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1. Abstract

The main purpose of this paper is to find
the rational valued characters table of the group
(Q2mxC,) ,when m=2" , heZ", which is denoted
by ="(Q,""'xC;) ,where Qun is denoted to
Quaternion group ,and C; is the cyclic group of
order 2.
Moreover we have found the general form of
the rational valued characters table of the group

(Q2h+1xC2)-

2. Introduction

Let G be a finite group ,two elements of G
are said to be I-conjugate if the cyclic
subgroups they generate are conjugate in G; this
I'-relation defines an equivalence relation on
G.Its classes are called I'"- classes

The Z-valued class function on the group G,

which is constant on the I~ classes forms a
finitely generated abelian group cf(G,2) of
a rank equal to the number of I'"- classes

The intersection of cf(G,Z) with the group
of all generalized characters of G, R(G) is a

normal subgroup of ¢f(G,Z) denoted by R(G),

Each element in R(G)can be written as u;0+

Us0o+...... +u,0,, where | is the number of

TI-classes ,

UUp . U, €Z and 0§ = Z o(x)
o<Gal (Q (#)/Q)

where y; is an irreducible character of the

group G and o is any element in Galios group

Gal (Q(z:)/Q)-
Let =*(G) denotes the | x| matrix which the

rows corresponds to the 6's and columns

correspond to the I'- classes of G .In 1995
N. R. Mahamood [3] studied the factor group

cf(QamZ) / R (Qam). The aim of this paper is to
find ="(Q,""xC,) and determine general

(2h+8x2h+8) matrix form of the rational
valued characters table of the group(Q,"'xC,).

3. Preliminaries
The Generalized Quaternion Group Q»m(3.1)

[81

For each positive integer m, The generalized
Quaternion Group Q,n of order 4m with two

generators X and Y satisfies
sz:{x“yk,os h<2m -1k =0,1}
which has the following properties
{XZm :y4:| ,mey_1=X_m}

The character table of the quaternion group
QumWhen m=2", hez* (3.2) [3]

There are two types of irreducible characters
.one of them is the character of the linear
representations R;, Ry, R; and R, which are
denoted by y1, 2, w3 and ya.

respectively as in the following table:

X X'y
V1 1 1
Y2 1 -1
Vs (-1)k (-1)k
Y, (-1)k (-1)k+1

Table (1)
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Where 0<k<2m-1.

The rest characters of irreducible
representations Ty, of degree 2 are denoted by ¥,
such that :

1 (X) = mhll<+0)—hk
—grik/m o

=2cos(mhk/m)

-mihk/m

We are denoted to o™+ ™ by Vik , Thus Vi
=Vomnk Vm=-2 , Vom =2 .also we will write
VJ(hk) such that
J(hK) =min{hk (mod 2m), 2m-hk(mod 2m) },
in the character table of the quaternion group
Qzm When m=2", where V, qy= 2cos(nJ(hk)/m),
1 (XY) =0

Where0<k<2m-1,1<h<m-1

and ® :ehi/Zm.

So there are m+3 irreducible characters of
Qzm. Then , the general form of the characters
table of Q,, when m=2", hez" is given in the
table (2) .

Theorem (3.3)[1]

Let T1:G;—GL(1,K) and T,:G,—GL(m,K) are
two irreducible representation of the group G;
and G; with characters y; and Y, respectively,

then T, ® T, is irreducible representation of the
group G1xG, with the character y1.y2.

The Group Q.mxC, (3.4)
The direct product group Q.xC, ,where C, is a
cyclic group of order 2 then

|Q2me2|: 8m.
Since , the irreducible representations of the
group Q,mxC, are the tensor products of those
of Q. and those of C,.The group C, has two
irreducible representations, their characters o;
and o, are given in the table(2):

CL, 1
=(C,) = IcL] 1 1
o1 1 1
02 1 -1

According to Theorem (3.3), each irreducible
character y; of Q.m defines two irreducible
characters yig,xi2 such that yi;=yio1 , X2 = o2 Of
QamxCs .

Then =(Q.mxC,) = =(Qam) ® =(Cy)

Example (3.5)

To find characters table of Q6xC, .
From (3.3) we have the character table of Q¢ as
Table (3),Where V; =2cos(wi/8) , Von=2 ,
Vim=-2 ,V,=2cos(4m/8)=0 .
And

CL,
= (Cz) = [ILCL4

01

B

02 -1

By Theorem (3.3), the characters table of
Q16%C, can be written as follows:
= (Qus%C2) == (Qu6) ® = (Cy),
Then =(Q6XC,) is given in the table (4) .
Where Vi =2cos(nti/8) , Vom=2 , Vii=-2
,V4=2cos(4m/8)=0 .

4.The main results
Proposition(4.1)[2]
The rational valued characters

0, = ZU(Zi) form basis for R(G),
oeGal(Q(x)/Q)

where Y ; are the irreducible characters of G

and their numbers are equal to the number of
all distinct I"-classes of G.

The rational character table of the quaternion
group Q,, when m=2", heZ* (4.2)[3]

the rational characters table of Q,, when
m=2" , hez" is given in the following table
(after change order the rows and the columns) :

—* h+1y

="(Q")=
1 11 1 1. 1 1 1
1 1-11 1. .11 1
1 -1 11 1. .1 011
1 -1-1 1 1. .11 1
0 00-2 2. 2 2 2
0 00 O0 -4 . .4 4 4
0 0 0. .. 0 2t ot ohl
0 0 0. .0 o0 -2n oh

Table (5)
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Example (4.3)

To construct the rational valued characters
table of Q16XC;,when have to do the following:
From Example(3.5) we have the characters
table of Q16XC2 .

By the definition of Q,,XC; :

=(QuxC2)= (5Que) ® (=C2)

To calculate the rational valued character
table of Q16XC2,
011=W11, 012=W12, 001=Wa1, 020= W42, 031221,
030=W22, 041=Wa1, 0s0=y3;

051= %a1, O52= 42 .
The elements of Gal(y1;)/Q, are :

{o1i, 03;, Osi, O7i }

Where 61i(311)= %1i»> 03i()a)= ¥3i

o5i()1i)= ¥si» O7i(a)= x7i and i=1,2.

By proposition (4.1)

1- () ifi=1

071= 011()11)+ 031(a1)+ o51()12)+ 671()11)
071 ([1,1])=2+2+2+2=8

071 ([1,r])=2+2+2+2=8

071 ([X8é1])= (-2)+ (-2)+ (-2)+ (-2)=-8
071 (X, 1])= (-2)+ (-2)+ (-2)+ (-2)=-8
971([X,1]):V1+ V3+ Vs+ V=0

971 ([X,r]): V1+ V3+ V5+ V7:0

071 (4,1])= Vot Vet Vet V,=0

971 ([Xz,r]): V2+ V6+ V6+ V2:0

071 ([x*,1])= 0+0+0+0=0

071 ([X',r])= 0+0+0+0=0

071([y,1])=0

071 ([y, r])=0

071 ([xy,1])=0

071 ([xy, r])=0

1- (1) ifi=2

070= 012()12)+ 032()12)+ O52()12)+ 672(Y12)
072 ([1,1])=2+2+2+2=8

072 ([1,1])= (-2)+ (-2)+ (-2)+ (-2)=-8

02 (D¢, 1])= (-2)+ (-2)+ (-2)+ (-2)=-8
07, (X, r])= 2+2+2+2=8

972 ([X, 1]):V1+ V3+ V5+ V7:0

072 ([élf]): (-Vo)+ (-Va)+ (-Vs)+(-V7)=0
07, ([X ,1]): Vo+ Vet+ Vet Vo=0

O72 ([XC.1)= (-V2)+ (-Ve)+ (Vo) + (-V2)=0
07, ([x*,1])= 0+0+0+0=0

07, ([x*,r])= 0+0+0+0=0

072 ([y,1])=0

072(Ly, 11)=0

072 ([xy,1])=0

072([xy, r])=0
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Also 61i(x2i)= x2i » 03i()X2i)= Xsi > O5i()1i)= 6 »
o7i(yi)= x2i and i=1,2.

By proposition (4.1) then 0= y2it ysi
2- () ifi=1

061= Y21t Y61

061([1,1])=2+2=4

061([1,r])= 2+2=4

061 ([X® 1])= 2+2=4

061 ([XC,r])= 2+2=4

061 ([X,l]): Vo+ Ve=0

061 ([x,r]): Vo+ V=0

061 ([x%,1])= 0+0=0

061 ([X2.r])= 0+0=0

Oe1 (X', 1])= (-2)+ (-2)= -4

Be1 ([X",1])= (-2)+ (-2)=-4

061 ([y,1])=0

Oe1([y, r1)=0

061 ([xy,1])=0

Oe1([xy, r])=0

2- (1) if i=2
062= Y22 Y62

062 ([1,1])= 2+2=4

062 ([1,1])= (-2)+ (-2)= -4
062 ([X® 1])= 2+2=4

062 ([X°.1])= (-2)+ (-2)= -4
662 ([X,l]): Vot V6:0

062 ([X,1])= (-V2)+(- Ve)=0
062 ([x%,1])= 0+0=0

062 ([X%,r])= 0+0=0

062 ([X',1])= (-2)+ (-2)= -4
062 ([x*,1])= 2+2=4

062 ([y,1])=0

Os2([y, r1)=0

062 ([xy,1])=0

O62([xy, r1)=0

The elements [x,1],[x3,1],[x°,1],[x",1]
are in the same r-conjugate and[x, r],

X, 1], O, r,[X’, r] are in the same
r-conjugate and[x?,1],[x°,1] are in the same
r-conjugate and [x?, r],[x° r]are in the same
r-conjugate as Table (6) .
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Theorem (4.4)

The rational valued characters table of the
group QumxC, when m=2", hez" is given as
follows:

="(QenxC2) =="(Qzm) ®='(Cp)

Proof:-
Since
. r., |r
="(Cy)= 1 2
0 ' 1 1

1
' 1 -1
2

Then,

1u(n) = () =6,(r)=6,(r,) =1
2:(1) =0,(r) =1, x,(r,) = 0,(r,) =—1.

From the definition of Q,,%C,, (theorem

(3.4)),
=Q2m*xC2 = (=Q2m) ® (EC»)
each element in QmxC;

re=r.r, VI eqm, I €c,

n=1,2,3,...,4m, s=1,2
and each irreducible character of Q,xC, is

Xii = XiXj
Where Xj is an irreducible character of Qum

and )(j is an irreducible character of C, , then

2 () if j=1 ands=12
%ij(r-ns)= %i(rn) if J=2 ands =1
—x(r) if j=2 ands=2

From proposition (4.1)

Qij = ZU(ZU)

oeGal(Q(x;)/Q)

Where Qij is the rational valued of character

table of QnxC,
Then,

Qij (l’ns) = ZG(Zij (rns))
oeGal(Q(xj (1)) Q)

() ifj=1lands=1,2

Qij (rns): ZG(% (rn)):a(rn)'lzgi(rn)'ei (rs)

oeGalQ(x (r,))/Q)

Where 0i is the rational valued character of

?uz)m @) if j=2 and s=1
eij (rns) = ZO-(Z| (rn))zei (rn)']':ei (rn)'ej (rs)

oeGalQ(x (r,))/Q)

(b) if j=2 and s=2

gij (rns) = ZG(_Zi (rn)) == ZG()G (rn))

oeGal(Q(x (1)) Q) oeGal(Q(7 (1)) Q)

= Yolu)-1=6).-1=6,0,)6,(r)

oeGal(Q(7 (1)) /Q)

From (1) and (I1) we have 9”- = Qi QJ

Then  ="(QumxC2) ==(Qum) ® ='(C)

The rational character table of the quaternion
group (Q,nxC,) when m=2", heZ* (4.5)

From Theorem (4.4) and form of ="(Q,"")=
in then table (5) then The rational character
table of the quaternion group (Q.mxC,) when
m=2" , hez" is given in the general (
2h+8x2h+8) matrix form ="(Q,""xC,) as
Table (7) .

Example (4.3)

By using Theorem (4.4) the rational valued
characters table of QsxC,, Since h=3 it is
same to the table Example (4.3), (after change
order the rows and the columns) as Table (8) .
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| 2 4 m—2 3 m-1 X
cee | M 1 | " e e | " | 1Y
|CLa| 1 2 2 2 1 2 2 2 m m
v, 1 1 1 1 1 1 1 1 1 1
v, 1 1 1 1 -1 -1 -1 -1 -1 1
X2 2 Vi Vi@ Viem-4) 2 V, Vi) Viem-2) 0 0
Am-2 2 | Viema | Viam-g Vi(m-2)m-2)) 2 Vjm Viam-6) Vi(m-2)m-1)) 0 0

2)
X 2 V, Vi Vim-2) -2 V, Vi@ Vim-1 0 0
Xm-1 2 || Viem2) | Vi@m-s V j(m-1)(m-2)) -2 Vim- || Vigms Vi(m-1)m-1)) 0 0
1)

v, 1 1 1 1 1 1 1 1 -1 -1
Vs 1 1 1 1 -1 -1 -1 -1 1 -1
Table (2)

CL. [ I [ 0 o1 [T [ [ B [ o [ o° [ ¥ [ 0 [ 7]

1 0101
| CL| 1 2 2 2 1 2 2 2 2 6 6
V1 1 1 1 1 1 1 1 1 1 1 1
Ws 1 1 1 1 1 -1 -1 -1 -1 -1 1
X2 2 0 -2 0 2 Vg Ve Ve Vg 0 0
X4 2 -2 2 2- 2 0 0 0 0 0 0
X6 2 0 -2 0 2 Ve Vg Vg Ve 0 0
X1 2 Vg 0 Ve -2 V1 V3 V5 V7 0 0
X3 2 V6 0 Vg -2 V3 V7 Vl V5 0 0
X5 2 V6 0 Vg -2 V5 Vl V7 V3 0 0
X7 2 V, 0 Ve -2 Vi | Vs || Vs || Vi 0 0
Yo 1 1 1 1 1 1 1 1 -1 -1
V3 1 1 1 1 1 -1 -1 -1 -1 1 -1
Table (3)
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042

051

07,

Table (6)
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Table (7)
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References

[1] C. W. Curtis & I Reiner
"Representation Theory of Finite Groups
and Associative Algebras”, AMS Chelsea
publishing, 1962, printed by the AMS,
2006.

[2] M. S. Kirdar " The factor group of the
Z-valued class function modulo the group
of the Generalized characters”,Ph.D. thesis,
University of Birmingham, 1982.

[3] N. R. Mahamood "The Cyclic
Decomposition of The Factor Group of

(ng)/ﬁ(ng)".M. Sc thesis, Technology
University, 1995.

ol




