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Abstract
The concept of intuitionistic topological space was introduced by Coker .The aim of this
paper is to generalize bitopological notions of separation to intuitionistic topological spaces .
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1-Introduction

After the introduction of fuzzy sets by Adamek [1] , various mathematicians introduced
generalization of the notion of fuzzy set . Among others , Atanassov [2,3] introduced the notion of
inuitionistic fuzzy set. Chang [7] used fuzzy sets to introduce the concpt of a fuzzy topology . Later
this concept was extended to intuitionistic fuzzy topological spaces by Coker in [8]. The concept of
intuitionistic set,which is a classical version of an intuitionistic fuzzy set, was first given by Coker
in [9] . He studied topology on intuitionistic sets in [10]. In this context, Coker et. al .[9,13] studied
continuity, connectedness, compactness and separation axioms in intuitionistic fuzzy topological
spaces. In this paper we follow the suggestion of J.G. Garcia and S.E. Rodabaugh that (double
fuzzy set)is a more appropriate name than (intuitionistic fuzzy set ) ,and therefore adopt the term
(double-set) for the intuitionistic set , and (double-topology) for the intuitionistic topology of Dogan
Coker , (this issue) we denote by Dbl-Top the construct (concrete texture over Set ) whose objects
are pairs (X, z) where 7 is a double-topology on X .In Section 4 we discuss the relations between

these bitopologically based on concepts and some previously defined separation axioms for double-
topological spaces.

2-Preliminaries
Throughout the paper by X we denote a non-empty set . In this section we shall present various

fundamental definitions and propositions. The following definition is obviously inspired by
Atanassov [3].

2.1.Definition. [8] A double-set (DS in brief ) A is an object having the form A=<x,A;,A; >,
Where A; and A; are subsets of X satisfying A, N A, =¢ . The set A; is called the set of members
of A, while A is called the set of non- members of A .

theroughout the remainder of this paper we use the simpler A=(A1,A,) for a double-set.
2.2.Remark. Every subset A of X is may obviously be regarded as a double-set having the form
A=(AA%),
where A°=X-A is the complement of A in X..
we recall several relations and operations between DS’ s as follows:

2.3.Definition. [8] Let the DS’s A and B on X be the form A=(Ay,A),

B=(B1, B2), respectively . Furthermore, let {A, : j € J} be an arbitrary family of DS’s in X, where

A; = (AP, A?) Then
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(@) Ac Bif andonlyif A < B,andA, o B,;
(b) A=Bif andonlyifAc BandB c A;

(c) A=(A,,A )denotes the complement of A ;
d) NA; =(NAY UAP);

@UA, =UAP NALD);

() DA =(ALA);

@ OA =(A, A);

()¢ = (¢ X) and X = (X, ).

In this paper we require the following :

() OA=(A,¢) and )(A= (4, A,).
Now we recall the image and preimage of DS’ s under a function .
2.4.Definition. [8,13] Let x € X be a fixed element in X. Then:

(2)The DS given by x = ({3,{x}") is called a double—point  (DP in brief X) .
(b)The DS>:< = (¢,{x}") is called a vanishing double-point ~ (VDP in brief X) .

2.5.Definition. [8,13]
(@) Let X be a DP in X and A=(A1,A;) bea DS in X . Then xeA iff xe A .

(b) Let x beaVDP in X and A=(A1,A2) aDSinX.Then xe A iff x¢ A, .
It is clear that xe A< X< Aandthat , . o & XC A.

2.6.Definition. [10] A double-topology (DT in brief ) on a set X is a family 7 of DS’s in X
satisfying the following axioms :

Tl ¢, X e,

T2: GG, er forany G,,G, e,

T3: UG, e forany arbitrary family {G; : je J}c 7.

In this case the pair (X,7)is called a double-topological space (DTS in brief ), and any DS in

is known as a double open set (DOS in brief ). The complement A of a DOS A ina DTS is called
a double closed set (DCS in brief ) in X .
2.7.Definition. [10] Let (X,7z) be an DTS and A = (A1,Az) be aDS in X.
Then the interior and closure of A are defined by :
int(A) = {G :GisaDOSinX and G c A},
cl(A)=N(H:HisaDCSinX and Ac H},

respectively .

It is clear that cl(A) is a DCS in and int(A) a DOS in X . Moreover , Aisa DCS in X iff cl(A)=A,
and A'is a DOS in X iff int(A) = A.

2.8. Example. [10] Any topological space (X,z,)gives rise to a DT of the form

r ={A : Aer}by identifying a subset A in X with its counterpart A=(A, A%), as in Remark 2.2.

3- The Constructs Dbl-Top and Bitop :
We begin recalling the following result which associates a bitopology with a double topology.

3.1.Proposition. [10] Let (X,z)be a DTS.
@) 7, ={A :3A, < Xwith A=(A,A,) e} is atopology on X.
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(b) 7, ={A, :IA < X with A= (A, A) e r}is the family of closed sets of the topology
7, ={A; :3A < X with A=(A,A) er}on X
(c) Using (a) and (b) we may conclude that (X,z,,7,) is a bitopological space.
3.2.Proposition. Let (X,u,v) be a bitopological space. Then the family
{UV°)UeuVevUcV}
is a double topology on X .
Proof . The condition U <V ensures that U 1V ° = ¢ ,while the given family contains ¢ because

¢ eu,v, and it contains X because X e u,v. Finally this family is closed under finite intersections
and arbitrary unions by Definition 2.3 (d,e) and the corresponding properties of the topologies u
and v .
3.3. Definition. Let (X,u,v) be a bitopological space. Then we set
7, ={UV°)U eu,V ev,U cV}
and call this the double topology on X associated with (X,u,v) .
3.4.Proposition. If (X,u,v) is a bitopological space and z,, the corresponding DT on X, then
(ry),=uand(z,), =V.
Proof. U eu implies (U,¢) € 7, since U c X €v,sou c (z,,),.Conversely, take U € (z,,),. Then
U,B)er, forsome B< X ,and now U eu. Hence (z,,), < u, and the first equality is proved .

O
The proof of the second equality may be obtained in a similar way , and we omit the details.

4. Pairwise Separation Axioms in Double Topological Space .

In this section we use the link between bitopological spaces and double topological spaces
established above to generalize several bitopological separation properties to the case of double
topological spaces. We limit ourselves to the strong forms of the pairwise T3, T4 properties and we
will also consider the pairwise Rz and R, axioms.

The (strong) Toand T; axioms are due to Fletcher , Hoyle and Patty [11] , pairwise T, due to
Kelly [12] :

4.1. Definitlon.[12] In a bitopological space (X,u,v), u is said to be Ts with respect to v if

vV DCSAecu,VacintAinX,3Beu,Dev and aeB,

Ac D andBND =¢.(X,u,v) is said to be pairwise T3, if uis T3 with respect to v and v is T3 with
respectto u .

4.2. Proposition. If (X,u,v) is pairwise Tzthen (X,z,,) satisfies the following condition:

Given DCSAc X, Aeu, ac<int A there exists G,H e 7, withaeG,a¢ H,

AcHandGc ()H.
Proof . Let (X,u,v) be pairwise T3 and DCS Ac X , such that Acu,aeint A, then we have
Beuand Devandae B,Ac DandB(\D =¢ thatisB < D°.

Now defining G =(B,¢),H =(¢,D°) givesG,H €7, ,aeG and ae D"

thenag H,Az D°soAc HandG =(B,¢) = )H = (D", ¢). O

4.3. Definition . The DTS (X,7)is called pairwise T3if VDCS Ae r,acint AinX there exists
G,H e r satisfying aeG,agH

, AcHandG c ()H.
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4.4. Proposition. If (X,z) is pairwise T3 then (X,z,,7,) is pairwise T3.
Proof . Let Abea DCSin X,aeintA , 3G =(B,C),H =(D,F) e r with

aeG,agH,AcHandGc ()H.clearly acBer, , from G (OH =(F,¢)
, Bc F and since agH thenae F = a¢F°er, and Ac H whereA=(A,A,)

then A cD,Fc A, ,let F° =D then A c F® and B[1F° =¢ ,we prove that

7, IS Tz with respect to z, , in the same way we prove z, is T3 with respect to z, , then
(X,7,,7,) is pairwise Ts. O

4.5. Corollary. (X,u,v) is pairwise T3iff (X,z,,) is pairwise T3.

Proof . Necessity follows from Proposition 4.2 and sufficiency from proposition 4.4 and
proposition 3.4 . O

4.6.Definition. In a bitopological space (X,u,v) , u is said to be Rz with respect to v, if

forevery DCS Acu,acintAinX and agcl,(A), Azcl, ({a}) then
dBeu,Devsuchthatae B,Ac D,BMN1D=¢ . (X,u,v) is pairwise Rs, if u is Rz with respect to
v and v is Rz with respectto u .
4.7. Proposition. If (X,u,v) Rsthen (X,z,,) satisfies the condition : ¥ DCS A,aeint Ain X , if

there exists M ez, withaeM,AzM (Ac M,ae M) then there exists
G,H ez, suchthatac G,AcH and G = ()H.

Proof . If aeM,AzMthen M =(P,Q),acPeu,A=(A,A)zM,
A zPsoagcl,(A) likewise, AcM,aeM =A cPandagQevso
A« cl,({a}) so in either case we have BNe u,D e v satisfying

aeB,AcDandB(D =¢ thatisB < D°. Now defining

G=(B,4),H =(¢,D°) givesG,H er,,,acG, AcD°=AcH,and Gc (OH.

Od
4.8. Definition. The DTS (X, ) is called pairwise Rs, if it satisfies the condition :
Vv DCS A jaeint Ain X , if there exists M e r with aeM,

uv !

Az M (AcM,ae M) thenthereexists G, H e, suchthataeG,Ac HandG c ()H.4.9.
Proposition. If (X,7) is pairwise Rsthen (X,z,,z,) pairwise Rs.
Proof . Firstto prove 7, is Rawith respectto 7z, takea DCS A,aeintAinX withagcl (A).
Now we have ae P ez, with A « P,A=(A,A,) so forsomeG < X we have
(P,Q) e z.sittingM = (P,Q) gives aeM,Az M sowe have G,H e r satisfying
aeG,AcHandGc ()H .By a similar argument G , H satisfying the same conditions also be
obtain if Azcl_({a}) the existence of z,,z, open sets separating a and A as follow ,
let G=(B,C),H =(D,F) with geG,Ag H,A=(A,A)clearlyaeBer,
AcHthen A cD,Fc A, soA ¢ F
= A c F° ez, while(B,C) = ()H = (F, )

= BcF sothat CN\F® =¢. inasame way we prove that 7, is Rz with respect to z, then
(X,7,,7,)Iis pair wise Rz . O
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4.11.Corollary . (X,u,v) is pairwise Rz iff (X,z,,) is pairwise R3 .

Proof . Necessity follows from proposition 4.7 and sufficiency from proposition 4.9 and
proposition 3.4 .

4.12. Definition. The bitopological space (X,u,v) is called pairwise T, if for every two
DCS A andBinX

and A B = ¢ thenthereexistGeu,H evandAc G,Bc H,GNH =¢.
4.13.Proposition. If (X,u,v) is pairwise T4then (X,z,,) has the property: Given A , B as DCS’s
in X ,there exists N,M ez, with Ac N,BcMand Nc()M.
Proof . Take A,B DCSinX ,stA(1B=g¢andG €u,H e v satisfying
AcG,BcHandGMNH=¢ thatisGc H® then Ac H".
Now defining N =(G,¢),M =(4,H®) givesN,M ez,,, Ac N,Bc H then
Bc HsothatBz H  =B<M and Nc ()M . O
4.14.Definition.[12] The DTS (X,7) is called pairwise T, if
Vv DCS A,B inX thereexists N,M e satisfyingAc N,BcMand N c ()M.
4.15.Proposition. If (X,z) is pairwise T4 then (X,z,,7,) is pairwise T;.
Proof .V DCS A, B inX ,take N =(C,D),M =(G,H) e r with
AcNer, ,BcMand N g()m clearly
A cCer for A=(A,A)and BcM thenB< M and B, « H
for B=(B,,B,) thenB, c H® ez, and
N < ()M then(C,D) = (H,$) = C cH so CNH® = 4. O
4.16.Corollary. (X,u,v) is pairwise T, iff (X,z,,) is pairwise T, .

Proof . Necessity follows from proposition 4.13 and sufficiency from proposition 4.15 and
proposition 3.4.

4.17 .definition. The bitopoligical space (X,u,v) is called pairwise R, if

vDCS A Bin X,ANB=¢,Azcl,(B),B «cl, (A)implies,thereexistsG eu,H ev
withG(H =¢gand AcG,BcH.

4.18.Propositin . If (X,u,v) is pairwise R4 then (X, z,,) satisfies the condition :

Vv DCS A B InX

ANB =g, if thereexistsM ez, with AcM,BzM((AzM,BcM)

Then there exists G,H €7, st AcG,BcHandG c ( )ﬁ .

Proof . If we have M ez, with

AcM&BzM thenM =(P,Q),A=(A,A)c=M,A cPeu,QcA,,
B=(B,,B,)zM,B, «P,Qz B, soAzcl, (B) . Likewise
BcM,AzM,B,cP&A & PsoBzcl, (A),soin either case we have

N, eu,N, ev satisfying Ac N,, B N, &N, N, =¢ thatisN, = N;

Now defining G =(N,,¢) , H=(4,N;) givesG,Her,,, AcG,BcH

and G ()H . O

4.19.Definition. The DTS (X,7) is called pairwise Ry if it satisfies the
condition:V DCS A,B in X

ANB =g, if thereexistsM ez, with AcM,BzM((AzM,BcM)
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Then there exists G,H ez, st AcG,BcHandG < ()H .
4.20.Propositon. If (X,z)is pairwise R, then (X,z,,7,) is pairwise Ry .
Proof . First take two DCS A and B in X with A cl, (B) . Now we have

A cPer for A=(A,A,)so forsomeQ < X wehave(P,Q) er

Sitting M = (P,Q) givesAc M,B ¢ M sowehave G, H e 7 satisfying

AcG,BcHand Gc ()ﬁ. By a similar argument G , H satisfying the same conditions may also
be obtain if B cl_ (A) existence of z,,z, open

Sets . Separating A and B as follow
Let G=(D,C),H =(F,L) with AcG,Bc H clearly A cDer, ,BcH sothat

B,cF,LcB, thenB, & LsoB, cL® ez, while (D,C) = ()H =(L,¢)
Then DcLand DNL =¢ .

4.21.Corollary. (X,u,v) is pairwise Ry iff (X,z,,) is pairwise R, .

Proof . Necessity follows from proposition 4.18 and sufficiency from proposition 4.20 and
proposition 3.4 .
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