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Abstract  
 

The main aim of this search to study 

the composition operator 
λφC induced by 

the automorphism λφ  and discuss the 

adjoint of the composition operator, also we 

discuss some properties of composition 

operator and tried to see the analogue 

properties in order to show how the results 

are changed by changing the function ψ  of 

U. In order to make the work accessible to 

the reader, we have included some known 

results with the details of the proofs for 

some cases and proofs for the properties. 

�
�

Introduction // 

          This search consists of two     

sections. In section one, we gave the 

concept of  the automorphism λφ  and 

discussed some of it's. In section two, we 

are going to the Composition Operator we 

discussed the adjoint of Composition 

Operator
λφC , discussed 

λφC as an 

invertible operator, 
λφC is normal operator, 

λφC is not idempotent operator, 
λφC  is 

algebraic operator and define eigenvalue of 

λφC .  

  

1. Section One 

        This section will give concept of  the 

automorphism λφ  and discussed some of it's. 

 

Definition (1.1) : [4]  

         Let U ={ }1z:Cz ≤∈  then U is 

called unit disk in complex C and U∂ = 

}1z:Cz{ =∈  is called boundary of U. 

  

Example(1.2):   

        For ,U∈λ  define 
1z

z
)z(

−λ
=φλ

  ( )Uz ∈ . 

Since the denominator equal zero only at 
λ

=
1

z , 

the function λφ  is  holomorphic on the disk 

}
1

z{
λ

≤ . Since ,U∈λ then this disk 

contains U. Hence λφ  take U into U and 

holomorphic on U .  

 

Definition(1.3) : [10]  

       Let UU: →ψ be  holomorphic on U. 

then ψ is conformal automorphism or 

automorphism of U if and only if ψ  is 

bijective.   
 

 
 



Aqeel Mohammed Hussain  
 

 

 
 

80 

 

 

 

Proposition (1.4) :  

        Let ,U∈λ  define 
1z

z
)z(

−λ
=φλ

  

( )Uz ∈  then 
λφ  is conformal automorphism 

or automorphism of U . 

Proof :   

          Since 
1z

z
)z(

−λ
=φ λ

 ( )U,z ∈λ   

 Suppose ( )21 z)z( λλ φ=φ  that is 

1z

z

1z

z

2

2

1

1

−λ
=

−λ
, therefore 

121 zzz −λ  

221 zzz −λ= , hence 21 zz = . Thus λφ  is 

injective. Let  )z(y λφ= , that is 

1z

z
y

−λ
= , therefore zyyz =−λ  , then 

yzyz =−λ , hence ,
1y

y
z

−λ
=  

( ) =��
�

�
��
�

�

−λ
φ=φ λλ

1y

y
z

y

1y

1yy

1y

y

1
1y

y

1y

y

=

−λ

+λ−λ

−λ
=

−
−λ

λ

−λ
, 

for every Uy ∈  there exists Uz ∈  such that 

y)z( =φλ
 .Thus 

λφ  is  surjective .  Hence 

λφ  is automorphism .  

 

Definition(1.5) : [10]  
         A point p ∈ C is a fixed point for the 

function ψ , if ( ) pp =ψ . 

    
Proposition (1.6) : 

         Let U∈λ , then 0 , 
λ

2  are fixed points  

of 
λφ , where 

1z

z
)z(

−λ
=φλ

.  

 Proof :   

           Let z)z( =φλ
 that is z

1z

z
=

−λ
, 

therefore 0z2z 2 =−λ . Hence 
λφ  has two 

fixed points  
λ

==
2

z,0z 21
. 

 

Definition(1.11) : [11]  
         Let UU: →ψ  and holomorphic on U. 

 
 

Definition(1.7): [4]  

       Let UU: →ψ and holomorphic on U 

with fixed point r, then: 

1) r is interior fixed point of ψ  if Ur ∈ . 

2) r is exterior fixed point of ψ  if Ur ∉ .  

     

Proposition (1.8):   

        Let 
1z

z
)z(

−λ
=φλ

, for U∈λ . Then 0 

is interior fixed point and 
λ

2  is exterior fixed 

point of λφ .   

Proof :   

          Since λφ  has two fixed points  

λ
==

2
z,0z 21

, 00z1 == ��� 1. Thus 1z  

is interior fixed point  

          Since U∈λ , then λ � 1 � 2  2= , 

therefore λ  � 2 , hence 
λ

=
2

z 2
�� 1 .  

Thus  2z  is exterior fixed point. 

  

Remark(1.9) :   

           
λφ  is own compositional inverse in 

fact ( )( ) zz =φφ λλ  for every z  in U This 

property of 
λφ  is called the self-inverse 

property.  

 

Remark(1.10) :   

           For U∈λ , then ( ) ,10 −=φ′λ  

( )
( )22 1

1

−λ

−
=λφ′λ  .   

 

 

 

 
A is the non-singular 22 ×  complex  matrix  
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We say that ψ  is a rotation round the origin if 

there exists U∂∈σ such that 

( ) =ψ z ( )Uzz ∈σ  

       

Proposition (1.12):   
          If λ = 0, then )z(λφ  is  a rotation a 

round the origin, where 
1z

z
)z(

−λ
=φλ

. 

Proof :   

         Since ( )
1z

z
z

−λ
=φλ

, and since 0=λ , 

then ( ) zz −=φλ
 , let U,1 ∂∈σ−=σ , hence 

( ) zz σ=φλ
. Thus )z(λφ  is  a rotation a 

round the origin .  

 

 

Theorem (1.13) : [11]  

         Let UU: →ψ and holomorphic on U, 

then ψ is elliptic if and only if ψ  is 

automorphism and has an interior fixed point. 

  

Proposition (1.14) :  

          Let λ ∈ U, 
λφ  is elliptic, where 

1z

z
)z(

−λ
=φλ

. 

Proof :   

            From (1- 4) , 
λφ  is automorphism, 

and from (1-8) 
λφ  has an interior fixed    

Point , hence λφ is elliptic. 

 

Definition(1.15): [10]  

          A linear fractional transformation is a 

mapping of  the form ( ) ,
dcz

baz
z

+

+
=τ where a 

, b , c , and d are complex numbers and  

sometimes we denote ( )zτ  by ( )zAτ   where  

Remark (2.2) : [1]  

         We can define an inner product of the 

Hardy space functions as follows :  

             Let f(z) = ( ) andznf n

0n

�
∞

=

∧  

.
dc

ba
A �

	



�
�



=  

 

Proposition (1.16) :  

   The
λφ is a linear fractional transformation.  

Proof :   

        Since ( )
dcz

baz

1z

z
z

+

+
=

−λ
=φλ

 such 

that a =1 , b = 0 , c = λ , d = -1 where a , b , 

c , and d are complex numbers and 

�
	



�
�




−λ
=

1

01
A  , hence by (1.15) 

λφ  is a linear 

fractional transformation . 

 

2. Section Two 

       This section will give the Composition 

Operator we discussed the adjoint of 

Composition Operator
λφC , discussed 

λφC as an invertible operator, 
λφC is normal 

operator, 
λφC is not idempotent operator, 

λφC  is algebraic operator and define 

eigenvalue of 
λφC . 

 

Definition(2.1): [4]  

           Let U denote the unit disk in the 

complex plane, the Hardy space 2H  is the 

set of functions  ( ) ( )�
∞

=

∧=
0n

nznfzf  

holomorphic on U  such that ( )
2

0n

nf�
∞

=

∧ �

�∞  with ( )nf ∧  denotes the Taylor 

coefficient of  f .  

Definition(2.7) :  

         The composition operator 
λφC  

induced by 
λφ is defined on 2H  by the 

equation =
λφ fC λφ�f .   
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( ) ( ) n

0n

zn^gzg �
∞

=

=  , then inner product of  f 

and g is defined by  :  ( ) ( )zgnfg,f
0n

∧
∞

=

∧�=   . 

 

Example (2.3) :[10] 

       Let ( )
z1

1
zkandU

α−
=∈α α

 ( )Uz ∈ . 

Since α ∈ U then ,1≤α hence the 

geometric series �
∞

=

α
0n

n2 is convergent 

and thus 2Hk ∈α
 and ( ) n

zzk α=α
.  

  

Definition(2.4) : [4]   

        Let UU: →ψ and holomorphic on U, 

the composition operator ψC  induced by  ψ  

is defined on 
2H  by the equation 

( )2HfffC ∈ψ=ψ �  

 

Definition(2.5) : [2]  

         Let T be a bounded operator on a 

Hilbert space H, then the norm  of an operator 

T is defined by : 

{ }1x,Hx:TxsupT =∈= . 

 

Littlewood
′′′′s Subordination principle 

(2.6) : [11]   
           Let UU: →ψ and holomorphic on U 

with ( ) 00 =ψ , then for each 

,Hf 2∈ 2Hf ∈ψ� and ff ≤ψ� . The 

goal of this theorem 22 HH:C →ψ
.  

Proof :   

       Since λφ  is automorphism of  U by     

(1- 4) and 
1C −

φ λ
=  1C −

λφ
=   

λφC  by (1 - 9) , 

hence 
λφC is an invertible operator on 

2H  .   

   

Definition(2.12): [3] 

          Let T be an operator on a Hilbert space 

 

Proposition(2.8) :  

          If λ ∈ U, then for each 

ffandHf,Hf 22 ≤φ∈φ∈ λλ ��    

Proof :    
         Since UU: →φλ

 and holomorphic on 

U with ( ) 00 =φλ , then by (2 - 6)   

ffandHf,Hf 22 ≤φ∈φ∈ λλ ��  , 

hence  
λφC : 22 HH → .  

 

Remark ( 2.9) : [4]  

     1) One can easily show that 

κψψκ =
�

CCC  and hence 
ψψψψ = CCCC n

�     

= 
n

CC ψψψψ =
����

 

     2) ψC  is the identity operator on 
2H  if  

and only if ψ  is identity map from U into  U 

and holomorphic on U.  

     3) It is simple to prove that  
ψκ = CC  if 

and only if  ψ=κ .  

 

Theorem (2. 10) : [11] 

       Let UU: →ψ and holomorphic on U. 

ψC  is an invertible operator on 
2H if and 

only if ψ  automorphism of  U  and 1C −

ψ
 = 

1C −ψ
. 

 

Proposition(2.11) :  

         If λ ∈ U, then 
λφC is an invertible 

operator on 
2H . 

 

Proof :  

         By (2-16), fTfT
hh =∗  for each 

2Hf ∈ . Hence for all U∈α ,   

 

α
∗

αα
∗ == kT,fk,fTk,fT

hhh
 … (2-1) 

On the other hand , 
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H , the operator 
∗T is the adjoint of T if 

yT,xy,Tx ∗=  for each Hy,x ∈ .   

 

Theorem (2.13) : [5]  

        { }α∈α KV U
 forms a dense subset of 

2
H .  

  

Theorem (2.14) : [10]  

           Let UU: →ψ and holomorphic on U, 

then for all U∈α  

( )αψα

∗

ψ = KKC   

 

Definition(2.15): [6]  

          Let ∞∈ Hg , the Toeplits operator 
gT  is 

the operator on 2H  given by :  

  ( )( ) ( ) ( ) ( )Uz,HfzfzgzfT 2

g ∈∈=  

  

Remark ( 2.16) : [7]  

          For each 2Hf ∈ , we have 

,fTfT
hh =∗ such that 

∞∈ Hh .  

 

Proposition(2.17) :  

        Let 
∗

φ λ
C  = ,TCT hg γ

 where  

( ) ( ) ( ) 1zg,1zzh −=−λ= , ( ) zz −λ=γ  .  

Theorem (2.19) : [9] 

          Let UU: →ψ and holomorphic on U, 

then ψC  is normal if and only if ( ) zz β=ψ  

for some .Uz,1,U ∈=β∂∈β  

 

Proposition(2.20) :  

        ,0If =λ then 
λφC is normal 

composition operator .  

Proof :  

          Since ( )
1z

z
z

−λ
=φλ

, and since 

( ) zzzthen,0 β=−=φ=λ λ  

( ) αα
∗ α== kh,ffT,fk,fT hh

 … (2-2) 

From (2-1)and (2-2) one can see that 

( ) αα

∗ α= khkT
h

. Hence ( ) αα

∗ α= khkTh
.  

Calculation give  ( )zkC α

∗

φ λ ( )( )zk αφλ
=    

                                                    

( )
1

z
1

1

z1

1

−αλ

α
−

=
αφ−

=

λ

 

( )
( )( )z1

1

z1

1

1

z1

1

−λα−−

−λα
=

α−−αλ

−αλ
=

−αλ

α−−αλ
=

 

( ) ( )
( )z1

1
11

−λα−
⋅−⋅−λα=  

= ( ) ( )( ) ( ) ( )( )zkhTzkTh gg γα=γ⋅α αα
   

( ) ( )zkChTg αγα=  = ( ) ( )zkhCTg αγ α      

= ( )zkTCT hg α

∗

γ
 , therefore    

                             

( )zkC α

∗

φ λ

( ) ( )UzzkTCT hg ∈= α

∗

γ
 .  

                   But { } 2

U HKV =α∈α
, then 

∗

φ λ
C ∗

γ= hg TCT . 

 

 

Definition (2.18) : [3]  

          Let T be an operator on a Hilbert 

space H , T is called normal operator if 

TTTT ∗∗ =   
 

 

Proposition(2.23) :  

           Let ,U∈λ then 
λφC is an 

algebraic composition operator.  

Proof :  

         Take ( ) 24 zzzP −=  , note that for all 

Uz,Hf 2 ∈∈                  

( ) ( ) ( ) ( )zfCCzfCP 24

λλλ φφφ −=  

                                          

= ( ) ( )zfCzfC 24

λλ φφ −   
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1,1thatsuch =β−=β . 

Hence by (2.19) 
λφC is normal 

composition operator.  
 

Definition (2.21) : [8] 

          Let T be an operator on a Hilbert space 

H , T is called an algebraic operator on H  if 

there exists non-zero complex polynomial P 

such that P(T) = 0, and T is called idempotent 

on H if TT2 = .  
  

Proposition(2.22) :  

           Let ,U∈λ then 
λφC is not 

idempotent composition operator on 
2

H   

Proof :  

         Since 
λλλλλ φφφφφ ==

�
CCCC 2 by      

( 2.9) , since I=φφ λλ �  by  ( self-inverse       

 property) . Hence 
ICC =

λλ φφ �
 and  

IC I =  by (2.9) , hence  
λλ φφ ≠= CIC 2 . 

Hence 
λφC is not idempotent composition 

operator on 
2

H . 

 

 

Proof :  

         Since ( ) ( ) =φ′
−λ

=φ λλ z,
1z

z
z  

( )( ) ( )
( ) ( )22

1z

1

1z

z11z

−λ

−
=

−λ

λ−−λ , and since 
λφ  

has fixed point 0∈U, we have by (2.22) 

( )( ) ( )nn
10 −=φ ′=κ λ

 is an 

eigenvalue of 
λφC for some n = 0 , 1 , 2 ,..  
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