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Abstract

The main aim of this search to study
the composition operator C% induced by

the automorphism ¢, and discuss the

adjoint of the composition operator, also we
discuss some properties of composition
operator and tried to see the analogue
properties in order to show how the results
are changed by changing the function Y of
U. In order to make the work accessible to
the reader, we have included some known
results with the details of the proofs for
some cases and proofs for the properties.

Introduction //

This search consists of two
sections. In section one, we gave the
concept of the automorphism ¢, and
discussed some of it's. In section two, we
are going to the Composition Operator we
discussed the adjoint of Composition

OperatorC, , discussed C, as an

invertible operator, C o, is normal operator,

C% is not idempotent operator, C% is

algebraic operator and define eigenvalue of

Cq)k .

1. Section One

This section will give concept of the
automorphism ¢, and discussed some of it's.

Definition (1.1) : [4]

Let U ={ze C :|z|£ 1} then U is

called unit disk in complex C and dU =
{ze C: |z| =1} is called boundary of U.

Example(1.2):

Z_ (zeU).
Az—1
1

Since the denominator equal zero only at ; = —,

For Le U, define ¢ ()=

the function ¢, is holomorphic on the disk
1_}. Since A€ U,then this disk
A

contains U. Hence ¢, take U into U and
holomorphic on U .

{‘Z‘S

Definition(1.3) : [10]

Let y:U — Ube holomorphic on U.
then Y is
automorphism of U if and only if wy is

conformal automorphism or

bijective.
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Proposition (1.4) :

Let Ae U, define q)x(z) __Z

Az—1
(ze U) then 0, is conformal automorphism

or automorphism of U .
Proof :

Since ¢, (z) = (z A € U)
Az -1
Suppose  ¢,(z,)=¢,(z,)  that s
Z_—_% | therefore Az,z, -z,
Az, -1 Az,-1
=M\z,z, —2,, hence Z, =Z,. Thus 0, is
injective.  Let y=0,(z), that s
y = z , therefore Az y—y=z , then
Az —1
Azy-z=y, hence 7= ,
Ay —1
y y y
¢A(Z)=¢x( j= Ay-1 _ Ay-1 _ 7
Ay -1 Ay _l_ky—ky+1_y
Ay—1 Ay —1

forevery y e U there exists ze U such that
¢,(z)=y .Thus ¢, is surjective . Hence

0, is automorphism .

Definition(1.5) : [10]
A point p € C is a fixed point for the
function v, if y(p)=p.

Proposition (1.6) :
Let Ae U, then 0, 2 are fixed points
A

zZ
of ¢ , ,where q)k(z):kz—l'
Proof :
Let ¢ (z)=z that is — % —,
o Az -1
therefore A z>—2z=0. Hence ¢, has two
fixed points z, =0, z, :%.

Definition(1.11) : [11]
Let y:U— U and holomorphic on U.

Definition(1.7): [4]

Lety : U — U and holomorphic on U

with fixed point r, then:
1) ris interior fixed point of Y if re U .
2) ris exterior fixed pointof Y if rg U.

Proposition (1.8):

Let %(Z):ﬁ, for A€ U. Then 0

is interior fixed point and 2 is exterior fixed
A

point of @, .
Proof :
Since ¢,

z,=0, Zzzi,

has two fixed points

Zl‘ 2‘0‘20 < 1. Thus z,

is interior fixed point

Since Le U, then A|< 1 <2 =|2
2
A

b

therefore W < ‘2 > 1 .

, hence ‘Zz‘ —

Thus z, is exterior fixed point.

Remark(1.9) :

¢, is own compositional inverse in
fact (])x((l)x(z)):z for every z in U This
property of ¢, is called the self-inverse

property.

Remark(1.10) :

For L e U ,then ¢} (0)= -1,

1

N

0. ()=

A is the non-singular 2 x 2 complex matrix
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We say that  is a rotation round the origin if
there  exists 6 € 0U such that

w(z)z oz (ze U)

Proposition (1.12):
If A =0, then ¢,(z) is a rotation a

round the origin, where 0, (2) = z_.
* Az —1

Proof :
Since ¢, (z)= XZZ— 1

then (])k(z):—z ,let 6=-1, oe dU, hence
0,()=0z. Thus ¢,(z) is
round the origin .

, and since A =0,

a rotation a

Theorem (1.13) : [11]
Let y:U — U and holomorphic on U,

then  is elliptic if and only if Yy is

automorphism and has an interior fixed point.

Proposition (1.14) :

Let A € U, 0, is elliptic, where
VA

0.(2)= Az—1

Proof :

From (1- 4) , (1)X is automorphism,
and from (1-8) ¢, has an interior fixed

Point , hence ¢, is elliptic.

Definition(1.15): [10]

A linear fractional transformation is a
az+b

cz+d
, b, c, and d are complex numbers and
sometimes we denote ’C(Z) by T, (Z) where

Remark (2.2) : [1]

mapping of the form fc(z) = , where a

We can define an inner product of the
Hardy space functions as follows :
>'t"(n) z" and
n=0

Let f(z) =

A:{j 3]

Proposition (1.16) :

The ¢ N 1s a linear fractional transformation.

Proof :

_z _ar+b
Az—1 cz+d

thata=1,b=0,c=A,d=-1 wherea,b,

Since such

(I);L(Z)

¢ , and d are complex numbers and

Az[l 0} , hence by (1.15) ¢, is a linear
A -1

fractional transformation .

2. Section Two

This section will give the Composition
Operator we discussed the adjoint of

Composition ~ OperatorC, ,  discussed
C o, As an invertible operator, C o, 1s normal
operator, C% is not idempotent operator,
C¢x is algebraic operator and define

eigenvalue of C .

Definition(2.1): [4]

Let U denote the unit disk in the
complex plane, the Hardy space H? is the

f(z):nz;w(n)zn

set of functions

- 2
holomorphic on U such that 3" |f " (n )‘
n=0
<oo with f"(n) denotes the Taylor
coefficient of f.
Definition(2.7) :
The composition operator C¢x

induced by ¢, is defined on H? by the
equation C, f=1o¢,.
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g(z)= ig/\ (n) z" » then inner product of f
n=0

and g is defined by : (f.g)= ifA(n) () -
n=0

Example (2.3) :[10]

Let e U and k(z)= (ze U).

1-0z
Since oo € U then ‘a‘sl ,hence the

geometric series $° o
n=0

andthus k € H? and k (z)=a z"-

2" is convergent

Definition(2.4) : [4]
Let y:U — U and holomorphic on U,

the composition operator Cw induced by W
H®> by
_ 2

c,f=foy (feH?)

is defined on the equation

Definition(2.5) : [2]

Let T be a bounded operator on a
Hilbert space H, then the norm of an operator
T is defined by :

||T|| = sup{“Tx” :xe H, x|| = 1}.

Littlewood s Subordination principle

(2.6) : [11]
Let y:U — Uand holomorphic on U
with v(0)=0, then  for  each

fe H” foyeHand ||f oy | < |f]. The
goal of this theorem C ‘H? > H?.

Proof :
Since @, is automorphism of U by

(1-4)and C,' = C,.= C, byd-9,

hence C 0. is an invertible operator on H” .

Definition(2.12): [3]

Let T be an operator on a Hilbert space

Proposition(2.8) :

If A e U, then
feH, fog, e H and |0, ]<]f]

Proof :
Since ¢, : U — U and holomorphic on

U with ¢,(0)=0, then by 2 - 6)
feH’, fo¢,e H and [fo¢,|<|[f] .
hence Cm:Hz—)Hz.

for each

Remark ( 2.9) : [4]

I) One can easily show that
CKCW = CWOK and hence cr=c,C,--C,
= Cyoporay =€y,

2) C,, is the identity operator on H? if

and only if y is identity map from U into U

and holomorphic on U.
3) It is simple to prove that C_=C v if

andonlyif X = Yy .

Theorem (2. 10) : [11]
Let y:U — U and holomorphic on U.

Cw is an invertible operator on H”if and

only if ' automorphism of U and c ' =
C,.-

v

Proposition(2.11) :

If L e U, then C 0, is an invertible

operator on H”.
Proof :
By (2-16), T, f =T_ f for each

f e H>. Hence for all ae U,

<T§ f’ka>=<Tgf’ka>=<f,T£ ka> .. (2-1)
On the other hand ,

82



Vol.1, No.6, December, 2012, pp.79 -85

Journal of Kufa for Mathematics and Comeuter

H , the operator T"is the adjoint of T if
<Tx,y>:<x,T*y> for each x,ye H.

Theorem (2.13) : [5]

Vu {Ka} forms a dense subset of H”.

Theorem (2.14) : [10]

Let y: U — U and holomorphic on U,
then for all e U
C w K,=K

v (o)

Definition(2.15): [6]

Let ge H™, the Toeplits operator T, is
the operator on H* given by :
(Tgf)(z): 2(z) f(z) (fe H?, ze U)

Remark ( 2.16) : [7]

For each feH?, we have
T! f =T f,such that he H”.
Proposition(2.17) :
Let C % = T,C,T, Where

h(z)=(Az-1), g(z)=-1, y(z)=A -z .
Theorem (2.19) : [9]
Let y:U — Uand holomorphic on U,

then C, is normal if and only if y(z)=B z
for some B € dU, [B|=1,ze U.

Proposition(2.20) :

If A =0,then C

composition operator .
Proof :

is normal
0,

zZ

¢A(Z): rg—1
A =0,then ¢, (z)=-z=Pz

Since and since

<T;‘ f,ka>=<f,Thf>=<f,h(oc)ka> - (2-2)
From (2-1)and (2-2) one can see that

T k, =h(a) k. Hence T k_ =h(a) k, -
Calculation give C k|, (z)=k o 0(2)

1 1
_1—¢xiociz 1_7872
 Aa-1
1 -1 (A1)
_X&—l—&z_X&—l—&z_—(l—&(i—z))
Ao—1
= (Aa~1) -

1) - —

h(a) - T, k,(z)) =T, h(e) k,(1(z))

=T, h(a) C, k,(z) =T, C, h(a) k,(z)
=T T, k_(z) ., therefore

g ~vy ~h

@

CZ;\ka(Z):Tg CY Tl: koc(z) (ZEU)'
But v, {K,}=H?,
:’x =Tg CY T;

then
C

Definition (2.18) : [3]

Let T be an operator on a Hilbert
space H , T is called normal operator if

TT =TT

Proposition(2.23) :

Let A€ U,then

algebraic composition operator.
Proof :

Cmis an

Take P(z)=z" -z’ , note that for all
feH?*,ze U

pPlc, ) f(z)=(c! -2 ) f(z)

=C,f@z)-C;f(z)
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such that B=-1[p[=1.

2199 C , is

Hence by normal

composition operator.

Definition (2.21) : [8]

Let T be an operator on a Hilbert space
H, T is called an algebraic operator on H if
there exists non-zero complex polynomial P
such that P(T) =0, and T is called idempotent

onHif T*=T.

Proposition(2.22) :

Let Ae U,then not

C,, is
idempotent composition operator on H*

Proof :

Since

2 _ —
C% - C%C% - C‘I’x"% by
(2.9),since ¢, o9, =1 by (self-inverse
property) Hence C, ., =C,
C, =1 by (29) , hence Cix =1=C, .

Hence C 0, is not idempotent composition

and

2
operator on H”.

Proof :
Since¢, (z)= ﬁ% (z)=

(xz—l)(l)—(xz)= -1
(Az 1) Az -1)

has fixed point O U, we have by (2.22)

kK = (050)) = (-1)" isan

eigenvalue of C ' forsomen=0,1,2,..

, and since ¢,

REFERENCES

[1] Ahlfors, L.V. ,"Complex Analysis", Sec ,
Ed., McGraw-Hill Kogakusha Ltd |,
(1966).

[2] Appell, M.J., Bourdon , P.S. & Thrall, J.J.

Then , it is easily to see that
C zx = C ix = I (by the self-inverse
property). Hence P(C%):O. Since P is
non-zero complex polynomial, then C 0. is

an algebraic composition operator.

Definition (2.21) : [12]

Let y:U — Uand holomorphic on

U, the eigenvalue equation for the
composition  operator is define by

Cf=xforfoy=xf, where k is

eigenvalues of C , .

Theorem (2.22): [11]
Let y: U — U and holomorphic on

U, and that fixes the point pe U and suppose
that wa = xf for some non-constant

f € H? and some x € C . Then
K= (y'(p)" forsomen=0,1,2,....

Proposition(2.23) :

If A U, then (- 1)"is an

eigenvalue of C 0, forsomen=0,1,2,

[8] Schwartz , H.J. , " Composition

Operator on H>" , Ph .D.thesis.Univ.of
Toled , (1969).
[9] Shapiro, J.H., " Composition operators

and Classical Function Theory ",
Springer- Verlage, New York, (1993).
[10] JH, "

Composition operators and Analytic

Shapiro, Lectures on

Function Theory " .
www.mth.mus.edu./~shapiro / pubrit /
Downloads / computer / complutro . pdf .
[11] JH.,"

Shapiro, Composition

84



Vol.1, No.6, December, 2012, pp.79 -85

Journal of Kufa for Mathematics and Comeuter

, " Norms of Composition Operators on
the Hardy Space" , Experimented Math
. pp-111-117, (1996).

[3] Berberian, S.K., " Introduction to
Hilbert Sec. Ed .,Chelesa
publishing Com., New York , N.Y,,
(1976).

[4] Bourdon, P.S. & Shapiro, J.H., "Cyclic

Space"

Phenomena for Composition
Operators", Math. Soc., (596), 125,
(1999).

Cowen ,C.C. "Linear Fraction Composition

Operator on H*", Integral Equations
Operator Theory ,11, pp. 151 -160, (1988).
[S] Deddnes, J.A. "Analytic Toeplits and

Composition Operators ", Con . J. Math.
, vol (5), pp. 859- 865, (1972).

[6] Halmos , P.R ., "A Hilbert Space
Problem Book ", Springer- Verlag , New
York , (1982).

[7] Radjavi ,H & Rosenthal, P.," Invariant
Subspace" , Springer-Verlage, Berlin ,
Heidelberg , Newyork , (1973).

85

operators and Schroders Functional
Equation ", Contemporary

Math., 213, pp.213-228, (1998).

gdlal)
Sl Al Al ga Gl 13gd i ) Ciagd)
Sl LB G ¢, A1) (0 C% Ciiaal) S il
ary LEBU t) 1) ALY | Sl Sigall (38) pal)
@Ua&&d\,mﬂ\Ld\gh\gﬁﬂ\ﬂﬂ\ pailaid
Lasdie guiliil) ot 48,8 A3 (a8l 3 jlala
(s A daga Jaa Jal Gy Ly Al Adal) s
O Ad g pal) giliil) (aey Ui o A ggm S
Cany Ua yy dlliS g Abuada (pal s g ApuS Sl <) gl

O Qo Cuaef Al gl



