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ABSTRACT 
In this paper, the continuous classical optimal control for systems of a semilinear parabolic 
partial differential equations is described with a equality and inequality state constraints. First, 
the considered continuous classical optimal control problem is discretized into a discrete 
classical optimal control problem by using the Galerkin finite element method in space and 
the theta finite difference scheme  ( -method)in time. The classical continuous controls are 
approximated by picewise constants. Second the existence of a unique solution of the discrete 
state equations for fixed discrete classical control is studied. Third, the existence theory for 
optimality of the discrete classical problem is proved, and the discrete adjoint equations are 
developed corresponding to the discrete state equations. Finally the necessary conditions and 
a picewise minimum principle are derived for optimality of the discrete classical problem so 
as the sufficient conditions. 

 
Introduction: During the last decades, 
many researchers ([1],[2],[3] and many 
others), interested to study the discretization 
for the continuous relaxed optimal control 
problems for systems defined by ordinary 
and partial differential equations. Since 
many applications in different fields of 
natural sciences lead to mathematical 
modules represent a classical optimal 
control governed by semilinear partial 
differential equations as a heat equation [4]. 
Solving such problems numerically need to 
discretize the continuous optimal control 
problems to a discrete classical optimal 
control problems, so we interest in this 
paper to study the discretization of the 
classical optimal control problem for 
systems defined by semilinear parabolic 
partial differential equations with al equality 
and inequality state constraints. 

In this paper in order to give a 
complete idea about this work, we start to 
give a description for the continuous 

classical optimal control problem which is 
studied in [5], then we discretize this 
continuous classical optimal control 
problem to a discrete classical optimal 
control problem. First we discretize the 
weak form of state equations in the 
continuous problem by using the Galerkin 
finite element methods in space and the 
finite difference scheme ( -method) in 
time, while the continuous controls are 
approximated by piecewise constants with 
respect to an independent partition of the 
space-time domain. Then the existence of a 
unique solution of the discrete state 
equations for fixed discrete classical control 
is proved. Also, we prove the existence 
theory of optimal control for the discrete 
classical problem, and we derive the discrete 
adjoint-state equations corresponding to the 
discrete state equations. Finally the 
necessary conditions and a piecewise 
minimum principle for optimality of the 
discrete classical optimal control problem 
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are derived as well as the sufficient 
conditions.  
 
1.Description of The Continuous Classical 
Optimal Control Problem(CCOCP):- In 
this section we  describe the continuous 
classical optimal control problem of a 
semilinear parabolic partial differential 
equations which is studied by [5], we begin 
with  let d  R  be an open and bounded 
region with Lipschitz boundary   , and 
let (0, )I T , 0 T   , Q I  . We 
denote the Euclidean norm in nR by . , the 

norm in ( )L   by .


, the inner product 

and norm in 2 ( )L  by (.,.)  and  
0

.  
respectively, the inner product and norm in 
Sobolev space 1

0 ( )V H   by 1(.,.)  and  
1

.  

respectively, the duality between V and *V ( 
its dual) by .,.   , and finally we denote 
by .

Q
the norm in 2 ( )L Q .  

The weak form of the semilinear parabolic 
state equations is:- 

   , , , ( , , , ),ty v a t y v f x t y u v    ,  
v V  , a.e. on I ,                                        

(1) 
(., )y t V ,a.e.on I , 0(0)y y ,                     

(2) 
where  uy y  is the state, u  is the classical 
control, 0 2 ( )y L   and 

, 1

( , , ) ( , )
d

ij
i j j i

y va t y v a x t dx
x x



 


    

 
The control constraints (The controls set) 
are 

u W , 2 ( )W L Q  
where W  is defined by one of the following 
forms: - 
 2{ ( ) ( , ) ,UW W w L Q w x t U     a.e. in 
Q }, with U  R  
the cost functional is 

0 0( ) ( , , , )
Q

G u g x t y u dxdt  ,                                                                           

the constraints on the state and the control 
variables are 

1 1( ) ( , , , ) 0
Q

G u g x t y u dxdt  ,                                                                      

2 2( ) ( , , , ) 0
Q

G u g x t y u dxdt  ,                                                                     

The set of admissible controls is 
1 2{ ( ) 0, ( ) 0}AW u W G u G u    . 

 
We suppose that ( , , )a t v w  is symmetric and 
for some 1 , 2  , for each ,v w V , and 
t I , we obtain  1 1 1

( , , )a t v w v w , and  
2

2 1
( , , )a t v v v . 

We suppose also that f  is of Caratheοdory 
type on ( )Q R R  ( e.g. continuous), it 
satisfies the following sublinearity condition 
w.r.t. y & u , and Lipschitz w.r.t. y   
 1 1( , , , ) ( , )f x t y u x t c y c u    , 

1 2 1 2( , , , ) ( , , , )f x t y u f x t y u L y y   , 
 where ( , )x t Q , 1 2, , ,y y y u R  and 

2 ( , )L Q R . 
 
The Continuous Classical Optimal Control 
Problem (CCOCP) is to minimize the cost 
functional subject to the above constraints, 
i.e., to find   u  such that 

Au W    and   0 0( ) ( )
Aw W

G u MinG w


 ,                                                                 

  
2. Descritization , Description  and 
Solution of the Discrete Classical Optimal 
Control Problem :-  Suppose for simplicity 
the operator ( ,.,.)a t is independent of t , the 
domain    is a polyhedron .  For every 
integer n , let ( )

1{ }n M n
i iS   be an admissible 

regular triangulation of   into closed d-
simplices [6]  , ( ) 1

0{ }n N n
j jI 

   be a subdivision 

of the interval I  into ( )N n  intervals, 
where 1: [ , ]n n n

j j jI t t   of equal lengths 
/t T N  . 
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Set : n n
ij i jQ S I  . Let 1

0 ( )nV V H    be 
the space of continuous piecewise affine 
mapping in  . Let nW  be the set of 
discrete (blockwise constants) classical 
controls (piecewise constants classical 
controls), i.e. 
 

{ ( , ) in }n n
ij ijW w w W w x t w Q     

The discrete state equation (for  0,1  ), 
for each nv V ,  is written in the form: 

 1
1 , ( , )n n n

j j jy y v a y v
t   


 

 ( , , ),n n n
j j jf t y u v  , n

j ny V ,                  
(3a) 
Where 1(1 )n n n

j j jt t t      , 

1(1 )   n n n
j j jy y y   , and 0,1,..., 1j N   

 
And the initial condition associated with the 
above discrete form( nv V  with 0y V ) is 

   0
0 1 1
, ,ny v y v ,                                       

(3b) 
 
The discrete constraint on the control is 

n nw W . And the discrete constraints on the 
state and the control are:  (i) 1 1( )n n nG u  ,   

or (ii) 1 1( )n n nG u   , and    2 2( )n n nG u  , 
where 1

n , 2
n , & 1

n are given numbers, tend 
to zero as n goes to infinity.  
The discrete cost is 0 ( )n nG u , where the 
discrete functional ( )n n

lG u  is defined by 
           

1

0

( ) ( , , , ) , 0,1,2
N

n n n n n
l l j j j

j
G u t g t x y u dx l 






   . 

The set of admissible controls is given by 

 1 1 2 2( ) , ( )n n n n n n n n n
AW u W G u G u      

(for the optimal problem) 
  1 1 2 2( ) , ( )n n n n n n n n n

AW u W G u G u      

(for the extremal problem) 

 
The Discrete Cclassical Optimal Control 
Problem (DCOCP) is to find  u  such that 
 n n

Au W , and 0 0( ) min ( )
n n

A

n n n n

u W
G u G w


 . 

Now, suppose the function f is defined on 
n n n
i jS I W  R ( 1,2,...,i M ) continuous 

w.r.t. (with respect to) n
jy , and n

ju  and  
satisfies:-  
 1 1( , , , ) ( )

j

n n n n n n
j j j j j jf x t y u t c y c u

       , 

for 0 1j N   ,  x  ,  and 

1( , , , ) ( , , , )n n n n n n
j j j j j jf x t y u f x t y u   

1
n n
j jL y y  , 0 1j N    ,  x   

where, ( )j x ( , )n
jx t 2 ( )L  , and L  

represents the Lipschtiz constant for any j .  
 
From here and up and for brevity we will 
drop sometimes the arguments n

jt  of the 

dependents variable n
jy , n

jz , n
ju  and any 

other terms which contained this 
independent variable, and the terms n

jy , n
jz , 

n
ju  of the functions which contained their. 

 
Theorem 2.1: For any fixed 
j (0 1)j N   , and for each control 

n nu W , the discrete state equations (3a,b) 
for sufficiently small t , has a unique 
solution  0 1( , ,..., )n

n n n n n
Nu

y y y y y  . 
Proof:  For fixed any j (0 1)j N   , let 
 , 1,2,..., ( )iv i M n  be a finite basis of 

nV (where ( )iv x ,for 1, 2,...,i n  are 
continuous piecewise affine mapping in 
 ,with ( ) 0iv x   on the boundary  ), then 
equations (3a,3b) for any 1,2,...,i M and 

1,n n
j j ny y V  , can be written in the form 

 1 , ( , )n n n
j j i j iy y v ta y v     

 1( , (1 ) , ),n n n n
j j j j it f t y y u v              

(4) 
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   0
0 1 1
, ,n

i iy v y v , i nv V , with 
0 2 ( )  y V L .                                           

(5) 
where  & n

i j nv y V , 1, 2,...,i M  
Now, form the basis of nV , using the 
Galerkin method [6], we write 

0
0

1


M

n
k k

k
y c v , 

1


M

n j
j k k

k
y c v , and 

1
1

1







M

n j
j k k

k

y c v , 

 where 0 1, &j j
k k kc c c  , 1,2,...,k M  , are 

unknown constants. 
By substituting 1& 

n n
j jy y  as defined above 

in  (4), and 0
ny  in (5) we get system (4-5) is 

equivalent to the following algebraic system  
1( ) ( (1 ) )j jA tD C A tD C b           (6)     

0 0AC b                                                         
(7) 
where 

( ) , ( , ) ik M M ik k iA a a v v ,

 ( ) , , ik M M ik k iD d d a v v ,

1 1 2( , ,..., )T
M MV v v v 


, 

1 1 2( , ,..., ) ,j j j j T
M MC c c c j   , 

1
1( ) , ( ( (1 ) , ), )T j T j n

i M i j ib b b t f V C V C u v 
   

 
, 

and 0 0
1( )i Mb b  , 0 0

1( , )i ib y v . 
 
To solve system (6-7), we use the following 
predictor and corrector method [7]: 
Predictor method: we set 0 , in the 
R.H.S. (Right Hand Side) of  (4), system (6-
7) becomes a linear system. Since 0t  , 
and from the assumptions  on (.,.)a  the 
matrices A , and D  are positive definite, 
then  A tD   is also positive definite, 
hence it is regular, and then the above 
system has a unique solution. Solving this 
system w.r.t. 1j , for fixed j , we get 

1jC , i.e. we get the predictor solution 

1
1

1







M

n j
j k k

k
y c v  of system (6-7). We use the 

above procedure for each j , and we get the 
predictor solution 1

n
jy , 0,1,..., 1j N  . 

Finally we set 1 1 j jC C , and 1 1 n n
j jy y , 

0,1,..., 1  j N . 
 
Corrector method (first iteration): we set 

0 , and for fixed any 
j ( 0,1,..., 1 j N ), we substitute the 

predictor solution 1 1 n n
j jy y  in the R.H.S. 

of (4), hence 1, 2,..., i M  system (4-5) 
becomes 

 1
1( , ) (1 ) ,

n n
j j n n

i j j i

y y
v a y y v

t
 




   


  

1( ( (1 ) , ), )n n n
j j j if y y u v                        

(8) 
& 
   0

0 1 1
, ,n

i iy v y v , i nv V , with 0y V        (9) 

 
Then system (8-9) is equivalent again with 
the linear system (6-7), with 1 1 j jC C  in 
the components of b  in the R.H.S. of (6), 
and by the above way, this system has a 
unique solution.  Solving this system w.r.t. 

1j , for fixed j , we get 1jC , i.e. we get 
the solution (corrector solution) 

1
1

1







M

n j
j k k

k

y c v  of the equations (6,7). We 

Repeat this procedure by substitute the 
corrector solution 1 1 j jC C in the 
components of b  in the linear system (6), 
and we solve again system (6-7) w.r.t. 1j , 
for fixed j , to get a new corrector solution 

1jC ,and hence we get a sequence of 
corrector solutions 1( )jC    which can be 
proved is converge in R  by using a certain 
theorem in [8]. 
 
Lemma 2.1:- The operator n

n n n
u

u y y  
is continuous. 
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Proof: Let 0 1 1( , ,..., ,..., )n n n n n

j Nu u u u u  , 

0 1 1( , ,..., ,..., )nk nk nk nk nk
j Nu u u u u  , 

0 1 1( , ,..., ,..., )n n n n n
j Ny y y y y  ,  and 

0 1 1( , ,..., ,..., )nk nk nk nk nk
j Ny y y y y  . 

Assume that  nk n
j ju u  as k  , j ; we 

will prove this by induction, i.e. 
First from the initial condition (9), and the 
projection theory that 0 0

nk ny y as  
k  , i.e. the relation is true for 0j  . 
Second: assume for any fixed j , that 

nk n
j jy y  as k  , and we shall prove 

that 1 1
nk n
j jy y  , as k  . 

Let  1 1( , , )nk nk nk nk
j j j jy g y u y  , and 

1 1( , , )n n n n
j j j jy g y u y  , then  

1 1 0

nk n
j jy y    

         

1 1 0
( , , ) ( , , )nk nk nk nk nk n

j j j j j jg y u y g y u y   

        

1 1 0
( , , ) ( , , )nk nk n n n n

j j j j j jg y u y g y u y   , 

since  nk n
j ju u , and nk n

j jy y , as k   
then 

1 1 0
( , , ) ( , , )nk nk n n n n

j j j j j j kg y u y g y u y     

with 0k   as k   
 
Hence the above inequality becomes  

1 1 1 10 0

nk n nk n
j j j j ky y y y        , 

 with 0k  as k  , and 1   

 1 1 0
0

1
nk n k
j jy y 

   


 as k   

 1 1
nk n
j jy y   as k  . 

   nk n
j jy y , j , i.e. the operator 

n
n n n

u
u y y  is continuous. 
 
Lemma 2.2:  (Stability)  with the 
assumptions on the operator (.,.)a , on the 

function f , and for 1/ 2  , if 
Q

u c , 

then 

0
( ), 0,1,...,n

jy b c j N    

(
1 2

0
0

( )
N

n
j

j
t y b c





  ) 

1 2

1 0
0

( )
N

n n
j j

j
y y b c






  , 
1 2

1
0

( )
N

n
j

j
t y b c





  ,  

And 
2

1
0

( )
N

n
j

j
t y b c



  ( 2 /t h c  ,if 1/ 2  ).     

 
Proof: From (3b) we have  

0 0
0 1 1

ny y y v   , where 0
n

ny V  is the 

projection of 0y V , nv V  , nV V . Let 

 nV  be a sequence of a subspaces of V , so 

by Galerkin method[6], and for 0y V  there 
exists a sequence  nv , ,n nv V n  , such 
that 

0

1
0,n n nv y v V V     . 

Since 0
ny  is a sequence in nV  (i.e. 

0 , 12,...n
ny V n   ), hence  

0 0
0 1 1

0n
ny y y v   

0
0 0 1

Sn n
Vy y y c    0 0

ny c   

 
For each n , with nV V , 

, 0,1..., 1nv V j N     consider the state 
equations (3a&b), i.e. 

 1
1 ( , ) ,n n n

j j jy y v a y v
t   


 

( ( , , ), )n n n
j j jf t y u v  ,                              

(10a) 
0

0 1 1( , ) ( , )ny v y v ,                                     
(10b) 
 
By substituting 12 n

jv ty    in (10a), 
rewriting the terms in the L.H.S. (Left Hand 
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Side) of the obtained equation we get     
2 2 2

1 10 0 0

n n n n
j j j jy y y y  

      
   

 12 ,n n
j jta y y  12 ( ( , ), )n n n

j j jt f y u y                                               
                                                                      
(11) 
 In the following  steps we will use 

1c , 2c , 1c  and 2c   denoting for various 
nonnegative constants.  
 
Now, from the assumptions on  f , we can 
write the term in R.H.S. of (11) by  
 2

12 ( ( , ), )n n n
j j j jt f y u y t dx   

     
2

1
n
jt y dx 

   
2 2

1 1 1
n n

j jt c y dx c y dx  
          

                                                    
2 2

1 1 1
n n
j jt c y dx c u dx  

          

                                                
2 2 2

1 2 1 2 10 0 0

n n n
j j jt c c y c y c u 

        
                 

                                                                
(11a) 
 
Since  

2 2 2

1 10 0 0
2 2n n n n

j j j jy y y y       and  
2 2 2

10 0 0
2 (1 )n n n n

j j j jy y y y      . 

 
Substituting these inequalities in (11a), we 
get that 

12 ( ( , ), )n n n
j j jt f y u y    

2

1 2 1 0

n n
j jt c c y y 

     
 

 
2 2

2 10 0

n n
j jt c y c u       

                     

(11b) 
 
On the other hand, since  

   2
1 1 12 , 2 ,n n n n

j j j ja y y a y y                 

                               12(1 ) ,n n
j ja y y    

and  
   12 (1 ) , ,n n n n

j j j ja y y a y y       

   2 2
1 1, (1 ) ,n n n n

j j j ja y y a y y          
 
From these equalities we get that   

   2
1 1 12 , ,n n n n

j j j ja y y a y y                       

   2, (1 ) ,n n n n
j j j ja y y a y y                 

(11c) 
 
Now, by substituting (11b) and (11c), in 
(11), taking the summation for the obtaining 
equation from 0j   to 1j l  , drooping 
the common terms, using the assumptions 
on  (.,.)a , we get  

12 2 2

0 10 0 0
0

l
n n n n
l j j

j
y y y y  






     

1 2

2 1
0

l
n

j
j

t y 




   

   
1

2 2
1 1

0
, (1 ) ,

l
n n n n
j j j j

j
t a y y a y y 



 


      

1 2

1 2 1 0
0

l
n n
j j

j
t c c y y






        

                                                                                  
1 2 2

2 10 0
0

l
n n
j j

j
t c y c u





                             

(12) 
Since  2 2 2(1 )     , then  

     2 2 2
0 0

0

(1 ) , ,
l

n n n n
j j

j
a y y a y y  



   

   
1

2 2
1 1

0

, (1 ) ,


 


   
l

n n n n
j j j j

j
a y y a y y   

 
Now, by substituting this inequality in (12), 
with 1 1 1 1 0c c l t c N t c T        , 
adding the common terms, we get that 

12 2

2 10 0
0

(1 )
l

n n n
l j j

j

y c t y y 





      

1 2

2 1
0

l
n

j
j

t y 




   
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   2 2

0

(1 ) ,
l

n n
j j

j
t a y y 



     

 
1 22

0 0 1 2 0
0

,
l

n n n
j

j

ta y y c tc y 




       

                             
12 2

0 10 0
0

l
n n

j
j

y c t u 




    

(13) 
Since

Q
u c   

1 12 2

1 1 10 0
0 0

l l
n n n
j j Q

j j

c t u c t u c u  
 

 

        

                                                     
1 5c c c  , 

and since 0 1

ny c , & 0 0

ny c  , then from 

the assumption on (.,.)a , we have   

 2 2
0 0 0 0( , ) ,n n n nta y y t a y y     

                        
22 2

1 0 1 51

nt y t c c          

and     
2

0 50

ny c c     

by choosing t  small such that 2 1c t  , we 
get that 2(1 ) 0c t   . 
 
Now, by substituting these results in (13), 
we get that 

  
12 2

2 10 0
0

(1 )
l

n n n
l j j

j

y c t y y 





      

1 2

2 1
0

l
n

j
j

t y 




   

   2 2

0

(1 ) ,
l

n n
j j

j

t a y y 


     

                 
1 2

1 2 0
0

l
n
j

j
c c t y





                      

(14) 
where 2 2 0c c   , and 

1 1 5 5 5 0c c c c c        
 
Now, for 1/ 2  , since the 2nd, 3rd and the 
4th terms in L.H.S. of  (14) are nonnegative, 
hence, we can write it in the following form 

12 2

1 20 0
0

l
n n
l j

j
y c c t y





    , 

 where 1 2
1 2,&c cc c

 


   

and by using the discrete Bellman-
Gronwall’s inequality[ 2 ], we get that 

2 2
10

( )n
ly b c , for every l  

so it is true for each , 0,1,..., 1,j j N N  , 
i.e. 

10
( ), 0,1,..., 1,n

jy b c j N N     
1 2

0
0

( )
N

n
j

j

t y b c




                                        

(14a)   
 
Using this result in R.H.S. of (14) with the 
properties that the 1st, 3rd, and the 4th terms 
in L.H.S. of (14) are nonnegative, it 
becomes (for l N ) 

1 2

1 0
0

( )
N

n n
j j

j

y y b c





  , 

 where 1 2 3( ) ( ( )) / (1 )b c c c b c c t    . 
Also, since the 1st, 2nd, and 4th terms in (14) 
are nonnegative, and from (14a), (14) gives 
(for l N ) 

1 2

1
0

( )
N

n
j

j
t y b c





  , 

where 1 2 2( ) ( ( )) /b c c c b c    
now, by inverse inequality 2 /t h c  , and 
when 1/ 2  , we have 

1 2

1 1
0

( )
N

n n
j j

j

t y y b c





                                                                                                                                                    

Finally, the 1st, 2nd, and 3rd terms in (14) are 
nonnegative, and by using (14a), it becomes 
(for l N ) 

   2 2
1 2

0

(1 ) , ( )
N

n n
j j

j

t a y y c c b c 


      

Now, we have the following two cases for 
the parameter  : - 
 
(i) If 1/ 2  , from the assumption on 

(.,.)a and the above equation we get  
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 2 2 2
1 2 21

0

( ( )) / (1 )
N

n
j

j

t y c c b c   


                          

2 ( )b c . 
(ii) If 1/ 2  , we use here and for each 

0,1,..., 1j N  , the following inequality 

11 1 1
(1/ 3)n n n n

j j j jy y y y        
2 2 2

11 1 1
(4 / 3) (4 / 9)n n n n

j j j jy y y y                
1 2

1
0

16 ( ) ( )
9

N
n
j

j

t y b c b c




    

And for j N , from the inverse inequality 
we have  

22 2 2
121 1

( )n n
N N

h ct y y b c
c h

   

2 2
11

0

( ) ( ) ( )
N

n
j

j

t y b c b c b c


     

From (i), and (ii), we get for each 1/ 2  , 
that  

2

1
0

( )
N

n
j

j

t y b c


  , 2( ) max( ( ), ( ))b c b c b c                                                      

 
Lemma 2.3:- If the function f is 
Lipschitizian w.r.t. ny and nu , if n

jy   and 
n n

j jy y   are the discrete states solutions 

correspond to the discrete controls n
ju  and 

n n
j ju u , for each 0,1,..., 1j N  , where 

the controls u  and u u  are bounded on 
2 ( )L Q , then 0,1,...,j N  the following 

norms are satisfy: 
2 ( )

,n
j QL

y M u


  
1 2 22

1
0

N
n

j Q
j

t y M u





    ,and 

2 22

1
0

N
n
j Q

j

t y M u


     

Proof:  The proof is similar to the prove of 
Lemma 2.2. 
 
3. Existence of a Discrete Optimal 
Control:- In order to study the existence of 

a discrete classical optimal control, we 
suppose in addition to the above 
assumptions, that the function 

( , , , )n n n n
j j jg x t y u  , for each ( 0,1, 2 ) is 

defined on n n n
j iI S W   ,(   

1,..., ,& 0,1,...,i M j N    ), continuous 
w.r.t. &n n

j jy u  for fixed x and j , 

measurable w.r.t. x for fixed  &n n
j jy u , 

and satisfies 
 2

2 , 2 ,( , , , ) ( ) ( )n n n n n
j j j j j jg x t u y x c y       

                                   2
2 , ( )n

j jc u   

where 1
2 , 2 ,( ) ( , ) ( )n

j j jx x t L Q     
x  , 2 , 0jc  , 2 , 0jc   0,1...,j N . 

 
Lemma 3. 1: The functional ( )n nG u , 
( 0,1, 2 ) is continuous w.r.t. nu  on 

2 ( )L Q . 
 
Proof:  For each  ( 0,1, 2 ),   we have 

1

0

( ) ( , , )
N

n n n n n n
l j j j

j
G u t g t y u dx 






      

From the assumptions on ng  , Lemma 2.1 
and Proposition 1.2 in [9], the functional  

( , , )n n n n
j j jg t y u dx    is continuous w.r.t. 

&n n
j jy u , , andj x   .  

Then ( )n nG u  is continuous w.r.t. nu  on 
2 ( )L Q . 

 
Theorem 3.1: With the assumptions on f , 

ng  ( 0,1,2) , if nW is closed, n
AW  ,  

and 0 ( )n nG u is coercive if nW is unbounded. 
Then there exists an optimal control for the 
discrete problem. 
 
Proof: From Lemma 3.1, we get that 

( )n n
lG u  is continuous w.r.t. nu , x  , 

0,1,2l  . Since n
AW   , then there exists 
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n nu W , such that 1 1( )n n nG u  , & 

2 2( )n n nG u  . To prove n
AW  is closed, let 

nk n
Au W  (for each k ), such that nk nu u  

as k  , then for each k , nk nu W , but 
nW  is closed, therefore n nu W , but from 

Lemma 2.1 the operator n
n n

u
u y y  is 

continuous, and hence  

1 1 1 1( ) lim ( ) limn n n nk nk n

k k
G u G u  

 
    

 2 2 2 2( ) lim ( ) limn n n nk nk n

k k
G u G u  

 
    

 1 1( )n n nG u   and  2 2( )n nG u   
n n

Au W   
 
i.e.   n

AW  is closed. Now, we have the 
following two cases: - 
Case1: If nW  is bounded, then n

AW  is 
bounded, and then is compact. Since 

0 ( )n nG u  is continuous w.r.t. nu , for each 
n n

Au W ,  then there exists n n
Au W , such 

that 
0 0( ) min ( )

n n
A

n n n n

u W
G u G u


 . 

Case2: If 0 ( )n nG u  is coercive, since n
AW  is 

closed (from Case1), and 0 ( )n nG u  is 
continuous w.r.t. nu , for each n n

Au W   then 
there exists n n

Au W , such that 

0 0( ) min ( )
n n

A

n n n n

u W
G u G u


 .                          

 
4. The necessary conditions for discrete 
optimality:  In order to state the necessary 
conditions for discrete classical optimal 
control, we suppose in addition that the 
functions f , uf , yf , ng  , n

yg   , n
ug   are 

defined on n n n
i jS I R W   , (where U   is 

an open set containing the compact set U ), 
measurable w.r.t. x , and continuous w.r.t. 

n
jy & n

ju , and satisfy(for each 

0,1,...,j N with
( , , , )n n n n n n

j j j i jx t y u S I R W      ) 

( , , , )n n n
y j j jf x t y u L   , and 

( , , , )n n n
u j j jf x t y u L   ,  

1 1( , , , ) ( , )n n n n n n n
y j j j j jg x t y u x t y         

                                                1
n
ju  ,    

2 2( , , , ) ( , )n n n n n n n
u j j j j jg x t y u x t y         

                                         2
n
ju  ,  

where 2
1 ( )n L   , 2

2 ( )n L   , 1 0  , 

2 0  , 1 0   &  1 0  , ( 0,1,2 ) 
 
Lemma 4.1: With the all above assumptions 
(drooping the index  ) , the Hamiltonian is 
denoted by:- 
 1 ,( , , , )n n n n n

j j j jH t y z u     
1

(1 )
0

( ( , , ) ( , , ))
N

n n n n n n n n
j j j j j j j

j

t z f t y u g t y u    






   

where 0 1( , ,..., )n
n n n n

Nu
z z z z z  , is the 

solution of the discrete adjoint equation 
 1 1 ,( , ) ,n n n

j j jz z v ta v z        

1 ,( ( , ) ( , ), )n n n n n n
j y j j y j jt z f y u g y u v     

 nv V  , 1, 2,...,0j N N    ,             
(15a) 
 0Nz                                                          
(15b) 
Then the Fréchet derivative of nG  w.r.t. 

nu , is given by: 
( )n n nG u u    

1

1 ,
0

( ( , , , ), )
N

n n n n n n
u j j j j j

j
t H t y z u u  






   

 
Proof:  From the above assumptions and for 
a fixed control u W  the adjoint-state 
equations (15a-15b), has a unique solution 

uz z  (this can be proved by using the same 
way which used in Theorem 2.1). 
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By using equation (12a), with 1 ,
n

jv z  , and 
then using the Frechét derivative of the 
function f in R.H.S. of the obtained 
equation (which it exists from the 
assumptions on f [10]), then multiplying 
both sides by t , summing over j (from 

0j   to 1j N  ), using the results of 
Lemma 3.2,  we get  
            

 1
1 , 1 ,( , ) ,

n n
j j n n n

j j j

y y
z a y z

t   


 

  
  


 

 1 ,( , ) ( , ) ,n n n n n n n
y j j j u j j j jf y u y f y u u z       

                                                                        
1( )

Q
u u                                              

(16a) 
where 1( ) 0u   , as 0u  , with  

0 ( ) 0y x                                                    
(16b) 
 
Substituting n

jv y   in (15a), and taking 
the summation for the obtained equation and 
for (16a), from 0j   to 1j N  , then 
subtracting the obtained equation of (15a) 
from the obtained equation of (16a), we get 
that  

1

0

( , )
N

n n n n
y j j j

j

t g y u y dx 






    

1

1 ,
0

( , )
N

n n n n
u j j j j

j

t f y u y z dx  






                                                                     

1( )
Q

u u                                               
(17) 
where 1 1( ) ( ) 0u T u     , as 0u   
 
On the other hand, we have that (from the 
assumption on g) 

( ) ( )n n n n nG u u G u     

 
1

0

N
n n n n
y j u j

j

t g y g u dx






     

2 ( )
Q

u u                                              
(18)   

where   2 ( ) 0u   , as 0u  . 
 
From (17) and (18), we get that 

( ) ( )n n n n nG u u G u     
1

1 ,
0

( , )
N

n n n n
u j j j j

j
t f y u z u dx 






 
1

0

( , ) ( )
N

n n n n
u j j j Q

j

t g y u u dx u u 





                                                        

                                                                      
(19) 
where 1 2( ) ( ) ( )u u u        &  

( ) 0u   , as 0u    
 
but 

( ) ( )n n n n nG u u G u     

( ) ( )n n n
Q

G u u u u       
 
Then 

( )n n nG u u    
1

1 ,
0

( ( , , , ), )
N

n n n n n n
u j j j j j

j

t H t y z u u  






         (20) 

Lemma 4.2: The operator n
n

u
u z is 

continuous. 
Proof:  The proof is similar to Lemma 2.1. 

Lemma 4.3: The operator ( )n n nu G u , is 
continuous w.r.t. nu , for each 0,1, 2 . 
Proof:-  The proof is similar to Lemma 3.1. 
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Theorem 4.1:  Necessary Conditions for 
Optimality : - In addition to the all above 
assumptions, if nW  is convex, and n n

Au W  
is optimal. Then there exist multipliers 

n  R , 0,1, 2 , with 0 0n   2 0n   and 
2

0

1n


 


 ,such that the following K.T.L 

(Kuhan, Tanger and Lagrange) conditions 
are satisfied: - 

1

1 ,
0

( ( , , , ), ) 0
N

n n n n n n n
u j j j j j j

j

t H t y z u w u  






   , 

n n
jw W                                                     

(21a) 
&   

2 2 2( ) 0n n n nG u     .                               
(21b) 
If nW  has the form 

 , 0,1,..., 1n n
jW w w U j N    , with 

U  R . Then the inequality (21) is 
equivalent to the following minimum 
principle in blockwise form 

1 ,( ( , , , ), )
i

n n n n n n
u j j j ij ij TH t y z u u     

1 ,min( ( , , , ), )
i

n n n n n n
u j j j ij Tw U

H t y z u w  
 

                                                                 
0,1,..., 1j N   , 1, 2,,...,i M               

(22) 
 
 
Proof: From Lemma 3.1, the functional 

( )n nG u (for each 0,1, 2 ), is continuous 
for each n nu W . From Lemma 4.3 the 
functional ( )n nG u  has a continuous Fréchet 
derivative at each n nu W , for each n  and 
since 2 ( )nW L  , and 2 ( )L  is open, then 
by [10] (for each 01, 2 ) we have  

( , ) ( )( )n n n n n n nDG u w u G u w u    . 
Then the conditions of the K.T.L. theorm in 
[10] are satisfy here, then by applied this 
theorem there exist multipliers n  R , 

0,1, 2 , with 0 0n  , 2 0n  , & 
2

0

1n


 


, such that n nw W   

0 0 1 1( ( ) ( )n n n n n nG u G u     

2 2 ( ), ) 0n n n n nG u w u                              
(23a) 
and  

2 2 2( ) 0n n n nG u                                     
(23b) 
 
Now by using Lemma 4.1, setting 

n n nu w u   , and substituting the Fréchet 
derivative of ( )n nG u , for 0,1, 2  in 
(23a), we get that 

1 ,

1 2

0 0

( , )
j

N
n n n n n

u j j j
j l

t f y u z u dx






 

     

1 2

0 0

( , ) 0
u

N
n n n n n

j j j
j l

t g y u u dx



 

        

1

1 ,
0

( , )
N

n n n n
j u j j j

j

t z f y u u dx 






  
1

0
( , ) 0

N
n n n

u j j j
j

t g y u u dx






   , n n
jw W    

where 
2

0

( , ) ( , )
u

n n n n n n n
u j j j jg y u g y u 



  


, and 

1 ,

2

1 ,
0

j

n n n
jz z

 




  


  

1

1 ,
0

( ( , , , ), ) 0
N

n n n n n n n
u j j j j j j

j

t H t y z u w u  






   , 

n n
jw W   

 
First, we prove that (21a) is equivalent with 
the minimum principle in blockswise form 
(22). Let 

 : , 0,1,..., 1n n n
U j jW W w w U j N     , 

and let , 0,1,..., 1n n
j jw u j N    , except 

one, say n n
k kw u , hence (21a) becomes 

1 ,( ( , , ), ) 0n n n n n n
u k k k k kH y z u w u               

1 ,( ( , , ), )n n n n n
u k k k kH y z u u    
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1 ,min( ( , , ), )
n

n n n n n
u k k k

w W
H y z u w 


 

 
The above procedure is true for any  k , 
hence it is true for any  , 0,1,..., 1j j N  , 
and hence, we get  

1 ,( ( , , ), )n n n n n
u j j j jH y z u u    

1 ,min( ( , , ), )
n

n n n n n
u j j j

w W
H y z u w 


,   

i.e.  
1 ,( ( , , ), )

i

n n n n n
u j j ij ij TH y z u u    

1 ,min( ( , , ), )
n i

n n n n n
u j j ij T

w W
H y z u w 


. 

 
The converse is clear .  
 
Theorem 4.2: (Sufficient Conditions For 
Optimality): In addition to the all above 
assumptions, we assume that nW is convex 
(e.g. n n

UW W , with U is convex), 1&f g  
are affine w.r.t. ( , )y u , for each ( , )n

jx t , and 
0,1,..., 1j N   , and 0 2&g g  are convex 

w.r.t. ( , )y u , for each ( , )n
jx t , and 

0,1,..., 1j N   . Then the necessary 
conditions of Theorem 4.1, with 0 0  , are 
also sufficient. 
 
Proof: From the proof of Theorem 4.1 we 
get  
            

( , ) ( )( )n n n n n n nDG u w u G u w u    , 
for each 01, 2 , and  n nu W  
Assume that n n

Au W , and as in Theorem 
4.1, we get that the conditions of the K.T.L. 
theorem (see [10]) are satisfy here, then by 
applied this theorem again, i.e. there exist 
multipliers n  R , 0,1, 2 , with 0 0n  , 

2 0n  , &  
2

0

1n


 


, such that (21a &b) 

are satisfy .   

Now, let 
2

0

( ) ( )n n n n nG u G u


  



, with 

0 0( ) ( )n n n nG u G u


, 1 1 1( ) ( )n n n n nG u G u  


, 

2 2 2( ) ( )n n n n nG u G u  


.  
 
Then  

2

0

( ) ( )n n n n n n nG u u G u u


     



 

1

1 ,
0

( ) ( ( , ), )
N

n n n n n n n
j u j j j

j
G u u t z f y u u 






        

                        
1

0

( ( , ), )
N

n n n n
u j j j

j

t g y u u





   

where 
2

0

( , ) ( , )
u

n n n n n n n
u j j j jg y u g y u 



  


, and 

1 ,

2

1 ,
0

j

n n n
jz z

 




  


  

( )n n nG u u    
1

1 ,
0

( ( , , , ), ) 0
N

n n n n n
u j j j j

j

t H t y z u u 






       

( ) 0n n nG u u   .                                        
(24)                                                    
From the assumptions on f  and Lemma 2.1 
we have the operator n

n n n
u

u y y  is 
convex-linear, from the hypotheses on 

1 ( , , , )n n n
j j jg t x y u  , we have that 

1 ( , , , )n n n n
j j jg t x y u   is convex-linear w.r.t. 

( , )n n
j jy u , for each ( , )n

jx t , 0,1,..., 1j N  , 
also from the hypotheses we have that 

0 ( , , , )n n n n
j j jg t x y u   and 2 ( , , , )n n n n

j j jg t x y u   

are convex w.r.t. ( , )n n
j jy u , for each ( , )n

jx t , 
0,1,..., 1j N  , therefore  

2

0

( ) ( )n n n n nG u G u


  



,  

is convex w.r.t. ( , )n n
j jy u , for each ( , )n

jx t , 

0,1,..., 1j N  , in the convex set nW , and 
satisfy (24), at n nu W , hence the 



 
Journal of Kufa for Mathematics and Computer                                                                               

  
Vol.1, No.5, may, 2012, pp.60-73  

 

                                                                       
 

 
 

72 

functional ( )n nG u  has a minimum at the 
point nu  ( sufficient condition) , i.e. 

( ) ( ),n n n n n nG u G w w W       

0 0 1 1 2 2( ) ( ) ( )n n n n n n n n nG u G u G u   
 

 

0 0 1 1( ) ( )n n n n n nG w G w  


  

      2 2 ( )n n nG w


, n nw W                          
(25) 
Let nw  be an admissible control, since 

n n
Au W , and satisfies (23b) with 2 0n  , 

i.e. 

1 1 1( ) ( ) 0n n n n nG u G u   


     1 ( ) 0n nG u 


                                                     
and 

2 2 2( ) =0n n n nG u       2 2 ( ) 0n n nG u 


                                                        

On the hand, since n n
Aw W , then  

1 1 1( ) ( ) 0n n n n nG w G w   


   1 ( ) 0n nG w 


                              
and  
  n n

Aw W    2 2 ( ) 0n n nG w 


          
Substituting these results in  (25), we get 
that 

0 0( ) ( )n n n nG u G w , n nw W   
i.e.     nu  is an optimal control for the 
considered  problem.    
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مسألة السیطرة الامثلیة التقلیدیة من النمط المقسم لمعادلة تفاضلیة جزئیة شبه خطیة من النمط  المكافيء      

2 اسي    و جمیل أمیر علي الھوَّ 1 خریسوفیرغي  إیون                                       
                                                                                                                             

الجامعة التكنلوجیة الوطنیة في اثینا/كلیة العلوم للریاضیات التطبیقیة والفیزیاء الطبیعیة/ضیات قسم الریا  1  
2 الجامعة المستنصریة /ة العلومكلی/قسم الریاضیات    

                       
 

 المستخلص:-
لنظѧѧام مѧѧن المعѧѧادلات ) (discreteالتقلیدیѧѧة  مѧѧن الѧѧنمط المقسѧѧمیتنѧѧاول ھѧѧذا البحѧѧث دراسѧѧة مسѧѧألة السѧѧیطرة الامثلیѧѧة   

) discretized( قسمت" أولا. المساوات و اللامساوات يالتفاضلیة الجزئیة شبھ الخطیة من النوع المكافيء بوجود قید
مقسѧم وذلѧك بتجزئѧة مسألة السیطرة الامثلیة التقلیدیة  من النمط المستمر الى مسألة سیطرة امثلیة تقلیدیة  من النمط ال

طریقѧة العناصѧر الثابتѧھ بالنسѧبة للفضѧاء  تمجال تعریف المتغیرات المستقلة إلѧى منѧاطق صѧغیرة مسѧتقلة حیѧث اسѧتخدم
 discreteتѧم ایجѧاد  حلѧول معѧادلات تفاضѧلیة جزئیѧة مقسѧمة" ثانیѧا. وطریقة الفروقات المنتھیة بالنسبة لمتغیر الزمن 

solutions)  (المكافىء  لسیطرة تقلیدیة مقسمة  شبھ  خطیة من النوعdiscrete control)( وثابتة باستخدام طریقة
  .كالیركن لتقریب الحلول المضبوطة

.  المسѧاوات و اللامسѧاوات يتم اشѧتقاق نظریѧة الوجѧود للحصѧول علѧى سѧیطرة أمثلیѧة تقلیدیѧة مقسѧمة  تحѧت قیѧد" ثالثا 
التفاضѧѧلیة الجزئیѧѧة المصѧѧاحبة )   adjoint equations (ة تѧѧم ایجѧѧاد الصѧѧیغة المتقطعѧѧة للمعѧѧادلات المرافقѧѧ" رابعѧѧا

تم  اشتقاق الشروط الضروریة والكافیة " اخیرا. للمعادلات التفاضلیة الجزئیة المقسمة  شبھ الخطیة من النوع المكافيء
ثلیة لمسالة السیطرة الام   (Minimum principle blockwise form)وصیغة مبدأ الحزم الاصغري لمناطق ثابتھ 

  . التقلیدیة المقسمة


