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1. Introduction

In 1963 Kelly [1] introduced the concept of bi—
topological space which was called a set X equipped
with two topologies a bi - topological space and is
denoted by (X,74,7,) wheret;,7, are two
topologies defined on X.

In 1983 Mashhour ,M. S. Allam. A. A. Mohamoud
f.s. and Khedr, F.H.[2] introduced the supra
topological spaces

In 2011 Ravi, O., Pious, M.S and Salai, P.T. [3],
introduced the <concept A new type of
homeomorphism in a bi -topological space .

In 2017 B. K. Mahmoud [4], introduced the concept
supra — separation axioms for supra topological
spaces.

In this paper some new definitions are introduced
with some properties.via this definitions we
generalization bi - Supra hereditary and bi — Supra
Topological properties .

2. bi — Supra topological properties

In this section bi-[resp (i,j)] supra topological
properties are studied and it's characterization are
presented and some

applications.

ABSTRACT

A new definitions of some Supra hereditary and Supra topological

property was introduced namely (bi - Supra hereditary and bi — Supra
Topological) properties , the relation between them was studied for
some Supra — Separation Axioms

At last many characterization and theorem was proved .

Definition 2.1 :[ 5]

Let (X, uq, 1) be a bi- supra topological space, and
Let A be a subset of X. Then A is said to be (i,j) —
supra open set ifA = G, U G, where G; € p;and
G, € p,. The complement of (i, )- supra open set is
called (i, j) — supra closed set, where

(i,j)) = 1,2 and i#j.

Definition 2.2:[ 5]

Let (X, uq, u,) be a bi-supra topological space and let
A be a subset of X. Then A is said to bi-supra open
setifA = G, N G,

where G; € p; and G, € p,. The complement of bi-
supra open set is called bi-supra closed.

Proposition 2.3 :

Every bi- supra open set is (i,j) — supra open sets
and every (i,j) —supra closed set is bi-supra closed
sets.

The proof of proposition directly from the definitions.
Definitions 2.4 :[5]

A function f: (X, a1y, Hax ) = (Y' Hiy» Hay )is
called:

1.(i,j) — supra homeomorphism if fis a bijective
and f,f~! are (i,j) — supra continuous functions.
2. bi — supra homeomorphism if f is a bijective and
f, 1 are bi — supra continuous functions.[5]
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Definitions 2.5 :

1. If f is abi- supra homeomorphism function
(X, U1, Mxz) in to (Y, py1,py2), and p be any
property in (X, U1, Uy2 ), Then p is a bi— supra
topological property if f(p) is the some property of

2. If f is a(i,j)- supra homeomorphism function
(X' Hx1, #xZ) il’l to (Y' /'lyl' :uyZ )s and p be any
property in (X, fyq, Uy ), Then p is a (i,j)- supra
topological property if f(p) is the some property of
p.
Note :That bi— supra topological property is (i,j)-
supra topological property.
The proof of note directly from the definitions.
Theorem 2.6:
A bi-supra topological space is a (i,j)[resp bi] —
supra-T,, —space, n =0,1,2
If f it satisfies the following axiom:
1-When n =0

Vx,y€ X,x+ y,3 (i,j)[resp bi]
—supra open setG D x € G and y €& G or x &
G,yE G
2- When n =1

Vx,y€ Xx+ y,3 two (i,j)[resp bi]
—supra open sets G, H
O3x €G,y¢ Gand x € H,y€ H
3-When n =2

Vx,y€ X,x#* y,3 two distinct (i,j)[resp bi]-
supra open sets G, H
O3x €G,yeEH GNH+¢.
Theorem 2.7 :

(i,))[resp bi]- supra —T, property is a supra
topological property.
Proof:
Let f: (X,.Up.uz) - (Y' 01,07 ) be (i,j)[resp bl] -
supra homeomorphism
Let (X,uq, 14, ) be a (i,j)[resp bi]- supra =T, ,to
prove that (Y,o0q,0,) is (i,j)[resp bi] — supra —
T,
Letx*,y* € Y,x" # y” since f ison to

Ixy € Xx' =f(x),y" =f0)
Since f onetooneand f(x) # f(y) —-x* Yy
(X, g, uy) be a (i, j)[resp bil- supra =T,
x,y € X,x # y then
There exist (i, j)[resp bi]- supra open set G
Suchthatx € Gandy & G
Since fis (i,j)[resp bi]- supra
- f(G) = G"isa(i,j)[resp bi]-
(Y,01,0,)
x €G- f(x) € f(G) »x* € G
YE G- f(y) € f(G) »y" & G
There exist (i, j)[resp bi]- supra open G*
Such that x* € G*andy* ¢ G*
so (Y,0q,0, ) is (i, j)[resp bi]- supra-T,- space .
Theorem 2.8 :

(i,j)[resp bi] — supra-T; property
topological property.
Proof:

open function
supra open in

is a supra
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Let f:(X,pu1,12) = (Y,01,0,) be(i,j)[resp bi]-
supra homeomorphism
Let (X,uq,u,) bea(i,j)[resp bi] — supra T; — space
To prove that (Y,oy,0,)is (i,j)[resp bi] — supra-
T,— space
Since x*,y* € Y, x* # y” since f is on to
=00,y = f),
dx,ye X, f(x) # f(y)weget x + y
However f is one to one and Since (X, uq, 1y ) is
(i, ))[resp bi] — supra- T, -space
then there exist (i,j)[resp bi] — supra open set G, H
forevery x,y € X,x # y
Suchthatx € Gandy & Gandx &€ H,y€ H
Since f is (i,j)[resp bi] — supra open function
- f(G)= G, f(H) =H"is a (i j)[resp bi]-
supra open in (Y, a4, 0, )

X €G- f(x)E f(G)—>x"€ G

ye G- f)é f(G) -y & G
x¢&¢ H- f(x)¢ f(H)->x" ¢ H*

y €EH- f(y)e f(H)»y" € Hx

~ 3G*,H" are (i, j)[resp bi] — supra open sets
x* € G, y* ¢ G'andx™ € H",y" €

H* so (Y,0q,0,)is (i,j)[resp bi] — supra- T; —
space.
Theorem 2.9 :

(i,))[resp bi] — supra-T,
topological property
Proof:

(X, 1, 1z )isa (i, j)[resp bi]- supra T, — space
Let fi X u,pu )= (Y,01,0;) is a
(i, ))[resp bi] — supra homeomorphism
to prove that (Y, 0,0, ) is (i,j)[resp bi]- supra-T,—
space .
Letx*,y* € Y,x* #y*
since f is on to
Ax,y € X such that x* = f(x),y" = f(y).Since f
is one to one

- f) #f) —»x#y
Since (X, uq, 4y )is (i,j)[resp bi] — supra- T, -space
Vx,y € X,x #* y
3 two disjoint (i, j)[resp bi] — supra open set G, H
Suchthatx € G,y€ H GNH=¢

Since f is (i,j)[resp bi] — supra open function—
f(G)=G", f(H) =H"
are (i,j)[resp. bi]- supra open sets
GNH=¢- f(G) N f(H) =¢

x €G- x"€ f(G) x"€ G
y€eEH->y € f(H) y' € H
(i, j)[resp bi]- supra- T, —space.
3. bi— supra hereditary property
In this section bi [resp (i,j)] - supra hereditary
properties are studied and
It's characterization are
applications .
Definitions 3.1 :
Let (X, uq, 1) be a bi-supra topological space, and
let A be a subset of X. Then:

1. The subspace (i,j)—supra topology on A
determined by (i,j), — supra open is intersection

property is a supra

(Y,04,0,) 1is

presented and some
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(i,j) - supra open with A as {Anuw:u € (i,j)—
supra open).

2. The subspace bi- supra topology on A determined
by bi, —supra open is intersection bi

- supra open with A as

{ANu:u € bi— supra open}.

Example 3.2 :

LetX ={a,b,c,d}
U = { @, X! {a}, {b}, {a, b}, {a, C}, {a, d}, {br C}r
{b,d},{a,b,d},{a,b,c},{a,c,d}, {bc d}}
ta = {9 X, {a},{b},{a,b},{a,b,d},{a,b,c}}

(i,j) — supra open set

={¢,X,{a},{b},{a, b}, {a,c},{a,d},{b,c},
{b,d},{a,b,d},{a,b,c},{a,cd}{bc d}}

bi — supra open set
={ ¢, X,{a},{a, b}, {b},{a,b,d},{a, b, c}}

Let A = {a, c}

(i, ) a-supra topology = { ¢, 4,{a}, {c}}

bi, — supra topology = { ¢, A4,{a}}.

Definitions 3.3 :

LIf (Y, tty1, hy7 ) sub space of (X, tyy, fyz ), and p any
property in (X, yq, Uy ), then p is called bi [resp
(i,j) ] — supra hereditary property where p is the
same property in (Y, iy, iy ).

Theorem 3.4 :
(i,/)[resp bi] —
hereditary property
Proof:

Let (X,uq, ;) be a bi-supra topological space and
(X, uq, 4z) is a (i, j)[resp bi] — supra -Ty- space

Let (Y,0q,0, ) be a bi-supra topological subspace of
(X, 11, p2)

To prove that (Y,04, 0, ) is (i,j)[resp bi]- supra-T, —
space

Letx,ye Y,x+ y

Since (X, uq, ;) is a (i, j)[resp bi]- supra-T,- space
Then there exist (i,j)[resp bi]- supra open set G .
Suchthatx € Gandy ¢ G,

(i, )y[resp biy]- supra topology ={G* =Y N G:G €
(i,))[resp bi] — supra open}
X€EG,XxEY o x€eEGNY> x€E G

is (i,))y[resp biy] — supra open

YEGYEY - yg GNnY->y¢gG*

there exist ((i,j)y[resp biy]- supra open , Such that
x €EG,y¢ G"

Vx,yeEY,x+y

so (Y,04,0,) is (i,j)[resp bi]- supra-T, —space
Theorem 3.5 :

supra-T, property is a supra

(i,j))[resp bi] —supra-T; property is a supra
hereditary property
Proof:

Let (X, 1y, p )be a (i,j)[resp bi]- supra-T; - space
Therefore (Y,0,,0,) be a (i,j)a[resp biy]- supra
topology sub space of (X, uq, Uy )

To prove that (Y, 0,0, )is (i,j)[resp bi]- supra-T; -
space

Letx,y€ Y,x # y

Since (X, 1y, 4, )is a (i, j)[resp bi]- supra-T; - space
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Then there exist two (i, j)[resp bi] — supra open set

G, H

Such that

Since Y € X
(i, Dylresp biy] — supra open = {G N

Y:G is(i,j)[resp bi] — supra open}

Let G*,H* are (i,j)y[resp biy]- supra open set
“XEG,xXEY>XxEGNY> x €EG"

yvE G,x ¢Y->x¢ GNY—>x¢& G

x ¢ Hx¢Y->x&€ HNY > x & H"

yEHy€eY->yeHNY—>yeEe H"

There exist two (i,j)y[resp biy]- supra open set

G, H"

Such that x €EG,y¢& G'andx ¢ H",y €
H" ,Vx,ye Y,x+y

(Y, 04,0, )is (i, j)[resp bi]- supra-T; —space.

Theorem 3.6 :

X €EGandy ¢ G,x ¢ H,y € H,

(i,))[resp bi] —supra-T, property is a supra
hereditary property
Proof:

(X, 1y, ) be a (i,j)[resp bi]- supra-T, space
and(Y,0,,0;, ) be a (i,j)y[resp biy]- supra topology
sub space of(X, uq, iy )

to prove that (Y, 0y, 0, ) is (i, j)[resp bi] — supra-T, -
space

Letx,y€e Y,x# y,butY € X

Implies that x,y € X,x # y

Since (X, iy, 4, ) is a (i,j)[resp bi]- supra-T,—space
There exist two disjoint (i, j)[resp bi] — supra open
sets

G,H suchthatx € G,y € H,GN H=0

Since Y € X

(i, ))y[resp biy] — supra open

={un Y:pis (i,j)[resp bi]- supra open}
Wehave G S X - G"= G NYis

(i,))y [resp biy] - supra open

HcSc X-> H'=HnY

is (i,J)y [resp biy] -supra open

Sincex € G NY - x€ G*

yEH NY—>ye€eH
G-NY'=GnNnY)Yn(H NnY)
GNnHNY=pnY =9

~GTNY' =9

Hence forallx,y € X,x # y

3 two disjoint (i, j)[resp bi] - supra

open sets G*,H"such that x € G*,y € H*,G"' N
H" =¢

(Y,0,,0,) isa (i,j)[resp bi] — supra T, — space.

4. Some Proposition and Example

Proposition 4.1 :

1-Every bi — supra Ty- space is an (i,j) —supra Ty—
space

Proof : Let (X,pu,, 1, ) be a bi- supra topological
spaces

And let (X, uq, 4, ) be a bi- supra T,- space And let
x,y EX,x#y

Then there exist bi- supra openset G S X
Suchthatx € Gandy & G
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Since every bi — supra open set is an (i,j) — supra
open set

Then G € Xis (i,j) — supra open set such that
x EGandy & G

Hence (X, pq, ) is (i, j)- supra- Ty-space.

2-Every bi-supra T;- space is an (i,j)- supral;—
space

Proof :

Let (X, 44, 4, ) be a bi — supra T; - space

andletx,y € X ,x #y

Then there exist two bi — supra open set G, H
Suchthatx € Gandy &€ Gandx &€ H,y€ H
Since every bi —Supra open set is a (i,j) — supra
open set

Then G,H S X are two (i,j) — supra open sets such
thatx € Gandy ¢ Gandx &€ H,y € H

Hence (X, pq, 4,) is (i,j) — supra- Ty -space.

3-Every bi-supra T,- space is a (i, j)- supra T,—space
Proof :

Let (X, 4y, 4y) be a bi — supra T,- space

Andletx,y € X,x#y

Then there exist two bi- supra open set G,H € X
Suchthatx € G,y€ HGNH = ¢

Since every bi — supra open set is a (i,j) — supra
open set

Then G,H < X are two (i,j) — supra open sets such
thatx € G,y€ H,GNH =¢

Hence (X, uq, 5) is (i, j)- supra T,-space.
Proposition 4.2:

1-  Every (i,j)[resp bi] —supra T, —space is
(i,j) [resp bi]- supra T;-space.

Proof : Let (X,u,, 1, ) be a bi- supra topological
spaces.

And let (X,uq, 4, )be a (i,j)[resp bi]- supraT,—
space

Assume that x,y € X,x #y

Then there exist two (i, j)[resp bi] — supra open sets
GHC X

Suchthatx € G,y€ H GNH=1¢.

Since GNH = ¢ that is means x € G and x &
H,y¢G,y € H.

Hence (X, pq, 1) is (i, j)[resp bi] - supra T;-space.
2-Every  (i,j)[resp bi]- supraT,—space is a
(i,)) [resp bi] — supra T,-space.

Proof :

Let (X, 1y, up) be a (i, j)[resp bi] — supraT, —space
andletx,y € X,x#y

Then there exist two (i,)[resp bi]- supra open sets
GHC X

Suchthatx € G,y€ H GNH=¢.

Since GNH =¢ that is means x € G and x &
Hy€éG,y€ H.

Then there exist a (i,j)[resp bi] — supra open set
G cX

Suchthatx € G,y & G

Hence (X, p4, 1, ) is (i, j) [resp bi] - supra Ty-space.
3-Every (i,j)[resp bi] — supralT;—space is a
(i,)) [resp bi]- supra Ty-space.

Proof :
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Let (X, 1y, pp) be a (i, j)[resp bi] — supra T, —space
Assume that x,y € X,x #y
Then there exist two (i,)[resp bi]- supra open sets
GHCcS X
Suchthatx € Gandx & H,y ¢ G,y € H
That is mean there exist a (i,j)[resp bi] — supra
openset G S X
Suchthatx € G,y & G
Hence (X, 1y, ptz ) 1s (i,j)[resp bi] - supra Ty-space.
The converse of the propositions
Is not necessarily true as the following example :
To show that (i,j) - supra Ty-space not implies bi-
supra Ty-space
Example 4.4 :
Let X = {1,2}
‘Ll]_:{(p,X,{l}},
1 = {9,X,{1},{2}}
(i,j) — supra open set = {@, X,{1},{2}}
bi — supra open set{p, X,{1}}

Hence (X, uq, 15 ) is (i,j) — supra Ty-space but not
bi - supra Ty-space.
To show that (i, j) - supra T;-space not implies bi —
supra T, -space
Example 4.5 :
LetX = {1,2,3,4}
m = {p,X,{1},{3},{2},{1,2},{1,4},{1,3},{2,3},
{2,4},{3,4},{1,2,3},{1,3,4},{1,2,4},{2,3,4}}
‘lez{(p, X, {1}1 {4}) {3}; {1;3}1 {1;4}
,{3,4},{1,3,4},{1,2,4},{2,3,4}}.
(i,J) — supra open set
= {p, X, {1}, {3},{1,3},{1,2},{1,4}, {2,3}, {2,4},
{3,4},{1,2},{1,2,4},{1,3,4},{2,3,4}}.
bi — supra open set = {¢, X, {1}, {3}, {1,3}
,{3,43,{1,4},{1,2,4},{1,3,4}, {2,3,4}}

Hence (X, uq, 1, ) is (i,j) — supra T;-space but not
bi - supra T, -space.
To show that (i,j) [resp bi] — supra T;-space not
implies (i,j)[resp bi] — supra T,-space
Example 4.6 :

Let X = {1,2,3,4}
,Lllz{(p,X, { 3}1 {4}1 {314}1 {113}1 {114}1 {2!3}
,{2,43,{1,3,4},{1,2,3},{1,2,4},{2,3,4}}

ﬂ2={(p, X: {1}1 {2}1 {3}1 {213}1 {112}1 {1!3}
,{1,2,3},{1,2,4},{1,3,4}}.
(i, j)-supra open set
= {p,X,{1},{3},{3,4},{1,3}, {1,4}
,{2,3},{2,43,{1,2,3},{1,2,4},{2,3,4}, {1,3,4}}
bi-supra open set = {¢, X, {1}, {3}, {1,3}
,{2,3},{1,3,4},{1,2,3},{1,2,4}}.
Hence (X,puq,pu,) is (i,j) [resp bi] — supra T;-
space butnot (i,j)[resp bi] — supra T,-space.
To show that (i,j) [resp bi] - supra Tyspace not
implies bi — supra(resp. T;) T,-space
Example 4.7 :
Let X = {1,2,3}
t={p, X, {1}}

12 = {p, X, {1{1,2}}
(i,j) -supraopenset = {@,X,{1},{1,2}}
bi — supraopenset = {¢p,X,{1}}
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Hence (X, puq, 1, ) is (i,j) [resp bi] - supraT,-space
but not bi — supra(resp. T;) T,-space

To show that (i,j) —supra T,-space not implies
bi - supra T,-space

Example 4.8:

Let X = {1,2,3,4}

.ul = {(p! X' { 2}’ {3}’ {2!3}’ {1'4}v {1v2'4}! {1!3'4}}
1={, X, {1},{4},{1,4},{2,3},{1,2,3}, {2,3,4}}-

(i,j) — supra open set={p,X,{2},{3},{2,3},{1,4}
,{1,2,4},{1,3,4},{1,2},{2,4},

{1,2,3},{2,4,3},{1,3}, {3,4}}.

bi — supra open set= {9, X, {1,4},{2,3}}

Hence (X, uq, 14, ) is (i,j) — supra T,-space but not
bi - supra T,-space.

References

[1] Kelley, J.C. (1963), Bi-topological Space Proce
London, Math. Soc. 13,71-8 .

[2] Mashhour, M. S. Allam. A. A, Mohamoud .f.s-
and khedr, F.H. (1983), On Supra topological Space
Indian J.pure and Applied. Mathematics,4(14):502-
510.

[3] Ravi, O., Pious, M.S and Salai, P.T. (2011), A
new type of homeomorphism in a bi — topological

TJPS

Conclusions.

some new result

Proposition 4.1:

1-Every bi — supra T,- space is an (i,j) —supra To—
space.

2-Every bi-supra T;- space is an (i,j)- supral;—
space.

3-Every bi-supra T,- space is an (i,j)- supraT,—
space.

Proposition 4.2:

1-Every (i,j)[resp bi] — supraT, —space is an
(i,j) [resp bi]- supra T;-space.

2-Every  (i,j)[resp bi]- supraT,—space is an
(i,)) [resp bi] — supra T,-space.

3-Every (i,j)[resp bi] — supraT;—space is an
(i,)) [resp bi]- supra Ty-space.

Space, International Journal of math. Sci. and
Application, 1(2).

[4] B. K. Mahmoud ,On Supra — Separation Axioms
for Supra Topological Spaces, Tikrit journal of pure
science 22(2) 2017.

[5] Ghufran Ali Abbas, On Bi-Supra Open sets and
Bi- Supra continuity in Bi-Supra Topological space ,
M.Sc. Thesis, Tikrit University, 2019.

Juaail) gy Gand 48500 ALY Liaslilly 450 58 ciliual
2‘;“1;49»4.2"&’»\4,\9 O Lt daaa ¢ 181
Ghall ¢ Jeapall ¢ Jemsall drals ¢ Cilaialiplly copaalad] pslel] S ¢ Colualypl) auid’
Gball s e S deala ¢ Slanlilly Crpmladl polel] LIS ¢ lualylf aud’

oailal)

Leg Bl Causyny 4ol ALY Lagloiilly ol Clially Cupans et 3 485l Laglsill 5 Aol cliall e saa Culiyyas

Lty 3 i yadlly Gailadll e SESH Tyl L

128



