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ABSTRACT

In this paper, the continuous classical optimal control for systems of a semilinear parabolic
partial differential equations is described with a equality and inequality state constraints. First,
the considered continuous classical optimal control problem is discretized into a discrete
classical optimal control problem by using the Galerkin finite element method in space and
the theta finite difference scheme (6-method)in time. The classical continuous controls are
approximated by picewise constants. Second the existence of a unique solution of the discrete
state equations for fixed discrete classical control is studied. Third, the existence theory for
optimality of the discrete classical problem is proved, and the discrete adjoint equations are
developed corresponding to the discrete state equations. Finally the necessary conditions and
a picewise minimum principle are derived for optimality of the discrete classical problem so
as the sufficient conditions.

Introduction: During the last decades, classical optimal control problem which is
many researchers ([1],[2],[3] and many studied in [5], then we discretize this
others), interested to study the discretization continuous  classical  optimal  control
for the continuous relaxed optimal control problem to a discrete classical optimal
problems for systems defined by ordinary control problem. First we discretize the
and partial differential equations. Since weak form of state equations in the
many applications in different fields of continuous problem by using the Galerkin
natural sciences lead to mathematical finite element methods in space and the
modules represent a classical optimal finite difference scheme (&-method) in
control governed by semilinear partial time, while the continuous controls are

differential equations as a heat equation [4]. approximated by piecewise constants with
Solving such problems numerically need to respect to an independent partition of the
discretize the continuous optimal control space-time domain. Then the existence of a
problems to a discrete classical optimal unique solution of the discrete state

control problems, so we interest in this equations for fixed discrete classical control
paper to study the discretization of the is proved. Also, we prove the existence
classical optimal control problem for theory of optimal control for the discrete
systems defined by semilinear parabolic classical problem, and we derive the discrete
partial differential equations with al equality adjoint-state equations corresponding to the
and inequality state constraints. discrete state equations. Finally the

In this paper in order to give a necessary conditions and a piecewise
complete idea about this work, we start to minimum principle for optimality of the
give a description for the continuous discrete classical optimal control problem
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are derived as well as the sufficient

conditions.

1.Description of The Continuous Classical
Optimal Control Problem(CCOCP):- In
this section we describe the continuous
classical optimal control problem of a
semilinear parabolic partial differential
equations which is studied by [5], we begin
with let Q cR? be an open and bounded
region with Lipschitz boundaryI’ =0Q, and
let 1=(0,T), 0<T <o, Q=QxI. We

denote the Euclidean norm in R"by |.|, the
norm in L*(Q) by |.|. . the inner product
and norm in L*(Q)by (,) and |.|,
respectively, the inner product and norm in
Sobolev space V = H;(Q) by (.,.), and |.];
respectively, the duality between V and V' (
its dual) by <.,.> , and finally we denote
by |. |, the norm in L*(Q).

The weak form of the semilinear parabolic
state equations is:-

<yuv>+a(ty,v)=(f(xtyu),v),

1)

y(.t) eV aeonl,y0)=y°,

2)

where y=y, isthe state, u is the classical
control, y0 e |2 Q) and

a(t,y,v) = ZI a”(xt)ay N g

i,j=1 |

The control constraints (The controls set)
are

ueW, W c L*(Q)

where W is defined by one of the following
forms: -

W =W, ={we L*(Q)| w(x,t)eU,
Q}, withU cR
the cost functional is

a.e. in
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G, (u) = jQ g, (X,t, y, u)dxdt,

the constraints on the state and the control
variables are

G (u)= J.Q g,(x,t, y,u)dxdt =
G,(u)= IQ g,(x,t,y,u)dxdt <0,

The set of admissible controls is
W, ={ueW| G,(u)=0, G,(u) <0}

We suppose that a(t,v,w) is symmetric and

for some «,,a, , for each v,weV, and

tel, weobtain |a(t,v,w)|<a,|v], |w],, and
2

a(t,v,v) > a, ||v||1 .

We suppose also that f is of Caratheodory

type on Qx(RxR) ( e.g. continuous), it

satisfies the following sublinearity condition
w.rt. y& u, and Lipschitz w.r.t. y

[ (.t y,u)[<n(xt)+c|y|+cul,
[F Oty u) = TGt Y, W) < Ly, — vl
where  (x,t)eQ, Vy,y, ¥,,ueR
nel’@Q,R).

and

The Continuous Classical Optimal Control
Problem (CCOCP) is to minimize the cost
functional subject to the above constraints,
i.e., to find u such that

ueW, and Go(u)zM\LnGO(W),

2. Descritization , Description and
Solution of the Discrete Classical Optimal
Control Problem :- Suppose for simplicity
the operator a(t,.,.) is independent of t , the

domain Q is a polyhedron . For every
integer n, let {S"}." be an admissible

regular triangulation of Q into closed d-

simplices [6] , {I; }J ™ be a subdivision
of the interval | into N (n) intervals,
where 17 :=[t/,t],,] of equal lengths
At =T /N .
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Set Q; =S/ xI. LetV cV =H (Q) be
the space of continuous piecewise affine
mapping in Q. Let W" be the set of

discrete (blockwise constants) classical
controls  (piecewise constants classical
controls), i.e.

W " =fw =w" eW W (x,t)=w, inQ;}
The discrete state equation (for 0 <[0,1]),

for eachv eV, , is written in the form:

L (y 1y )aly )

At

=(f ;. Ys; ,uj”),v),yjn eV,

(3a)

Where ty, = (L-0)t] +0t7,,,

yp; =@-0)y!+0y’,  and j=0.1,..,N-1

And the initial condition associated with the
above discrete form(vv eV with y° eV ) is

(v6.v), =(¥"v),.
(3b)

The discrete constraint on the control is
w" eW". And the discrete constraints on the

state and the control are: (i) ‘Gl” (um
or (i) G'(u")=n ,and G, (u")<e;,
where &', &, , & n;' are given numbers, tend

to zero as n goes to infinity.
The discrete cost is G, (u"), where the

<g',

discrete functional G;"(u") is defined by

G,"(u"):At:jgg,(tgj,x,ygj,uj'.‘)dx, 1=0,1,2.
The set of a{c_imissible controls is given by
W ={u"ew " o; M) <4 61 UM <4
(for the optimal problem)
W ={u" eW "6 ") =n] G} ") <]
(for the extremal problem)
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The Discrete Cclassical Optimal Control
Problem (DCOCP) isto find u such that

u"ew, ,and Go”(u”)zurnnéiNnnGO”(w ").
Now, suppose the function fA is defined on
S xlj” xRxW " (i =1,2,...,M ) continuous
w.r.t. (with respect to) y{, and uj and
satisfies:-

F Ot yau)| < ) +c,
for0<j<N -1, x eQ, and
‘f (x,tj”,yj”+1,uj”)—f (x ,tj”,yj”,uj”)
<Llyl,-y]|, vO<j<N -1, xeQ
where, 77, (x) =n(x,t]) e L*(Q), and L
represents the Lipschtiz constant for any j .

+C/

n
Uj

n
Y oj

From here and up and for brevity we will
drop sometimes the arguments t; of the

dependents variabley{,z [ ,u]
other terms which  contained

independent variable, and the termsy J” Z

and any
this
n
j 1
ujn of the functions which contained their.

Theorem 2.1: For any fixed
j (0<j<N -1, and for each control

u" eW ", the discrete state equations (3a,b)
for sufficiently small At, has a unique

solution y " =y " =(Yq,Y; s Yn)-

Proof: For fixed any j (0<j <N -1), let
{vi,i=1,2,..,M(n)} be a finite basis of
V,(where v, (x),for i=12,..,n are
continuous piecewise affine mapping in
Q ,with v, (x) =0 on the boundary I'), then

equations (3a,3b) for any i =1,2,...,M and
yi.¥yi.€V,, can be written in the form
(y;‘+l—yj”,vi)+Ata(y9”j V)=

At(f (t);,0y ], +(1-0)y | uf)v;)

(4)
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(yg,vi)lz(yo,vi)l, Vi €V,
y eV cl?(Q).

(5)
where vi&yjn eV,,i=12.,M

Now, form the basis of V _, using the
Galerkin method [6], we write

M M
no_ 0 n_ i
Yo —ZCka ) Yi —ZCka ,
k=1 k=1

M
n o _ j+1
Yin —ch Vi s
k=1

where c,c) &cJ?, vk=12,.,M, are
unknown constants.
By substituting yj &y}, as defined above

and

in (4),and y, in (5) we get system (4-5) is
equivalent to the following algebraic system
(A+6AtD)C* = (A-(1-0)AtD)C' +b  (6)
AC°=Db°

()

where

A= (@ )y @k = (Vi Vi),

D = (di)y.m Gy = a(Vk'Vi) '

\7M><1 = (V]_IVQ!"-yVM )T y
Cl\jllxl = (Cljacgj a---,C,\jA )T ) VJ y
b= ()b AL F(VC + @-ONTC! ) )

and b® = (b°)0, B® = (¥°,V,),.

To solve system (6-7), we use the following
predictor and corrector method [7]:

Predictor method: we set =0, in the
R.H.S. (Right Hand Side) of (4), system (6-
7) becomes a linear system. Since 6At >0,
and from the assumptions on a(.,.) the
matrices A, and D are positive definite,
then A+6AtD is also positive definite,
hence it is regular, and then the above
system has a unique solution. Solving this
system w.r.t. j+1, for fixed j, we get

C'*, ie. we get the predictor solution

with R SN
Yin= ch Vi
k=1
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of system (6-7). We use the
above procedure for each j, and we get the
j=01..,N-1.
Finally we set C'"*=C'*, and y, =y,
vj=0,1..,N-1.

predictor solution y7,,,

Corrector method (first iteration): we set
00, and for fixed any
j(j=0,1..,N-1), we substitute the
predictor solution yi, =y7, in the R.H.S.
of (4), hence Vi=12,.,M system (4-5)
becomes

Yia—Yj ' '
(#'Vi)—'—a(gyjﬂ-'—(l_g)yj Vi )=
(f (97?+1+(1—9)YF’U?)’VJ
(8)

&

(y(;‘,vi)lz(yo,vi)l,vi eV, ,with y° eV )
Then system (8-9) is equivalent again with
the linear system (6-7), with CI"* =C/* in
the components of b in the R.H.S. of (6),

and by the above way, this system has a
unique solution. Solving this system w.r.t.

j+1, for fixed j, we get C'*, i.e. we get
the solution (corrector solution)

M .
y?+1 = kZ;CI: 1Vk
Repeat this procedure by substitute the
corrector solutionC'** = C1*in the

components of b in the linear system (6),
and we solve again system (6-7) w.r.t. j+1,

for fixed j, to get a new corrector solution
C*.and hence we get a sequence of

corrector solutions C'*“) which can be
proved is converge in R by using a certain
theorem in [8].

of the equations (6,7). We

Lemma 2.1:- The operator u" > y" =y,
Is continuous.
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Proof: Let u" =(un u, g,

LR RTINS

y" =(y0,y1, ,yj,---,yN_l), and
"=y ,y?k,---,yﬁk_l :

Assume that uj —uj as k -, Vj;we

will prove this by induction, i.e.
First from the initial condition (9), and the

projection theory that y* — y as
k — oo, i.e. the relation is true for j=0.
Second: assume for any fixed j, that

y* >y} as k > oo, and we shall prove

that yj+1—>yj+1,as k —o0.

Let yia=9(ufyl),  and
YT+1 = g(yT’U?' yj+1)’ then

Hy1+1_ j+1

Hg(yl M ’yj+l) g(yj M ’yj+1)H0
+Hg(y1 M ’yj+l) g(yJ,U y]+1)”
since uj J,andyj —Yy],ak >
then

TR T B TCTATHATAN] RS

with g, -0 ask — oo

Hence the above inequality becomes
nk n nk n
‘ - yj+1 0 - yj+1 0

with &, >0as k >, and a <1

+&

3Hy1+1 Yl as koo
-a

=yl oyliask >o.

= y* >y, Vj,Iie. the operator

u" > y" =y’ iscontinuous.

Lemma 2.2: (Stability) with the

assumptions on the operator a(.,.), on the
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function f , and for 6>1/2, if ”u”QgC,
then
=0,1...,N
n _yT <
And
Proof: From (3b) we have
¥ <[y* -], where y;ev, s the

projection of y° eV, VYveV , V. cV. Let
{V,} be a sequence of a subspaces of V, so
by Galerkin method[6], and for y° eV there
exists a sequence {v,}, v, €V,,Vn, such
that

yOH1 —0,vv, eV, cV.

Since 'y, is a sequence in V.  (i.e.
Y, €V,,Vn=12,...), hence

-y <[y
=Y <C
For each n, with V,cV,
vv eV,, j =0,1.,N -1 consider the state

equations (3a&b), i.e.

1 n n n
E(yj‘ﬂ_yj !V)+a(y9j ’V)
= (f (tgj ’ygj ’U?):V)’

(10a)

(Yo, V),
(10b)

:(yo’v)l,

By substituting v=20Aty], in (10a),
rewriting the terms in the L.H.S. (Left Hand
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Side) of the obtained equation we get

2 2
9[ ! — J” }r
0

yj+1 -
20Mta(y ), yHl) 200L(f (Y 5;,U7) Y ')

(11)
In the following  steps we will use
c,,C,,c;and ¢, denoting for various

nonnegative constants.

Now, from the assumptions on f
write the term in R.H.S. of (11) by

20At (f (ygj ul)y’ )<0AtIandx +

[ X}
[

, We can

j+l

QAtJ. dx +

j+1

+OAt | C

j+1

+6At

j+1

2 2
+c/fu’
1 j 0:|

C, +C,

(11a)

Slnce

y" L], and

“<2

y]+l y]

Substituting these inequalities in (11a), we
get that

20At(f (ygJ ;u?)vy?ﬂ) <

OAt [cl+c | j}

2 2
+OAt [c; Yl +eiju; 0}
(11b)

On the other hand, since
20a(yg] y]+1) 202 (yjn+1 y]n+1)
201-6)0a(y].y].)
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and
200-0)a(y] .0y} )=a(ya.vi)-
eza(yjn-%—l’ y?+1)_(1_0)2a(yln’yln)

From these equalities we that
Zga'(yg] y]+1) 02 (y?+1'y?+1)+
a(ys.ve)-@-07a(y].y])

(11c)

get

Now, by substituting (11b) and (11c), in
(11), taking the summation for the obtaining
equation from j=0 to j=I-1, drooping
the common terms, using the assumptions
on a(.,.), we get

0

a,

=
+Ati[92a(y,-”+1,y,~“+1)—(1—9)2a(y?,yj”)]
=0

1-1

SHAtZ[Cl+CZ " 2}
j=0

+9At2[

2
il
(12)
Since 6% —(1-60)><6*, then

3 (0 -0 )a(y;.v}) 0%l 1)<
[0%a(y}. v}.:)-@-00a(y].y]) |

Now, by substituting this inequality in (12),
with c,=6c,IAt <6c,N At =6cT >0,
adding the common terms, we get that

oy

| ]
= o

o

j=

W2
I lo

a,
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(0 --05) Faly).y)

|
j=0

1-1 2
—0°Ata(yg.yq)<c, +oatc;y ]| +
j=0
2 = 2
n ! n
H‘yo ALY uf |
j=0
(13)
Since|ull, <c =
1-1 2 1-1 2
CIOALY |uj| =ci0D Atfu]| <c/O|u’" .
j=0 j=0
<c0c =c,,
and since‘ Yol, ST & ||Yo ||, <T , then from
the assumption on a(,), we have

0°Aa(y;.yg)<0°Atfa(y;.y;)

Yo

2 ~ "
<0C =c;
0

2 2 2 —
<0 Atal‘ ) <O°AtaC =c,

and

0 Yo
by choosing At small such that c,At <1, we
get that (1-c,At) >0.

Now, by substituting these results in (13),
we get that

2 -1 2
0‘ ; +0(1—c2At)ZHy Tyl A
j=0
azAtlz_ll‘
j=0

(0~ a-0y)atYa(y}y))

yr +

2
+
1

n
Yo

1-1 2
<c, +c§AtZHyj” )
j=0
(14)
where c,=6c, >0, and

_ ' "
C,=C,+C.+C.+C. >0

Now, for @ >1/2, since the 2", 3rd and the
4™ terms in L.H.S. of (14) are nonnegative,
hence, we can write it in the following form
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2
0’

11
n 2 ’ n
Hy, <, +c2AtZHyj
-0

c C,
where ¢, =§1,&c; ==z

and by using the discrete Bellman-
Gronwall’s inequality[ 2 ], we get that

‘Y|n
so it is true for each j,j=0,1,..,N-1 N,
i.e.

(2) <b?Z(c), for every |

yj|, <b(c),i=01..,N-LN =
N-1 2
Aty |lyj], <b(c)
j=0
(14a)

Using this result in R.H.S. of (14) with the
properties that the 1%, 3", and the 4™ terms
in LHS. of (14) are nonnegative, it
becomes (for 1 =N)

N 2
. <b(c),

-1
2
where b(c) =(c,+c,b(c))/6(1—-c,At).
Also, since the 1%, 2™ and 4" terms in (14)
are nonnegative, and from (14a), (14) gives
(for I=N)

N-1 2
Atz | < b(c),
j=0
where b(c) =(c, +c,b(c))/a,

now, by inverse inequality At <h?/c, and
when 6 =1/2, we have

N-1 ) .
A'[Z yj+1_yj I Sb(C)
j=0

Finally, the 1%, 2" and 3" terms in (14) are
nonnegative, and by using (14a), it becomes
(forl =N)

(6? —(1—0)2)Atia(yj”,yj”)SCl+c;b(c)

Now, we have the following two cases for
the parameter 6: -

n n
y1‘+1_y1

n
Yoj

@i If 6>1/2, from the assumption on
a(.,.) and the above equation we get
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"< e )/ (02 -(1-0))e,

yi

N
ALY |
j=0

=b,().
(if) If 6=1/2, we use here and for each
j=0,1,...,N -1, the following inequality

Yil, [Yeil, + @/ 3)|Yia-Yi|, =
n 2 n 2 n n 2
il <@3|yal, +@r9|yi.-yi[, =
a2 16 ,
ALY |y | <5 ) =b'C)
j=0

And for j=N, from the inverse inequality
we have

Aty o
N ——
atY|yi[} <b'e)+be) =b ()

j=0

From (i), and (ii), we get for each 0 >1/2,
that

2 h?c
PO

S <bl) =

Y

1

yi

N 2 _ _
AtZ‘ yi|l, <b().b(c) =max(b,(c),b(c))
j=0
Lemma 2.3:- If the function f is

Lipschitizian w.rt. y"and u", if y; and
Yo, Ay, are the discrete states solutions
correspond to the discrete controls ujn and
uj +Auf, for each j=0,1,..,N -1, where
the controls u and u+Au are bounded on
L?(Q), then Vj=0,1,..,N the following
norms are satisfy:
n
Hij o <M |Au ||Q ,

N-1
AtZHAyg J.
=0

AtiHAy;‘
=0

Proof: The proof is similar to the prove of
Lemma 2.2.

" <M?|auf} and

2
<M? ||Au||fg

3. Existence of a Discrete Optimal
Control:- In order to study the existence of
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a discrete classical optimal control, we
suppose in addition to the above
assumptions, that the function

9, (X,ty;,yg;.uj), for each (£=0,1,2) is
defined on Qx| j” xS xW " (
vi=1..,M,&Vj=0,1..N ), continuous
W.I.t. ygj &uj” for fixed j,
measurable w.r.t. x for fixed ygj &uj”,
and satisfies

n

g/ (X,tg; .U, Yo;)

X and

<1y, (X)+Cy (Y g;)?
+¢,,; Ug;)°

where n,,; (x) =n,,; (x,t5;) € L'@Q)

VX €Q, ¢, ; 20, cgu >0j=01.,N.

Lemma 3. 1: The functional G;'(u"),
(¢=0,1,2) is continuous w.r.t. u" on

L’@).

Proof: Foreach ¢(¢/=0,1,2), we have
N -1

G,”(u”):AtZIng‘(t;‘j,
j=0

From the assumptions on g,;, Lemma 2.1
and Proposition 1.2 in [9], the functional
J'Qgﬂ” (ty,,Yg;,uj)dx s continuous w.r.t.

Y g5,U 1 )dX

Yp; &U7, Vj,and Vxe Q.
Then G/ (") is continuous w.r.t. u" on

L*Q).

Theorem 3.1: With the assumptions on f ,
g, (£=0,1,2), if W"is closed, W, = ¢,
and Gg(u")is coercive if W"is unbounded.

Then there exists an optimal control for the
discrete problem.

Proof: From Lemma 3.1, we get that
G/ (u") is continuous w.rt. u", VxeQ,

Vv1=0,12. SinceW,' =, then there exists
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u"eW", such that &
G;(u")<e,. To prove W, is closed, let
u™ eW, (for each k), such that u™ —u"

ask — oo, then for each k, u™ eW", but
W" is closed, therefore u" eW", but from
Lemma 2.1 the operator u"y" =y, is

continuous, and hence

Gy )| =limG) @™)|<lime* — &
k >0 k =0

Gu") =1limGJu™)<limgX
k >0 k =0

=[G W")|<

=u"ew,

<g,

&)

"and G, (u)<e;

ie. W, is closed. Now, we have the
following two cases: -

Casel: If W" is bounded, then W, is
bounded, and then is compact. Since
G; (u") is continuous w.r.t. u", for each
u"eWw,,
that

Gy (") = min Gg(u").

then there exists U" eW,', such

Case2: If G;'(u") is coercive, since W,' is
and G;(u")
continuous w.r.t. u", for each u" eW,' then

closed (from Casel), is

there exists " eW,, such that
G, (@")=min Gy (u").
u"ew,

4. The necessary conditions for discrete
optimality: In order to state the necessary
conditions for discrete classical optimal
control, we suppose in addition that the

functionsf ,f,, f , 9/, 9, .9, are

defined onS/ xlj”xR xW ", (where U’

an open set containing the compact set U ),
measurable w.r.t. X , and continuous w.r.t.
V| & u; and  satisfy(for  each

j?

is
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j =0,1,...,N with

(Xt Yo uf) €S xI ] xRxXW ")

‘f (X,t5;, Yo U <L, and
19j1y9j| J SL’,

9y (X5, Y g5, ui ) <1y (X 'tgj)"‘?/u

1

D)<, (x, t01)+}/2/‘y9]

g/u(x tGJ ’yGJ’

20U
where 7, € L*(Q), n;, €L*(Q), 7,20,
7,20 ,6,>20& 6,20,( ¢£=0,12)

Lemma 4.1: With the all above assumptions
(drooping the index /) , the Hamiltonian is
denoted by:-

Hn(t;j’ygj’ Loj:Uj)
AtZ(Z(l 9)jf (tajlyejlu )+g (tQJ’yBJ’u ))

Where "=2,=(2,2,.,2)), the
solution of the discrete adjoint equation

is

~(2],-z]v)+Ma(v,z], )=
ALz, (V;U7) + 9y (Y g5.U 7))
wweV" Vji=N-1LN-2,..,0,
(15a)

z, =0

(15b)

Then the Fréchet derivative of G" w.r.t.
u",is givenby:
G”'(u”)Aun =

AtZ(H (tejlyejl 191,u )AU )

Proof: From the above assumptions and for
a fixed control ueW the adjoint-state
equations (15a-15b), has a unique solution
z =z, (this can be proved by using the same

way which used in Theorem 2.1).
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n

By using equation (12a), with v=2, ;, and

then using the Frechét derivative of the
function f in R.H.S. of the obtained
equation (which it exists from the
assumptions on f [10]), then multiplying
both sides by At, summing over j (from
j =0 to j =N -1), using the results of
Lemma 3.2, we get

(Ay,-”+1—Ay,-”
At
(f, (g, uDAY g, +£, (g ul)Auf 2], )

’Zln—ﬁ,j)+a(Aygj 1Zln—9,j )=

+&,(Au)||Au ||Q

(16a)

where ¢ (Au) -0, as Au — 0, with
Ayo (X) =0

(16b)

Substituting v=Ayg, in (15a), and taking

the summation for the obtained equation and
for (16a), from j=0 to j=N-1, then
subtracting the obtained equation of (15a)
from the obtained equation of (16a), we get
that

N -1
Aty [ 9y (v uf)ay g dx =
j=0

N -1
ALY [ fuy g Uiy zs,  dx
j=0

+&,(Au)||Au ||Q

17)
where & (Au) =T & (Au) —>0,as Au—0

On the other hand, we have that (from the
assumption on g)

G"U"+Au")-G"u") =
N -1

AtZJ'Q(gy”Aygj +gu”Auj”)dx
=0

+&,(Au)|Au ||Q
(18)
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where ¢,(Au) —>0, as Au—0.

From (17) and (18), we get that
G"U"+Au")-G"u") =

N -1
Athqu (¥ 5;.Uf)z{ 5 Aujdx
j=0
+AL Nz_lj'ggu” (y5;.ul)Audx +&(Au)|Au ||Q
j=0

(19)
where e(Au) =g, (Au)+¢,(Au) &
g(Au) > 0,as Au—>0

but
G"UW"+Au")-G"u") =
G"u")Au" +&(au)|Aul,
Then

G"Uu"Au" =

N -1
ALY (H (g Y6, .214,U7 ) Auf)

j=0

(20)

Lemma 4.2: The operator u" Z, is

continuous.
Proof: The proof is similar to Lemma 2.1.

Lemma 4.3: The operatoru” G n’(u”), is

continuous w.r.t. u", foreach ¢=0,1,2.
Proof:- The proof is similar to Lemma 3.1.
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Theorem 4.1: Necessary Conditions for
Optimality : - In addition to the all above

assumptions, if W" is convex, and u" eW,
is optimal. Then there exist multipliers
A eR, £=012, with ;>0 A, >0 and

2

2

(=0
(Kuhan, Tanger and Lagrange) conditions
are satisfied: -

A'|=1 ,such that the following K.T.L

N -1
ALY (H (g Y 6,020, u])w ! —ul)=0,
j=0
vw; eW"
(21a)
&
236G (") -& |=0.
(21b)
If w" has the form
W' ={ww €U, j=0,1..,N-1},  with
UcR. Then the inequality (21) is
equivalent to the following minimum

principle in blockwise form
(Hun (t;j ’ygj ’Zln—(?,j ’ui?)lui?)T, =
min(H, (1,520 ),
vj=0,1..,N-1,i=12,,...M
(22)

Proof: From Lemma 3.1, the functional
G, (u")(for each ¢=0,1,2), is continuous
for each u"eW". From Lemma 4.3 the
functional G, (u") has a continuous Fréchet
derivative at each u" eW", for each n and
since W" < L*(Q), and L*(Q)is open, then
by [10] (for each ¢ =01,2) we have
DG,u"w"-u")=G!"u")w"-u").
Then the conditions of the K. T.L. theorm in

[10] are satisfy here, then by applied this
theorem there exist multipliers 4] eR,
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=012, with >0, A'20, &
2

Z/L,” =1, such that Yw " ewW "

=0

(%G U+ 4G u") +

G uMHw"—u")>0

(23a)

and

23 G-z |=0

(23b)

Now Dby wusing Lemma 4.1, setting

Au" =w"—u", and substituting the Fréchet
derivative of G](u"), for ¢=0,1,2 in
(23a), we get that

N -1 2
Atzj‘@ziﬂnf“(ygi’UF)ZZ,HJAUFdX n
i=0 =0 ‘
N -1 2
AtZJ.QZj’/(ng;u (ng’UT)AUTdX >0 =
j=0 " 1=0
N -1
MUY [ 20,6, (y 5 Ul AU dx +
=0

N -1
Atz.[ﬂgu(ygj,uj”)Auj”dx >0,Vw ] eW "
=0

2

where g7/ (yg;,uf) =2 2’9, (y,.uj), and

=0

2
n _ n,n
Zl—gvj _Ziﬂz/ﬁ—m =
/=0

N -1
ALY (HJ(t5;.Y 6502005005

j=0

‘v’W;1 ew"

y)wi-ui)>0,

]

First, we prove that (21a) is equivalent with
the minimum principle in blockswise form
(22). Let

W =W ={ww/eU,j=01.,N-1f,
and let wi =u{,vj=0,1,...,N -1, except
one, say w, # U, , hence (21a) becomes
(He (Yo Zigu U)W —ug) 20 =

(Hun (ygk 'Zln—e,k 'ul?)'ul?) =
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min(H (Y g1 215U )W ")
w"ew !

The above procedure is true for any k,
hence it is true forany j,j=0,1,..,N-1,
and hence, we get

(Hun (ygj 'Zln—e,j ,UF),UF) =

min(H (Y gj:2100,5,U5)W "),

i.e.

(Hun (ygj 'Zln—e,j ’ui?)'ui? )T, =

min(H"(y" ,z" - u")w"). .
w”éI\T( u (yej 1-0,j 'J) )TI
The converse is clear .

Theorem 4.2: (Sufficient Conditions For
Optimality): In addition to the all above

assumptions, we assume that W"is convex
(e.g. W"=W_, with Uis convex), f &g,
are affine w.r.t. (y,u), for each (x,tgj), and
vj=0,1..,N-1, and g,&g, are convex
wrt o (y,u), for each(xtg),
vj=0,1,..,N-=1. Then the necessary
conditions of Theorem 4.1, with 4, >0, are
also sufficient.

and

Proof: From the proof of Theorem 4.1 we
get

DG,u"w"-u")=G,"u")w" -u"),
foreach ¢=012,and u"ew"

Assume that u" eW,, and as in Theorem

4.1, we get that the conditions of the K.T.L.
theorem (see [10]) are satisfy here, then by
applied this theorem again, i.e. there exist

multipliers ;' eR, ¢=0,1,2, with 4] >0,

2
2320, & Y|A|=1, such that (21a &b)
=0

are satisfy .
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2 —_
Now, let G"(U")=>4'G/U"), with
=0

Gyu")=Gyu"), G/u")=Gu")-n,
2

Then
2 —_
G UMAU" =Y A'G/" (u")Au"
/=0

N -1
GMUMAU" =AY (27, f, (yy;ui)Auf)
i=0

N -1
+AtY (9. (y5;.uf),Aul)
j=0
2

where g, (y;,Uj) =497 (y5;.u]), and

=0
2
20, =2 A1) =
/=0 o
G"Uu"Au" =
N -1
ALY (HJ(t Yy, 21 ,,.U)Auf) =0 =
j=0
G”'(u”)Aun >0.
(24)
From the assumptions on f and Lemma 2.1
we have the operator u">y"=y" s
convex-linear, from the hypotheses on
9y (tg;,X,yg;,uj) is convex-linear w.r.t.
(ygj,uj”), for each (x,tgj), j=01..,N-1,
also from the hypotheses we have that
9o (tg;. X, Yp;.Uj) and g7 (ts;.x,yg;.U5)
are convex w.r.t. (yy;,uj), for each (x,t7;),
1=0,1,...,N -1, therefore

2 —~
Gn(un)ZZi;G;(Un),
/=0
is convex w.r.t. (yy;,uj), for each (xt7)),

j=0,1,..,N -1, in the convex set W", and

satisfy (24), at u"eW", hence the
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functional G"(u") has a minimum at the
point u" ( sufficient condition) , i.e.
G"uM)<G"(wW"), VW' eW" =
A5Gg ")+ A4'G! (U") + G, (")
<Gy W ")+ G W ")

+AIGI (W), YW eW"
(25)
Let w" be an admissible control, since
u"eW,, and satisfies (23b) with 1, >0,
i.e.
G/(U")=G/U")-n =0 = G(u")=0
and
1[Gl -¢ [0= 24Giu")=0
On the hand, since w" eW,, then
G/(W) =G (W)-n=0= G[(W')=0
and
w"eW, = AIGI(W")<0
Substituting these results in (25), we get
that
Gy(u") <G (w"), vw"eW"

n

i.e. u" is an optimal control for the
considered problem.
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