentially stable has the property that the state converges 

exponentially to zero state irrespective of the initial state We furthermore see 

that if a time invariant linear system is asymptotically stable the convergence 

of the state to the zero state is exponential. 

 

2.preliminaries: 
 

       The following notation will be used  this paper:    
nRis the n-dimensional Euclidean vector space, 

R  is the set of all non-

negative real numbers , 
x

 is the Euclidean  norm of a vector 
nRx 

Consider the nonlinear system described by the time-varying differential 

equation: 

0,)(

0),),(()(

000 



txtx

tttxftx

                                                                                          (1) 

Where 
nnn RRRtxfRtx  :),(,)( is a  given  nonlinear function 

satisfying 0),0( tf  for all
Rt .we shall assume that conditions are imposed 

on system (1) such that the existence of its solutions is guaranteed. 
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Definition 2.1:[7] 

     A function 
nn RRRtxV  :),(      with continuous first partial derivatives 

satisfying the following conditions : 

 a. 0),( txV  for all 0x  in  and all t 

  0),0( tV   for all t 

 b. 0),(  txV  for all 0x  in   and all t 

     0),0(  tV  for all t 

Where   is the region , is called the Lyapunov function. 

 

Definition 2.2[10] 
      The  zero solution of  system (1) is exponentially stable if any solution 

),( 0 txx
of (1) satisfies: 

00000 )(exp(),(),( tttttxtxx  
 

Where 
  RRRth :),(  is a non-negative function increasing in h

R , 

and is  a positive constant . 

 

Remark 2.3:[10] 

     If the function (.) in the definition (2.2) dose not depend on 0t       , the zero 

solution is called uniformly exponentially stable. 

 

Definition 2.4: 

      A function RRRtxV n  :),(       is called a Lyapunov-Like function for 

(1) if ),( txV  is a continuously differentiable in 
Rt  and in 

nRx , and there 

exist positive numbers 
 ,,,,,, 321 rqp

 and non-negative number k, such 

that: 

)2.4.2(}0/{,0),exp(),(

)1.4.2(),(,),(

3

21

nr

nqp

RxttkxtxV

RRtxxtxVx



 





 
 

3. Main result: 
      The following theorems for (uniformly exponential, exponential) stability 

of a nonlinear system is discussed theoretically with new conditions are 

assumed. 

 

Theorem 3.1: 
       The system (1) is uniformly exponentially stable if it admits a Lyapunov-

Like function and the following two conditions hold: 

 a.
rqrq wherettxVtxV

/

23

/ /),exp(),(),(:0  
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 b. 
rq

mwherekm
/

23 /,0  
 for all 

 RRtx n),( 

proof: 

consider 
))(exp(),(),( 0ttmtxVtxQ 

 where ),( txV  is Lyapunov-Like function 

00 (exp(),())(exp(),(),( ttmtxmVttmtxVtxQ 
)) 

From (2.4.2) we obtian: 

))(exp(),())(exp()]exp([),(
/

00

1

3 ttmtxmVttmtkxtxQ
r

 
 

From  the right hand of (2.4.1) we have: 

2

/1
/),( txVx

q


 which implies  
rqr

txVx /

2

/1
]/),([ 

 

So that: 

))(exp(),())(exp()]exp(/),([),( 00

/

23

/ ttmtxmVttmtktxVtxQ
qrrq  

 
From the condition (a) we obtain: 

))(exp()exp())(exp()exp(),( 00 ttmtkttmtmtxQ  
 

Multiplying the right hand by 
1)exp( 0 t

 , we obtain: 

)))(exp(()(),(

))(exp())(exp())(exp())(exp(),(

0

0000

ttmkmtxQ

ttmttkttmttmtxQ









 
Hence: 

dstsmkmtxQtxQ

t

t

)))(exp(()(),(),(

0

000   

 

)/()()))(exp(()/()(),(),(

]1)))()[exp((/()(),(),(

000

000

mkmttmmkmtxQtxQ

ttmmkmtxQtxQ









 

Since 
)))(exp(()/()( 0ttmmkm   :,0 then   

)/()(),(),( 00 mkmtxQtxQ  
  

Since 
),(),( 0000 txVtxQ 
 , then: 

)/()(),(),( 00 mkmtxVtxQ  
 

From the right hand of (2.4.1) we obtain: 

)/()(),(
/1

02 mkmxtxQ
q

 
 

Setting : 
0)()/()( 0

/1

02  xmkmx
q


, then: 

)(),( 0xtxQ 
 

From the left hand of (2.4.1): 

pp

p

ttmxttmtxQx

txVx

]/))(exp((([))](exp(/),([

]/),([

10001

1









 
))(exp(]/)([ 010 ttmpxx p  

 
Therefore the system(1) is uniformly exponentially stable. 
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Corollary 3.2: 
       The system (1) is uniformly exponentially stable if it admits a Lyapunov-

Like function and satisfies the condition (a) of theorem(3.1),and k=0. 

 

Proof: 

From theorem (3.1), when k=0, we have : 

0)/()(
/1

020  mmxx
q


 

And: 

))(exp(]/)([ 010 ttmpxx p  
 

Hence the system (1) is uniformly exponentially stable. 

 

Lemma 3.3: 

       In theorem (3.1) if we chose )exp(),(),( mttxVtxQ       then the system (1) 

is exponentially stable. 

Proof: 

)exp(),()exp(),(),( mttxmVmttxVtxQ 
 

From (2.4.2) we obtain: 

)exp(),()exp()]exp([),(
/1

3 mttxmVmttkxtxQ
r

 
  
From the right hand of (2.4.1) we have: 

rqr
txVx /

2

/1
]/),([ 

 
Hence: 

))exp(()exp()],(),([),( / tmkmttxVtxVmtxQ rq 
 

From the condition (a) we obtain: 

))exp(()(),( tmkmtxQ  
 

Hence: 

))exp(()/()())exp(()/()(),(),(

))exp(()(),(),(

000

00

0

tmmkmtmmkmtxQtxQ

dssmkmtxQtxQ

t

t







 

 

Then: 

))exp(()/()(),(),( 000 tmmkmtxQtxQ  
 

Since 
)exp(),(),( 00000 mttxVtxQ 

 then: 

))exp(()/()()exp(),(),( 0000 tmmkmmttxVtxQ  
 

))exp(()/()()exp(),( 00

/1

02 tmmkmmtxtxQ
q

 
 

Setting  
0),())exp(()/()()exp( 0000

/1

02  txtmmkmmtx
q


 

Hence:  

),(),( 00 txtxQ 
 

Now, from the left hand of (2.4.1),we have: 



 

32 
 

Journal of Thi-Qar University   number1   Vol.6      March/2010 

1

/1
/),( txVx

p


 
Then:  

)exp(]/),([ 100 mpttxx p  
 

Hence the system (1) is exponentially stable. 

 
Corollary 3.4: 
       The system (1) is exponentially stable if it is admits a Lyapunov-Like 

function and satisfies the condition (a) of theorem (1) and k=0. 

 

Let us chose a new bounds for Lyapunov-Like function as the following: 

))(exp()exp(),(

),(

03

21

ttmtkxtxV

xtxVx

r

qp









 
 

Theorem 3.5: 
       The system(1) with above Lyapunov-Like function is (exponentially, 

uniformly exponentially) stable if the following condition hold: 

0 such that )exp(),(),( / ttxVtxV qr    , where 
qr

m
/

23 / 
 

Proof: 

Let 
))(exp(),(),( 0ttmtxVtxQ 

, where ),( txV  is the above Lyapunov-Like 

function 

))(exp(),())(exp(),(),( 00 ttmtxmVttmtxVtxQ 
 

             

))(exp(),()exp())(exp(

))(exp(),())(exp())](exp()exp([

003

0003

ttmtxmVtkttmx

ttmtxmVttmttmtkx

r

r









 
Since:  

qtxVx /1

2]/),([ 
  then 

qrr
txVx /

2]/),([ 
 

Hence: 

))(exp(),()exp())(exp()/)(,(),( 00

/

23

/ ttmtxmVtkttmtxVtxQ
qrqr  

 

           
)exp())(exp()],(),([ 0

/ tkttmtxVtxVm qr 
 

From the condition of theorem we obtain: 

)exp())(exp()exp(),( 0 tkttmtmtxQ  
 

Multiplying the right hand by 
1)exp( 0 t

 we obtain: 

dstskdstsmmtxQtxQ

ttkttmmtxQ

t

t

t

t

))(exp()))(exp((),(),(

))(exp()))(exp((),(

00

0000

00

 






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)]2exp())()[exp(/(]1)))())[exp((/(( 000 tttkttmmm  
 

)2exp()/())/((

))(exp()/()2exp()/()))(exp(())/(())/((

0

000

tkmm

ttktkttmmmmm









 

Hence: 

)2exp()/())/((),(),( 000 tkmmtxQtxQ  
 

           
)2exp()/())/((),( 000 tkmmtxV  

 
If k>0 then: 

)2exp()/())/((),( 002 tkmmxtxQ
q

 
 

Setting: 
0),()2exp()/())/(( 00002  txtkmmx

q


  

Since:  
),(1 txVx

p


 then: 

)))(/exp((]/),([

))](exp(/),([

]/),([

0

/1

100

/1

01

/1

1

ttpmtxx

ttmtxQx

txVx

p

p

p













 
Hence the system (1) is exponentially stable. 

 

 

If k=0 then: 

)/(),( 02 mmxtxQ
q

 
 

Setting: 
0)()/( 002  xmmx

q


 

Hence:  

)))(/exp((]/)([ 0

/1

10 ttpmxx p  
 

Therefore the system (1) is uniformlly exponentially stable. 

 

Remark 3.6:   
1. in theorem (3.5) if the second bound of Lyapunov-Like function as the 

following: 

))(exp()exp(),( 03 ttmtkxtxV
r

 
   
Then the system(1) is uniformlly exponentially stable. 

2. in theorem (3.5) if we chose )exp(),(),( mttxVtxQ  , then the system(1) 

is exponentially stable. 

3.  

 

Remark 3.7: 

     It should be noted that, the choice of Lyapunov-Like function and ),( txQ of 

effects the type of stability of the system. 
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