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Abstract 
The concept of intuitionistic topological space was introduced by Çoker .The aim of this 

paper is to generalize bitopological notions of separation to intuitionistic topological spaces .  

 الملخص:
43فييه اييلب ب قدييا تيييف ب يهياييا فيييالزبج ب   يي  ب    زيي  ,TT 43 يهياييا , RR   ل ضييبا ب وقو ييو ه ب ي ييبقه   بت يي ب 

 ب هلات  فزن فضبا ب وقو و ه ب مضبعا  فضبا ب وقو جه ب ي بقه فن خلال يهمزم اله ب وهبراا .

 

1-Introduction  
       After the introduction of fuzzy sets by Adamek [1] , various mathematicians introduced 

generalization of the notion of fuzzy set . Among others , Atanassov [2,3] introduced the notion of 

inuitionistic fuzzy set. Chang [7] used fuzzy sets to introduce the concpt of a fuzzy topology . Later 

this concept was extended to intuitionistic fuzzy topological spaces by Çoker in [8]. The concept of 

intuitionistic set,which is a classical version of an intuitionistic fuzzy set, was first given by Çoker 

in [9] . He studied topology on intuitionistic sets in [10]. In this context, Coker et. al .[9,13] studied 

continuity, connectedness, compactness and separation axioms in intuitionistic fuzzy topological 

spaces. In this paper we follow the suggestion of J.G. Garcia and S.E. Rodabaugh that  (double 

fuzzy set)is a more appropriate name than (intuitionistic fuzzy set ) ,and therefore adopt the term 

(double-set) for the intuitionistic set , and (double-topology) for the intuitionistic topology of Dogan 

Çoker , (this issue) we denote by Dbl-Top the construct (concrete texture over Set ) whose objects 

are pairs ),( X  where   is a double-topology on X .In Section 4 we discuss the relations between 

these bitopologically based  on concepts and some previously defined separation axioms for double- 

topological spaces. 

 

2-Preliminaries 
    Throughout the paper by X we denote a non-empty set . In this section we shall present various 

fundamental definitions and propositions. The following definition is obviously inspired by 

Atanassov [3]. 

2.1.Definition. [8] A double-set (DS in brief ) A is an object having the form A=<x,A1,A2 >,    

Where A1 and A2 are subsets of X satisfying  21 AA  . The set A1 is called the set of members 

of A , while A2 is called the set of non- members of A .  

theroughout the remainder of this paper we use the simpler A=(A1,A2 ) for a double-set. 

2.2.Remark. Every subset A of X is may obviously be regarded as a double-set having the form 

A
'
=(A,A

c
 ), 

where A
c 
=X-A is the complement of A in X . 

we recall several relations and operations between DS’
 
s as follows: 

 2.3.Definition. [8] Let the DS’s A and B on X be the form  A=(A1,A2 ), 

B=(B1 , B2), respectively . Furthermore, let }:{ JjAj   be an arbitrary family of DS’s in X, where 

),( )2()1(

jjj AAA  . Then  
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     (a) ;2211 BAandBAifonlyandifBA   

     (b) ;ABandBifAonlyandifBA   

     (c) ),( 12 AAA  denotes the complement of A ;     

     (d) );,( )2()1(

jjj AAA    

     (e) );,( )2()1(

jjj AAA    

     (f) );,([] 11

cAAA   

     (g) );,( 22 AAA c  

     (h) ).,(),(
~~

 XXandX   

In this paper we require the following : 

     (i) ).,()(),()( 21 AAandAA    

 Now we recall the image and preimage of DS’
 
s under a function . 

2.4.Definition. [8,13] Let Xx  be a fixed element in X. Then: 

     (a)The DS given by )}{},({
~

cxxx  is called a double–point    (DP in brief X) .                                                                                   

     (b)The DS )}{,( cxx 


 is called a vanishing double-point      (VDP in brief X) .     

2.5.Definition. [8,13]  

(a) Let 
~
x  be a DP in X and A=(A1,A2 ) be a DS in X . Then Ax

~
 iff 1Ax  . 

(b) Let 

x  be a VDP in X and  A=(A1,A2) a DS in X . Then Ax


 iff 2Ax  . 

It is clear that Ax
~

Ax 
~

and that Ax


Ax 


. 

2.6.Definition. [10] A double-topology (DT in brief ) on a set X is a family    of DS’s in X 

satisfying the following axioms : 

 

     T1:  X, , 

     T2: 21 GG   for any 21,GG , 

     T3: jG  for any arbitrary family  }:{ JjG j . 

     In this case the pair ),( X is called a double-topological space (DTS in brief ), and any DS in   

is known as a double open set (DOS in brief ). The complement A  of a DOS  A  in a DTS is called 

a double closed set (DCS in brief ) in X .   

2.7.Definition. [10] Let ),( X  be an DTS and A = (A1,A2 ) be a DS in X.  

Then the interior and closure of A are defined by : 

          },:{)int( AGandXinDOSaisGGA    

           },:()( HAandXinDCSaisHHAcl    

 respectively . 

It is clear that cl(A) is a DCS in and int(A) a DOS in X . Moreover , A is a DCS in X iff  cl(A) = A , 

and A is a DOS in X iff  int(A) = A. 

2.8. Example. [10] Any topological space ),( 0X gives rise to a DT of the form 

}:{ 0

'   AA by identifying a subset A in X with its counterpart A
'
=(A , A

c
 ), as in Remark 2.2. 

3- The Constructs Dbl-Top and Bitop : 
    We begin recalling the following result which associates a bitopology with a double topology. 

3.1.Proposition. [10] Let ),( X be a DTS. 

     (a) }),(:{ 21211   AAAwithXAA  is a topology on X. 
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     (b) }),(:{ 2112

*

2   AAAwithXAA is the family of closed sets of the topology  

}),(:{ 21122   AAAwithXAAc on X. 

     (c ) Using (a) and (b) we may conclude that ),,( 21 X is a bitopological space. 

3.2.Proposition. Let (X,u,v) be a bitopological space. Then the family  

           },,:),{( VUvVuUVU c   

is a double topology on X . 

Proof . The condition VU  ensures that cVU   ,while the given family contains 
~

  because 

vu, , and it contains 
~
X  because vuX , . Finally this family is closed under finite intersections 

and arbitrary unions by Definition 2.3 (d,e)  and the corresponding properties of the topologies u 

and v . 

3.3. Definition. Let (X,u,v) be a bitopological space. Then we set 

             },,:),{( VUvVuUVU c

uv   

and call this the double topology on X associated with (X,u,v) . 

3.4.Proposition. If  (X,u,v) is a bitopological space and uv  the  corresponding DT on X, then 

             vandu uvuv  21 )()(  . 

Proof. uU  implies uvU  ),(  since .)(, 1uvusovXU  Conversely, take .)( 1uvU  Then 

uvBU ),(  for some XB  , and now uU . Hence uuv 1)( , and the first equality is proved .                                      

□ 

   The proof of the second  equality may be obtained in a similar way , and we omit the details. 

 

4. Pairwise Separation Axioms in Double Topological Space .   
    In this section we use the link between bitopological spaces and double topological spaces 

established above to generalize several bitopological separation properties to the case of double 

topological spaces. We limit ourselves to the strong forms of the pairwise T3 , T4  properties and we 

will also consider the pairwise R3  and  R4  axioms. 

    The (strong) T0 and T1 axioms are due to Fletcher , Hoyle and Patty [11] , pairwise T2 due to 

Kelly [12] : 

 4.1. DefinitIon.[12] In a bitopological space (X,u,v),  u is said to be T3  with respect to v  if  

andvDuBXinAauADCS  ,,int, Ba , 

. DBandDA  (X,u,v) is said to be pairwise T3 , if u is  T3 with respect to v and v is T3 with 

respect to u . 

4.2. Proposition. If  (X,u,v) is pairwise T3 then ),( uvX  satisfies the following condition: 

Given AauAXADCS int,,  there exists HaGawithHG uv 


,,
~

 , 

 .)( HGandHA   

Proof . Let (X,u,v) be pairwise T3 and AauAthatsuchXADCS int,,  , then we have 

., cDBisthatDBandDABaandvDanduB    

Now defining 
c

uv

c DaandGaHGgivesDHBG 
~

,,),(,),(   

),()(),(,  cc DHBGandHAsoDAHathen 


.                            □ 

4.3. Definition . The DTS ),( X is called pairwise T3 if XinAaADCS int,    there exists 

HG,  satisfying HaGa 


,
~

 

, .)( HGandHA    
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4.4. Proposition. If ),( X  is pairwise T3 then ),,( 21 X is pairwise T3 . 

Proof . Let AaXinDCSabeA int,  ,  ),(),,( FDHCBG  with 

HaGa 


,
~

, .)( HGandHA  clearly 1Ba  , from ),()( FHG   

, FB   and  2sin 


cFaFathenHace  and ),( 21 AAAwhereHA    

then 21 , AFDA   , let cc FAthenDF  1 cFBand   ,we prove that  

1  is T3 with respect to  2  , in the same way we prove 2  is T3 with respect to 1  , then 

),,( 21 X is pairwise T3 .                               □ 

4.5. Corollary. (X,u,v) is pairwise T3 iff ),( uvX  is pairwise T3 . 

Proof . Necessity follows from Proposition 4.2 and sufficiency from proposition 4.4 and 

proposition 3.4 .                                            □ 

4.6.Definition. In a bitopological space (X,u,v) , u is said to be R3 with respect to v , if 

andXinAauADCSeveryfor int,  })({,)( aclAAcla vu   then 

thatsuchvDuB  ,  DBDABa ,,  . (X,u,v) is pairwise R3 , if u is R3 with respect to 

v and v is R3 with respect to u . 

4.7. Proposition. If (X,u,v) R3 then ),( uvX  satisfies the condition : XinAaADCS int,  , if 

there exists  MAMawithM uv  ,
~

 ),( MaMA 


 then there exists 

.)(,,
~

HGandHAGathatsuchHG uv    

Proof . If MAMa  ,
~

then ,),(,,),( 21 MAAAuPaQPM   

)(1 AclasoPA u likewise , sovQaandPAMaMA 


1,  

})({aclA v so in either case we have vDuB  ,  satisfying  

cDBisthatDBandDABa  , . Now defining 

HGandHADAGaHGgivesDHBG c

uv

c )(,,,,),(),,(   .  

                                                                                                                                     □ 

4.8. Definition. The DTS ),( X  is called pairwise  R3 , if it satisfies the condition : 

XinAaADCS int,  , if there exists ,
~

MawithM   

.)(,,),(
~

HGandHAGathatsuchHGexiststherethenMaMAMA uv 


 4.9. 

Proposition. If ),( X  is pairwise R3 then ),,( 21 X pairwise R3 . 

Proof . First to prove  1   is R3with respect to  2   take a )(int,
1

AclawithXinAaADCS  . 

Now we have XGsomeforsoAAAPAwithPa  ),(, 2111  we have  

givesQPMsittingQP ),(.),(  MAMa  ,
~

so we have HG,  satisfying  

.)(,
~

HGandHAGa  By a similar argument G , H satisfying the same conditions also be 

obtain if })({
2

aclA   the existence of 21 ,  open sets separating a and A as follow , 

let 121
~

),(,,),(,),(  BaclearlyAAAHAGawithFDHCBG  

FAsoAFDAthenHA  121 ,  

 ),()(),(21  FHCBwhileFA c      

. cFCthatsoFB      in a same way we prove that  2  is   R3  with respect to 1  then 

),,( 21 X is pair wise  R3  .                                                                       □ 
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4.11.Corollary . (X,u,v) is pairwise R3  iff ),( uvX  is pairwise R3 . 

Proof . Necessity follows from  proposition 4.7 and sufficiency from proposition 4.9 and 

proposition 3.4 .  

4.12. Definition. The bitopological space (X,u,v) is called pairwise T4  if for every two 

XinBandADCS      

  HGHBGAandvHuGexisttherethenBAand  ,,, . 

4.13.Proposition. If (X,u,v) is pairwise T4 then ),( uvX   has the property: Given A , B as DCS’s 

in X ,there exists andMBNAwithMN uv  ,,  MN )( . 

Proof . Take vHuGandBAtsXinDCSBA  ,.,,  satisfying 

., cc HAthenHGisthatHGandHBGA    

Now defining thenHBNAMNgivesHMGN uv

c  ,,,),(,),(   

MNandMBHBthatsoHB c )( .                                                      □ 

4.14.Definition.[12] The DTS ),( X  is called pairwise T4  if 

existsthereXinBADCS , andMBNAsatisfyingMN  ,,  MN )( . 

4.15.Proposition. If ),( X  is pairwise T4  then ),,( 21 X is pairwise T4 . 

Proof . XinBADCS , , take withHGMDCN  ),(),,(  

.)(,1 MNandMBNA    clearly 

HBandMBthenMBandAAAforCA  12111 ),(  

2121 ),(  cHBthenBBBfor  and 

.),(),()(   cHCsoHCHDCthenMN                                          □ 

4.16.Corollary. (X,u,v) is pairwise T4  iff ),( uvX   is pairwise  T4 . 

Proof . Necessity follows from proposition 4.13 and sufficiency from proposition 4.15 and 

proposition 3.4.         

4.17.definition. The bitopoligical space  (X,u,v) is called pairwise  R4 if 

vHuGexiststhereimpliesAclBBclABAXinBADCS vu  ,,)(,)(,,, 

., HBGAandHGwith    

4.18.Propositin . If (X,u,v) is pairwise R4 then ),( uvX  satisfies the condition : 

XinBADCS ,  

),(,, MBMAMBMAwithMexiststhereifBA uv    

Then there exists HGandHBGAtsHG uv )(,.,  .    

Proof . If we have uvM  with 

,,,),(,),(& 2121 AQuPAMAAAQPMthenMBMA    

)(,,),( 2121 BclAsoBQPBMBBB u . Likewise  

)(&,, 11 AclBsoPAPBMAMB v , so in either case we have  
cNNisthatNNNBNAsatisfyingvNuN 21212121 &,,    

Now defining HBGAHGgivesNHNG uv

c  ,,,),(,),( 21   

and HG )( .                                                                                                             □ 

4.19.Definition. The DTS  ),( X  is called pairwise R4 if it satisfies the 

condition: XinBADCS ,

),(,, MBMAMBMAwithMexiststhereifBA uv    
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Then there exists HGandHBGAtsHG uv )(,.,  . 

4.20.Propositon. If ),( X is pairwise R4 then ),,( 21 X is pairwise R4 . 

Proof . First take two DCS  A and B in X with )(
1

BclA  . Now we have  

11  PA  for  ),(),( 21 QPhaveweXQsomeforsoAAA    

Sitting satisfyingHGhavewesoMBMAgivesQPM  ,,),(  

.)(, HGandHBGA  By a similar argument G , H satisfying the same conditions may also 

be obtain if )(
2

AclB  existence of 21 ,  open 

Sets . Separating A and B as follow  

Let clearlyHBGAwithLFHCDG  ,),(),,( HBDA  ,11  so that 

),()(),(, 21121  LHCDwhileLBsoLBthenBLFB c   

Then  cLDandLD    .                                                                                      

                                                                                                                                       □ 

4.21.Corollary. (X,u,v) is pairwise R4 iff ),( uvX  is pairwise R4 . 

Proof . Necessity follows from proposition 4.18 and sufficiency from proposition 4.20 and 

proposition 3.4 . 
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