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Introduction

Kraenkel el al. [1] derived a higher order Camassa-Holm equation in two spatial
dimensions under asymptotic analysis in a perturbative manner; it describes the changing
and developing of an unbounded free surface of fluid in the theory of shallow water waves.
This is stated by:

my —um, — 2mu, = 0, (1)
—MUy, + Uy — Ugy — 2P = 0, (2)
_mzpy + Mpy + MPyyy — pMy — MyPy = 0, (3)

where u(x, y, t) stands for fluid velocity and m(x, y, t) stands for fluid momentum. When
y- dependence is absent, the Eq. 2 and Eq. 3, after integrating, give p = %(u — U, + ¢€) and
m = p + p,, and as aresult Eq. 1 becomes 1 + 1 dimensional Camassa-Holm equation [2], that
is
Up — 28Uy — Upyr — 3UUy + 2Uy Uy + Uy = 0. (4)

Lie symmetry analysis for the system of Camassa-Holm Egs. 1,2 and 3 was investigated in
[3]. The spectral problem and some type of particular solutions were examined by Zenchuk in
[4]. Gordoa and his collaborators [5] showed that the Camassa-Holm equation in two spatial
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dimensions admitted a weak Painlevé property. Lie point symmetries lying on lax pair by
using differential form method was sought in [6]

Here, we consider Camassa-Holm equation with space-time Jumarie’s fractional derivative.
This is given by

Mps — UMyp — 2Muyn = 0, (5)
—muyv + Upr — Uy2p — szﬂ =0, (6)
—mzpyv + mpxﬂ + mpr[L - pmx# - mx“'px“ = 0) (7)

where m,u and p are fields of two spatial dimensions x and y plus time t, and
0<é6,u,v<1 The subscripts mean the fractional partial derivatives regarding the
independent variables. A modified version of Riemann-Liouville fractional derivative was
brought in by Jumarie [7], this is expressed by

[ 5k =0 X (V@ y,) —V(xy,0)d3, § <0,
S5
Vio =535 = Iﬁ%f; - xVxy, ) -V(ixy0)d, 0<s<1,  (8)

\ Vo)™, n<s<n+lnzl,

where I is Euler’s gamma function given by I'(v) = fooo V" le~7dr,v € C, with the

following formula of Jumarie’s fractional derivative [8]
Dz =T(A+ M) 11 +21-8)z*9%1>0. 9)

The theory of calculus and equations involving integrals and derivatives of arbitrary non-
integer order have been a source of interest to many researchers in variety fields of sciences,
such as, mechanical engineering, macroeconomic models, Energy harvesting in dynamical
systems, neural networks, fluid mechanics, fractional kinetics of charge carriers in super
capacitors, polymer, biosciences, theory of viscoelasticity, thermodynamics, circuit design,
control theory, robotics, social sciences, chaotic dynamics, electromagnetic waves,
nanotechnology, particle physics, disordered media, optics, etc. [9-14], we also would like to
refer the reader to some books in this area [15-23] and references therein. The rest of the
paper is lined up as follows, in section two, we overview the concept of fractional complex
transform and the extended tanh method which they will be used to reduce the nonlinear
system of Camassa-Holm equations of fractional order to nonlinear ordinary differential
equations and then solved it. Section three is devoted to gain parametric solutions for
fractional Camassa-Holm equation. The last section is conclusion.

Preliminaries

We review, in the current section, the principle of fractional complex transform and the
idea of the extended tanh approach for solving differential equations. The fractional complex
transformation was introduced in [24]. It is basically employed to convert fractional
differential equations of arbitrary non-integer order to ordinary differential equations as they
may be appeared with no difficult to solve. The fractional complex transform and its extension
[25].

— a u E v _ b4 1)
¢ T(1+u) X"+ r'(1+v) y I'(146) % (10)
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where &, and 7 are arbitrary constants, and I'(.) is gamma function, they have been a
useful tool to get exact solutions of differential equations, see for instance [26-30].

The idea of tanh technique was originally proposed by Malfliet [31], and later the method
was modified and generalized by many researchers see for instance [32]. In the next section,
we shall use the extended version of tanh method or so called tanh-coth method [33]. In this
method, one looks for solution in the following form

A= ZQI:O aKXK + ZQI:O bKX_K (11)

where a, and b,, k = 0,1,2,---, N are constants to be obtained, and X = tanh(u{), where u
is a wave number. The number of terms, positive number N, in the ansatz above, Eq. 11, can
be deduced by balancing the highest order derivative terms and the nonlinear terms in the
given equation. Substituting determined Eq. 11 into given equation and next collecting the
coefficients of the X*,k = 0,+1,+2,+3,:--,+N and then putting each coefficient to zero to
end up with nonlinear algebraic equations can be cracked to get solutions of equations under
consideration.

Main Results

We focus, in this section, on solving the nonlinear system of Camassa-Holm equation of
fractional order lying on fractional complex wave transform and the extended tanh method.
We start off by assuming that the solution of nonlinear Egs. 5,6 and 7 in the form

u(x,y,t) = ®((),mx,y,t) = 0({),plx,y,t) =¥(Q), (12)

where ¢ is the fractional complex wave transform (10). Using the chain rule
Ay = p W na —
Dyw = pd_(DZ (' W(X,y, t) - W(()r (13)

where p is a fractional indices [34], and the formula (9), the system of Egs. 5,6 and 7
becomes
—y@z — ad?@z — ZaG)Cbg =0,
—BOD; + ad; — a’d — 2a¥; = 0,
—BO*Y¥; + a®¥; + a*0¥;; — a¥0,; — a0, ¥; = 0,

where @ = p;&, B = p,f and ¥y = p57. Rewriting the equations

1 1
—(¥02 + ad02); =0, (14)
pOD, + (aZQD( —ad +2a¥), =0, (15)
a¥+a?V¥,
(—BY +——)¢ = 0. (16)
Integrating Eq. 14 to get
AZ
= o (17)

where A is a constant of integration. Plugging Eq. 17 into Eq. 15 and Eq. 16 and
simplifying yields
paz__ 1

CD( - ad(ad+y) «a

2 1
(D—EW-FEC, (18)
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__ BA

where B and C are constants, and a # 0. From Eq. 18 we have

S SYRTIY -2 GRS I &
r= 2 D¢ + 2a?(ad+y) + ZCD + 2a C, (20)

differentiating Eq. 20 with respect to { to get
_ _xs B 1
Inserting the last equation and Eq. 20 into Eq. 19 yields

A%2(2Ba+BC—-By) A1 1
CDQ + a*(ad+y)? + as(ad+y)® a? ® ad ¢=0,

multiplying by @ and integrating to obtain

2
0% = [0+ 2L+ 9)0% + (G + 45 + Da?)0? + 2242 %+ p LA - pL A% +
2 2 2
LC+yaD)® + (442B L + 24280 L — 2428+ 4*Zy?D] /(a® +1)?,

(22)
where D is a constant of integration.
_ Y
Now, let ®({) = A(o) wheredo = pr and
¢ = [ (al(0) +y)do, (23)

then Eq. 22 becomes

e

at

A* + ;C + yaD)A + (4AZB; + ZAZ.BC% - AZB; + A4%V DI.
(24)

( )2 [A4+2( + )A3+( +4V +Da2)A2+2(2A2 S+ B Ca2-p

Setting some physical boundary conditions ©,0; - 0 and ¥, ¥; — 0 as |{| - o in Eq. 18

and Eq. 19 to get the relation

2 2
“ +C=0 and "5 =0,y#0.

From this relation, it is easy to see that A # 0, since if A = 0 then that makes ® = 0 and
Eq. 17 becomes ill-defined so must be B = 0. By taking A =1,B =0,C = —%,D = 2,0{ =f=

1 and y = 2 in Eq. 24 that gives

( )2 = A" +3A% +- A2 (25)

Upon balancing (%)2 that has the exponent (N + 1)? with A? that has the exponent 4N,

that is (N + 1)? = 4N which gives N = 1, and from Eq. 11, the extend tanh method asserts the

finite expansion

A=ay+aX+2 (26)
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where ay, a; and b; are constant to be gained, and X = tanh(u{), and yu is a wave number
to be found. Plugging Eq. 26 into Eq. 25 and collecting the coefficients of like powers of

X4Li=0F1,F2,F3,F4to get the following nonlinear algebraic equations
pu?ai —af = 0,—4aybh? — 3b3 = 0,ub? — b} = 0,—4aya3 —3a3 =0,
—4ada; — 12a4a?b; — 9atb, — 9a?b, — gaoal =0,
—2u%a? — 2u?a,b, — 6a3a? — 4a3b; — 9aya? — %a% =0,
—4a3b, — 12aya,b? — 9a%b, — 9a,b? — §a0b1 =0,
—2u?a;by — 2u?b? — 6a3b? — 4a, b3 — 9ayb? — zblz =0,

u?a? + 4u®a, by + u?b? — ag — 12a2a,b; — 6a2b? — 3a3 — 18aya, b, — zag - galbl =0.

Solving the algebraic equations to get the following set of solutions

The first set of solution is u = $%, ag = —%, a; =0, by = "

The second set of solution is u = 12, ag = —2, a; =0, by = —z.

The third set of solution is u = 1%, ag = —%, a; = %, b; =0.

The fourth set of solution is u = ?Z, ap = —%, a, = —%, b; =0.

The fifth set of solutionis u = + %, ag = — %, a, = Z, b, = Z.

The sixth set of solution is u = ?g, ag = —%, a; = —%, b, = —g.

The corresponding family of solutions are
A=—>—2tanh(Co), A=—2+tanh(o), (27)
= —242coth(Go), A=—2—>tanh(30)—=coth(Z0), (28)

A=—2+2tanh(Co) + ZcothCo), A=—>—>coth(Co). (29)

The corresponding { can be calculated from Eq. 23 as listed below

5 1 3 1 3
¢ =50 +3In[tanh(; o) — 1] + 7 Inftanh(; o) + 1],
_5,_1 3,111 3
(= na 2ln[tanh(4 o) —1] 2ln[tanh(4 o)+ 1],

{ =20 —In[tanh(Z0) — 1] + In[tanhC o) + 1] +In[tanh(Z o) — 1],
{ =20 +Inftanh(Co) — 1] - In[tanh (o) + 1] — S In[tanh (o) — 1],
_5,_1 35y 111 3 _1 35 —
(= nd 2ln[tanh(8 o) —1] . ln[tanh(8 o)+ 1] 2ln[coth(8 o) —1]
—~In[coth(Zo) + 1],

3 1 3,0-11-1% 3 1 35) —
(= Z0t 2ln[tanh(8 o) —1] . ln[tanh(8 o)+ 1]+ > ln[coth(8 o) —1]
+=In[coth(o) + 1],

The solutions for the two fields ® and W can be concluded from Eq. 17 and Eq. 20
respectively. In the figurs, 1, 2, 3 and 4, we draw the parametric solutions (27); they represent
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antikink and kink type solutions and the parametric solutions (28); they represent wave type
solutions respectively.

-154 15

Fig. 1: Antikink type solution Fig. 2: Kink type solution

Fig. 3: Wave type solution Fig. 4: Wave type solution

Conclusion

We have dealt with Camassa-Holm equation in terms of Jumarie’s fractional derivative. The
fractional complex transform to the independent variables is used to decrease the number of
independent variables to only one, as a result, the nonlinear system of Camassa-Holm
equation of fractional order is converted to a nonlinear system of differential equations. The
last system is solved by adopting the extended tanh method. Type of parametric solutions are
established, kink, antikink and wave solutions are extracted and plotted for some values of the
parameters. For other values of the parameters, one may have different types of solutions and
that will be a task we intend to look at in the near future.
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