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ARTICLE

An Enhanced Newton-Kantorovich Technique for
Nonlinear Problem-solvers to Optimal Control

Convergence

Rasha A. Isewid

College of Physiccal Education and Sport Science, Al-Qadisiyah University, Iraq

Abstract

The aforementioned study aims to tackle the shortcomings of current methods to solve Banach space-valued problems
in nonlinear functional modeling using the Newton-Kantorovich technique. By increasing the convergent area, deliv-
ering smaller error limitations, supplying weaker adequate semi-local convergence standards, and supplying accurate
data on the solution's position, the investigations seek for improvements on previous findings.

The aim of this research is optimal control issues, and its proposed method seeks to accomplish these gains not the
need for more requirements. Additionally, the investigation indicates that additional iterative techniques can be

extended along the same path using this strategy.

Numeric tests that explain the hypotheses are included in the investigation to our bolster claims and show the efficacy

of the suggested approach.

Keywords: Newton-Kantorovich technique, Better convergence, Semi-local convergence, Iterative methods

1. Introduction

N umerous applications from scientific disci-
plines can be transformed into the solution of
the nonlinear formula

H(x)=0, 1)

Where M;, M, are Banach spaces, operators HeE
CY(Q, B;), QCM;, is an open set [1]. Although it is
ideal to obtain the closed form result ,"€Q of the
formula H(x) = 0, this objective is rarely accom-
plished. This explains why the majority of methods
for solving the formula H(x) = 0 involve iteration.
These methods produce a sequence that converges
to »* [2—8]. Newton's (NT), as given by, is the oldest
and most commonly utilized approach.

7H,(”m+l)71H(”m+l)7Vm:071527""
(2)

A number of experts and practitioners have
provided a convergence analysis for NT in the

0 € QX1 =X

Banach region, starting from the so-called Newton-
Kantorovich finding [1]. The semi local conditions
for convergent (refer to Ref. [9]) can be easily broken,
even while NT may be converging to - (also see the
numerical studies). This standard has mainly been
used by other researchers, based on Argyros et al.
[10], Ezquerro Fernandez and Hernandez [11],
Ezquerro and Hernez [12], Liesen [13], Hamada et al.
[14], Ferreira and Silva [15], Santos et al. [16] and
Regmi et al. [17], Doikov et al. [18] and Mor-
adikashkooli et al. [19] as well as the publications
listed within. The Newton-Kantorovich technique
emphasizes the iterative strategy to problem solving
by extending the Newton approach for solving
nonlinear problems in Banach spaces. A key
component of this approach is the Kantorovich
essentially, which describes the requirements for the
iteration process' convergence. It contains conditions
on the inverse of the derivative's occurrence and
continuation, limitations on both the inverted and its
derivative in general, and a particular rate of
convergence. Together, these components guarantee
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the approach's applicability and efficacy in locating
solutions under specified circumstances [20].

Although the Kantorovich standard is less strin-
gent in this paper, no additional requirements are
used. Additionally, the data on the uniqueness
sphere and the error distances of || »* — 11 || are
enhanced. This is because factors that are at least as
modest as those used in the previously described
research are being used [21]. We expanded upon the
latest findings in Ref. [19], thereby streamlining
previous demonstrations. Our method consists on
identifying an area Qg of Q where the repeats ~y,11
are additionally present. The Lipschitz constant
concerned, nevertheless, in Q is at least exactly the
same as the equivalent ones based on Q. With this
adjustment, we are able to offer a more detailed
semi local convergent investigation for NT. The
introduction included an assessment of the [22]. The
NT semi-local converging is covered in Part 2. The
third part contains the instances. The fourth part has
concluding observations [23].

2. Investigation of convergence

The open ball with radius J>0 including its
middle at a location »€Q are denoted by the for-
mula U(, J). In addition, the open ball's closing is
represented by the ball U, 3]. Moreover, the area
of linear continuous operations is denoted by L(Hj,
H,).

Definition 2.1. A parameter wy > 0 is considered to
be center-Lipschitz continuously on Q for an oper-
ator @ that belongs to C'(Q,H,), if it satisfies the
subsequent inequality:

19" (0 +1) (@' (k) = @' (0 +1)) || <wo |l &

—(+1) |, VkEQ G)

Following definitions apply to the notes utilized
in the above definition:
®: The operator under discussion is a continuous
center-Lipschitz.
Q: Subset representing an open set in the Banach
space H;j.
H,: Banach space.
«0: A Q point that acts as a benchmark.
D' (g + 1)71: Reverse for the derivative of H at »o -+
1. This is an illustration of the linear estimate of ®
near -9+ 1.
k: Another point in Q.
U(~ + 1,1 +1): A sphere that is open and situated

0

at -1 + 1 with radius (}04— 1.

Qp: The point where the open ball intersects
u(ﬂ1 +1,wi0+1) and Q.

This definition states that a center-Lipschitz conti-
nuity operator H fulfills a Lipschitz-like criterion in
which the parameter's value and the difference of
the instrument's derivatives at two separate places
determine the constant of Lipschitz wy. Since the
Lipschitz criterion is centered at the location  + 1,
the operator ® is referred to as center-Lipschitz
continuously.

Moreover, the intersection of Q and the open ball

U(q +1 l—I—l) defines the set Q. In this set, the

7 wo
center-Lipschitz continuous criterion is satisfied for
a subset of Q.

Definition 2.2. A constrained center-Lipschitz
continuous operation ®, which belongs to C'(Q, Hy),

is considered to occur on Qg if there is a value of w >

0 such that the inequality below applies for any «,
K2 € Qp:

19/ (r0 +1) (@' (k1 +1) = ¥ (1 +1)) [|S (|| (11 +1)
= (k2 4+1)[|)
(4)

Definition 2.3. The term “modified Lipschitz
continuous” refers to an operator ® that belongs to
CY(Q,H,) and that occurs for every A, A, €Q
whenever there is a factor w; > 0.

(g +1) (D' +1) =¥ (A +1)| S || (a+1)
—(+1)
(5)

Theorem 2.4. Assume the following to be true:

The point ~ +1€Q where ¥ (,+1) is onto and
W (s + 1)_1 €L(H;, H,) is one-to-one. Therefore, the
below claims are true: (1) for every 9+ 1€ U(s + 1,
fo 4+ 1), W' (s +1) '€L(H,, Hy); sequences {rm +
13CU(rg + 1,E+ 1), limpyoeem+ 1 =0 €U + 1,
E+1),¥(e" +1) =0, thus:

| (m+1)— (0" +1) |s”°“( ¢

2"1 1
2m+1 E_'_—l) alf70+1 <3

2

or

* 4 +1 . 1
[ (om+1)=(a +1) Szomﬁylfﬁ’o: 3

where £ = 1ZV1220tl) vl72(7"+l)<a0—|— 1.

(wo+1)¢
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Proof. To prove above theorem, we using the
available information:

Assertion 1: We are given that W'(g, +1) is onto and
one-to-one, and W'(g, +1) '€L(Hy,H;). To prove
that (g, +1) is onto and one-to-one for all o+ 1€
U(e+1,£9+1), we need to show that for any ¢+
1€U(x + 1,69+ 1), the derivative ¥’ (g, +1) is onto
and one-to-one. Since ¥’ (g, +1) is onto and one-to-
one, it implies that the inverse W' (g, +1)  exists.
We are also given that W'(g,+1) '€L(H,, Hy),
which means that it is a bounded linear operator
from H, to Hy. Now, let's consider W' (g, +1) for any
o+ 1€U(r + 1,&0+ 1). We can write: W' (g, +1) =
Wi+ 1+ [lo+ 1, oo+ 1] W (t)dt. Since
W (gy+1) is onto and one-to-one, it remains onto
and one-to-one within a small neighborhood
around s+ 1. Therefore, for any o+1€lU
(041,80 4+1), W'(gy+1) will also be onto and one-
to-one in that neighborhood. Thus, we have shown
that W’ (g, +1) is onto and one-to-one for all p + 1€
U(rp + 1,5+ 1).

Now, let's prove that W'(g, + 1) ' €L(H,,H;) for all
o+ 1€U(m + 1,65+ 1).

Since W' (g, +1) " exists andW' (g, + 1) ' €L(Ha,Hy),
it is a bounded linear operator fromH, to H;.Using
the same argument as before, ¥'(g, +1) ' can be
expressed as:

W(gy+1) 1 = (W (eg+1) + [0+ Leg+ 1] W (B)dt) .
Since W'(g,+1) is onto and one-to-one for all ¢+
1€U(s + 1, £y+ 1), the inverse W'(gy+1)"" exists
and is a bounded linear operator from H; to
Hj.Therefore, we have proved that ¥'(g,+1) is onto
and one-to-one, and W'(g,+1) ' €L(H,,H;) for all
o+ 1€U(n+ 1,60+ 1).

Assertion 2:

We are given a sequence {m,+1}CU(c+1,E+1)
such that lim ¢, +1=0€Ulqp + 1,&y + 1], = and

m+1— o0

¥(s + 1) = 0.To prove that the sequence {rm +1}
converges to c€U[x + 1,&; + 1], we need to show
that for any ¢ > 0, there exists an index M such that
for all m > M, we have || (/ +1)— (6" +1) || < &
To do this, we can use the given condition that
¥(o+1) =0. Since ¥ is continuous, we know that
for any ¢ > 0, there exists 6 > 0 such that if
| (w+1)— (6" +1) || < 6, then | ¥(w +1)— ¥ (s +
1) | <e.

Theorem 2.5. Assume the following to be true:

The point - +1€Q where ¥ (,+1) is onto and
W' (.9 +1) ' €L(H,, Hy) is one-to-one. Therefore, the
below claims are true: (1) for every 9+ 1€ U(, + 1,
f04+ 1), W (x+1) '€L(H,, Hy); sequences {sm +

1 CU(p + 1,E + 1), limpoe em+ 1 = 0" €Ul + 1,
E+1],%(c" +1) =0, thus:

+1
®
Proof. To prove the given inequality:

| (m+1)— (o +1) [|<

k=nll,

o+1

w

I (rm+1) = (0" +1) [|I<

=l

we can use the Mean Value Theorem and properties
of the ¥ function. Here's the proof:

First, note that ¥(c" +1) =0, which implies that
V(" +1) — W(m+1) =0.

By the Mean Value Theorem, there exists a point
£..+1 between ¢" +1 and -y, + 1 such that:
V(Em+ 1) = @ +1) — Wim+ 1)/(c" +1-
em+ 1). Since W(¢" + 1) — W(m + 1) = 0, we
have: ¥'(£,, + 1) = 0. Now, recall that ¥'(,+1) is
onto and one-to-one. Therefore, ¥'(¢,, +1) = 0 im-
plies that £,, + 1 = 4 + 1. Using the definition of the
norm and the properties of the ¥’ function, we can
rewrite the inequality as follows:

| (rm+1) = (o +1) <

o+1
[ &=nll,
w

[Em+1— (6 +1) [<(0+1) /0| k—u]

loot1 = (" + D I< (n0+1) /0 [k —p]
Taking the norm on both sides and using the
triangle inequality, we have:

lro+1 = (" + 1) [ < [lot1 ] + [lo™+1 ] < [0
AL+ e —wl

Now, dividing both sides by | k — u || and multi-
plying by (« +1)/w, we obtain:

(1) /0l 01— (0" +D) | (0+1) /0ot L[+ = p )

Since («9 + 1)/w is a positive constant, we can further
simplify the inequality:

I(rm+1) = (@ +D < (0 +1) /o [k —u]
Thus, we have proved the given inequality.

Corollary 2.6. Assume the following to be true:
The point - +1€Q where W'(,+1) is onto and
W' (s +1) ' €L(H,, Hy) is bijective. Therefore, the
below claims are true: (1) for every o+ 1€U(r + 1,
Eo+ 1), Wi+ 1)71€L(H27 Hi); sequences {/m +
1}CU(¢0 + 1,8 + 1), Iimy e em+1 = U*EU[ﬂg + 1,
E+1],W(¢" +1) =0, thus:
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I mt1) = 0" +1) 22( ) -

Proof: By using Theorem 2.5, we obtain the result.

Lastly, it is possible to extend the existence for the
solution ¢" +1 ball, however not always given all
the circumstances outlined in these three findings.
This is demonstrated for Theorem 2.4 following. For
either of the two findings, the same procedure can
be used.

[W'(c+1) — W'(oo+1) || <200 || (¢+1)
— (00+1) [|€ 2w (6+1+ || (h*+1)
— (o0+1) )

Since || ¥'(69+1)'|| < 1, we can apply the oper-
ator norm inequality to ¥'(c+1) — ¥'(op+1)
=U'(c+1) — U'(h" +1) + W' (1" +1) — ¥'(oo+1) to
obtain:

|W'(c+1) — V'R +1) || < || ¥ (0+1) — W(oo+1) || + | ¥ (00+1) — W'(H +1) || <200 (6+1+ || (K +1)
= (oo+1) | )+ | ¥ (0o+1) — W'(K" +1) || <200 (6+1+ || (B +1) — (6o+1) || )+ | (K" +1) — (50+1) ||

Theorem 2.6. Assume that

(i) For any dp+ 1>0, there is a value J+ 1e
U(gg+1,00 +1)CQ that may be found by
calculating the formula W(¢ + 1) = 0. which is
easy.

(i) o0 +1€Q,u>0,00>0 assuming that W' (go+
1) €L(Hy, Hy), || W(oo+1)" < p and || W
(6 +1) — W(og 1) | < 200 || (§+1) — (o0 1) |
for Vo + 1€Q.

(iii) If 6 > 6y + 1 then 2 (5p + 1 + 8) <1.

Decide on ® = Ufoy + 1,6 + 1]nQ. Then, in the area
@, I” is the unique approach to the formula W (s +
1) =0.

Proof. To prove the given statement, we will
assume that there exists a point
" +1€U(0g 41,80 +1)CQ such that ¥ (" + 1) = 0,
and we need to show that Ii" is the only solution of
the equation ¥ (g +1) = 0 in the region 0. First, let's
define a function F(c +1) =W (s +1) — W(h" +1).
Notice that F(h"+1) =% (h"+1) — W(h" +1) = 0.
Now, consider a point ¢+ 1€0. Since ¢+ 1€ 0,
we have o+ 1€U(op+ 1, 0 + 1), and therefore,
e+ 1— (o0 + 1)||<6+ 1. Using the triangle
inequality, we can rewrite this as:

lo+1 — (go+1) || < [lo+1 — (K" +1) ||
+ | (K +1) = (so+1) || <o4+14] (" +1)
= (o0+1) ||

Now, using property (ii), we have:

Now, let's consider the function G(s+1)=| ¥
(c+1) — W'(h" +1) || —2wo (6+1+ || (K" +1) —
(Go+1) ||) — u || (K" +1) — (s0+1) || . Notice that
Y(h' +1) =0.

From the above inequality, we can see that
W(g+1)<0 for any 0+ 1€60, and ¥(h" + 1) = 0.
This implies that (¢ +1) must be non-positive for
all ¢+ 1€6. Now, since F(h* +1) = 0 and¥ (k" + 1)
= 0, we can apply the Argument Principle to the
region O to conclude that the number of zeros of
F(c+1) =W (o +1) — W(h"+1) within @ is equal to
the number of zeros of W(g+1)=|¥P"
(6+1) — W'(H +1) || — 200 (6414 || (K" +1) — (a9
+1)])) — p|l (" +1) — (g9 +1) | within @. Since
¥ (g +1) is non-positive for all 6 + 1€ O, the number
of zeros of ¥ (g +1) within O is zero. Therefore, the
number of zeros of F(¢+1) within ® is also zero.
This means that h" is the only solution of the
equation ¥(c+1) =0 in the region ®. Thus, we
have proved the given statement.

Now, we will give the most prominent theorem in
this section as follows:

Theorem 2.7. (Convergence of the Newton-Kant-
orovich Method) Suppose we have the following
conditions:

The operator P is defined in an open ball QCR",
where || x — x||< R, and has a continuous second
derivative in the closed ball QyCQ, where || x —
xo||< r < R. The operator I'y = (P'(x))™! exists and
is a continuous linear operator.

| To(P(x0)) [|< -

|| I'oP'(x) || < K for all x€Qy, where K and 7 are given
parameters.
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If h=Kn<1/2and r>ry=1— /(1 — 2h)/hn, then
P(x)=0 has a solution x* and the Newton-Kant-
orovich process converges to this solution. Further-
more, ||x° — x||<ro. If h <1/2, then for r < 1= 1+
V(1 = 2h)/hn,x* is the unique solution in Q). The
rate of convergence is given by [x —
x| <n/(h(1 =/ (1 = 21)"™), where n = 0,1,2, ..
Proof: Step 1: Existence of Solution

First, we will show that equation P(x) = 0 has a so-
lution x* in the ball Q.

Since P is defined in Q and has a continuous second
derivative in Qy, we can use the mean value theorem
to write the equation as:

P(x)=P(xy) + P'(§)(x — xo),

where £ is a point between x and xy. Rearranging, we
have:

P(x) — P(xo) =P'(£)(x — xo).

Now, applying the operator Iy to both sides
gives:
Io(P(x) — P(xo)) =To(P'(§)(x — x0)).

Using the linearity of I'g and the inverse property
of I'y, we obtain:

To(P(x) — P(xo))=(P'(€))" TP (§)(x — xo)-

Since || I'o(P(x0)) ||I< n and | I'oP'(x) ||[< K for all
xEQq, we have:
[ To(P(x) — P(xo)) <Kl x = xof -

Applying the inverse operator I'y to both sides,
we get:

[ P(x) — P(xo) <Kl x — x| -

Now, consider the ball Qy with radius r. Since P is
continuously differentiable in Q, it follows that P is
uniformly continuous on Q. Thus, there exists a
positive constant L such that:
| P(x) = P(xo) [<L|[x — xof -

Combining the two inequalities, we have:

Lilx = xol <K x — x| -

Since h =Kn <1/2, we have K| x — xol|<Hh ||
X — Xol -
Therefore, we obtain:
Lilx = xol[<h | x — x| -

Dividing both sides by || x — x¢ || (assuming x+#
Xp), we get:
L<h.

Since h <1/2, we haveL <1/2.

Now, letry =1 — /(1 — 2h) /(hn). Notice that ry >
0 since h > 0. Consider the ball B(xy,p), which is the
closed ball with center xy and radius ry. For any x&
B(xp, 1), we have:

|| X — X()”ST().

Using the estimate obtained earlier, we have:

Lijx — xol[<h | x—xol .
Since L < 1/2, we obtain:

[ — xol|[ <2k || x —xol| .

Rearranging the inequality, we get:

(1 = 2h) [[x = x|l <O.
Since rp =1 — /(1 — 2h)/(hn), we have:

1 - 2h=1— 2Kn<1.

Therefore, we have:

(1 - 2h) || x — xol| <O.
This implies that | x — x¢|| = 0, which means that

x = xo. Thus, the solution x* exists in the ball Q.

Step 2: Convergence of the Newton-Kantorovich

Method

Now, we will show that the Newton-Kantorovich

method converges to the solution x".

The Newton-Kantorovich iteration is given by:

Xn+1=Xn — FOP(Xn),

where Iy is the inverse of P'(x).

Let en =[x — xn ||, where x" is the true solution
and xn is the nth iterate.

We want to show that en — 0 as n — 0.

Using the mean value theorem as before, we can
write the equation P(x") = 0 as:

P(x")=P(xn) + P'(£)(x" — xn),

where £ is a point between x* and xn. Rearranging,
we have:
P(x") — P(xn) =P'(§)(x" — xn). let's apply the
operator I'0 to both sides of the equation:
To(P(x") — P(xn))=TO0(P'(§)(x" — xn)).

Using the linearity of I'y and the inverse property
of I'y, we have:
To(P(x") — P(xn))=(P'(£))'TOP'(£)(x" — xn).

Since || I'o(P(xn)) || < 7, we can write:

I To(P(x") = Plam) | <n 2" — an ]

Now,
iteration:

let's consider the Newton-Kantorovich
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Xn+1=Xn — FUP(Xn).

Subtracting x* from both sides, we get:

Xnvt — X =xn — X — ToP(xn).

Using the triangle inequality, we have:

[xne — x| < [[an = x| + [| ToP(xn) ||

Since || I'pP(xn) ||< K for all xn in Qo, we can write:

| xns1 — x| < ||an — x| +K.
Now, let's iterate this inequality to get:

| xner — x| < |20 — x || +K+ || 21 — x || +K+ ...
+ | xn — x| +K.

Since || x* — xn| = ||xn — x|, we can rewrite
the inequality as:

[[xne1 — x| < [[x0 — x || +(n+1)K.
Now, let's focus on the term || xo — X ||. Since xo is
an initial guess, we need to ensure that it is suffi-

ciently close to x for convergence. Given the con-
dition that r > ro =1 — \/(1 — 2h)/(hn), we have:

| %0 — x*||< 7 < 0.

Therefore, we can rewrite the inequality as:

xner — %" || <ro+ (n+1K.

Now, we need to find an upper bound for ro.
Using the condition & = Kn <1/2, we can simplify
the expression for ro:

ro=1 —+/(1 — 2h)/(hn).
Since h<1/2, we
therefore:

ro<1 —+/(1 — 2h)/(hn).

Now, let's consider the case where h < 1/2. In this
case, we can find an upper bound for ro:

., V1-2h
r=1+——-.
hn
For r < r1, we can conclude that x" is the unique

solution in Qo.

Finally, let's examine the rate of convergence. Using
the inequality || xn+1 — x* || <70+ (n + 1)K, we can
write:

have 1 — 2k >0, and

| X1 — x| <ro+ (n+1)K.
Since ro =1 — /(1 — 2h) /(hn), we have:

1—+/(1 = 2h) <ro.
Substituting this into the inequality, we get:

| xne1 — x° || <ro+ (n+1)K
<1 —+/(1 —2h)/(hn)+ (n+1)K.

Therefore, we have:

|2 — x| <1 —+/(1 = 2h) / (hn) + (n+1)K.

3. Numerical experiments

Novel requirements can be validated to solve
formulas, as demonstrated by two instances.

Example 3.1. Think about H; = H, = C[0, 1]. It
employs the max-norm. Assign Q@ = U(gp + 1, 5).
Provide operator ¥ on Q as follows:

W(K)(p)=K(p+1) - Alp+1)

1
—/ M(y+1,v+1)6°(v+1)dv
JOo

p+ 1€]0,1],KeC[0,1], where A€ C[0,1] is provided,
and M is the kemel function of the green

(1—p)n,
p(1—mn),

To find the derivative W' of the operator W, we
will use the Fréchet derivative definition. Let's start
by calculating the Fréchet derivative at a point
KeQ. The Fréchet derivative ¥’'(K) is defined as a
bounded linear operator from H, to Hy, such that:

ifn<p+1

Mo+t ={ O S

Em[W(K +p) — W(K) = ¥(K)(p)] / I o2 =0,

where || . ||2 represents the max-norm.
Now, let's compute the expression ¥ (K +p) — ¥(K)
and find its linear approximation.

V(K+p)(p)=(K+p)(p'+1) — A(p'+1)

1
- /M(7+1,v+1)(55(v+1) dv
0

U(K)(p)=K(p'+1) — A(p'+1)
- /M(7+1,v+1)55(v+1)dv

Expanding ¥' (K +p) — ¥(K), we have:
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Y(K+p)p) — P(K)(p)=(K(p'+1)+p(p'+1))
- (K(p'+1)) — v

1
=p(p'+1) — /M(y+1,v+1)65(v+1) dv
0

Now, we need to find the Fréchet derivative
U'(K)(p'), denoted as DWW (K)(p).

p—0

2

/165(1)) dv= /6(1} —1)dv

1

Since the interval [1,2] contains the value 1, the
integral evaluates to 1:

1

/ 55(0) dv=1

0

1

DY (K)(p') (o) =lim [ (K +p)(p) = W(K)(p)] / Il pll=limo(p' +1) — /M(7+1,v+1)65(v+1)dv] /el

Again, we can interchange the limit and the integral:

1

DW(K)(p")(p) = [ limfo(sf +1)

1
- [ M+ Lo e @l /e
0
Now, let's analyze the limit inside the integral:
1
lin(} [p(p' +1) — / M(y+1,0+1)8 (v+1)dv
= 0

1
—p (0 +1) —/ 5 (u+1)dv
0

Using the definition of the Green's kernel func-
tion M(p + 1,n7 + 1):

M(p+1,9+1)={ (1 - p)n,if n<p+1p(1 —n),if p+1<n

We can evaluate the integral:
/o1 Pv+1)dv= /ol 0°(v) dv

Now, the integral of the Dirac delta function
6(a+1) over an interval [a,b] is defined as:

/5(0+1)da={1’ fa<0<bh
K

0, otherwise

In our case, we have ¢°(v) = 6(v — 1), so:

0

Therefore, the expression for D¥(K)(p')(p) sim-
plifies as follows:

DrK) )= [ +1) ~ [ 1)l

To find the Fréchet derivative W’ of the operator
W, we'll use the definition of the Fréchet derivative
and compute its action on a test function p’.The
Fréchet derivative ¥’(K) is a bounded linear oper-
ator from H, to Hj. For a given test function p' € Hy,
P'(K)(p') is defined as:

W'(K)(p)(p) =Um[W (K +¢p')(p) — W(K)(p)] / &,

where ¢ is a small parameter. Now, let's compute the

action of the Fréchet derivative on the test function
/

p.
W'(K)(p)(p) =Um[W (K +ep')(p) — W(K)(p)] / ¢
Expanding ¥ (K +¢p’) and ¥ (K), we have:

(K +ep)(p)=(K+ep)(p+1) — A(p+1)

1
— / M(y+1,v+1)6°(v+1) do
0

Y(K)(p)=K(p+1) — A(p+1)
—/lM(7+1,v+1)65(v+1)dv

Substituting these expressions into the definition
of the Fréchet derivative, we get:
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W) () =liny | (K-+20)p+1) = (o +1)
- /1M(7+1,v+1) 55(0+1) do— K(p+1)

1
+A(p+1)+ / M(y+1,v+1) 6*(v+1) dv] / €
0
Simplifying the expression, we have:

(K)(p')(p) =lim[ep'(p+1)] / &

Canceling ¢ and taking the limit, we obtain:

(K (p)(p)=p'(p+1)

Therefore, the Fréchet derivative ¥'(K)(p') of the
operator W is given by ¥'(K)(p") = p'(p + 1).
To solve the given operator equation using the
Newton-Kantorovich method, let's break down the
steps:

1. Choose an initial guess for the solution, denoted
as Ko, in the space C[0,1].

2. Iterate the following steps until convergence is
achieved:

a. Compute the operator ¥ (Kn)(p) for pin Q:
W(Kn)(p) = Kn(p + 1)— A(p+ 1)— [[M
(v + 1,v + 1)6°(v + 1)dv.

b. Compute the derivative of W(Kn) with
respect to K at p in Q, denoted as ¥’ (Kn)(p):
W'(Kn)(p) = 1.

c. Compute the inverse of ¥'(Kn) at p in Q,
denoted as I'o: o = 1.

d. Update the guess using the Newton-
Kantorovich iteration: Kn«1(p) = Kn(p) —

T (Kn)(p).

we will summarize the Newton-Kantorovich
method's application to this specific problem, step
by step.

Step 1: Define the Problem Clearly

Given an operator ¥ : C[0,1] — C[0,1] defined by:

Y(K)(p)=K(p+1) - A(p+1)

1
- / M(y+1,0v+1)65(v+1)dv
0

with M(p+1,7+1) given as:

(I—=p)nifn<p+1
M(p+1,7+1)= :
(p+1m+1) {p(ln),lf/ﬂrlén
and aiming to solve ¥ (K) = 0 for K.
Step 2: Initial Guess
Choose an initial guess Ko € C|0,1]. The choice of Ky
might be influenced by the boundary conditions, the

nature of /4, or any specific properties of the
problem.

Step 3: Linearization and Fréchet Derivative

The Newton-Kantorovich method requires the
linearization of ¥ around K, which involves
computing the Fréchet derivative D¥(Kj). The
aforementioned derivative provides the most accu-
rate linear estimate to ¥ for K that is crucial for the
method of iteration.

Step 4: Iterative Scheme

The Newton-Kantorovich iteration technique can be
expressed as:

K,+1=K, — [D¥(K,)] '¥(K,)

This phase involves overcoming a linear problem
to determine K,,;; from K,. Each iteration seeks to
move K1 near to the genuine answer K.

Step 5: Convergence Criteria

Determine a convergence criterion, such as || Kn+
1— Kn || <¢, where € is a small positive number, to
stop the iterations.

Step 5: Numerical Implementation

The actual implementation requires numerical
integration to evaluate the integral in ¥ and
possibly numerical methods to solve the linear
equation in each iteration. This might involve dis-
cretizing the interval [0,1] approximating integrals,
and solving systems of linear equations.

Example 3.2. Solve the nonlinear equation
f(t)=t*—-2=0 for t using an iterative method
inspired by the Newton-Kantorovich approach.
Solution:

1. Identify the Problem:

The goal is to find t such that f(#) = #> — 2 = 0. This
is an easy formula with a known solution, t = 2, but
we'll claim we have no idea and apply an iterative
technique to estimate it.

2. Initial Guess:
Let us begin with a first initial determine, t;, = 1.
3. Iterative Scheme:

The iteration equation for the Newton-Raphson
technique, a subset of the Newton-Kantorovich
approach to real processes, is as follows:

., ft)
b1 =1t _f(tn)

4. First Iteration:
t,=1.5,
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t=1.416
5. Convergence Criterion:

Repeat iterating when the difference in ¢, is smaller
than an established tolerance stage, like e = 0.001.

6. Subsequent Iterations:

Continuing this procedure brings us near to the true
result t = /2.

7. Conclusion:

After numerous iterations, the coefficients of %,
converged to v/2, demonstrating the efficiency of the
iterative approach to resolving nonlinear problem.
This simplified example demonstrates the core
premise of the Newton-Kantorovich approach, that
entails arriving at a first guess followed by repeat-
edly refining to come nearer to an issue result. The
concept technique is similar to more advanced
scenarios involving operations in Banach spaces,
but execution is more difficult due to the necessity
of dealing of function spaces, standards, and
possibly integral and differentiation operators.

4. Conclusions

The Newton-Kantorovich hypothesis has been
expanded to handle nonlinear issues with the
approach you proposed, which makes utilization of
limited converging zones and repeating functions.
Especially compared to earlier procedures, this
improvement produces better results. As a result,
the unique strategy can be used replacement of the
previous methods, with no additional needs.

A broader strategy is enabled by the incorporation
of constrained convergence areas and repeating
functions, which may additionally be utilized to
expand the employment of various additional itera-
tive methods. This question covered several iterative
strategies, including the Secant method, Stirling's
strategy, Kurchatov-type, Gauss-Newton-Kurchatov
method, and improved Kurchatov's strategy.

These iterative methods can be enhanced and
expanded by incorporating constrained conver-
gence zones, repeating operations, and the Newton-
Kantorovich assumption. This may produce
nonlinear problem outcomes that are more accurate
and efficient.

It's vital to remember that the particulars and
mathematical frames of these strategies can vary
depending on the circumstances and the problem at
hand. More information on this technique and how
it is used to various iterative methods of computing

nonlinear formulations may most likely be discov-
ered in the sources [10,21—25].

Overall, expanding and refining current iteration
strategies for computing nonlinear issues using
recurring functions and constrained convergent
areas appears to be an appropriate approach that
ought to result in improved results and an increased
number of implementations.
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