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ABSTRACT 

The current study deals with     generalized conhormonic 

           ensor of Vaisman - Gray manifold. The aim of this paper to 

calculate     components    generalized Ricci tensor and generalized 

Riemannian tensor of   -                adjoint  -s               to 

find Generalized conharmonic Curvature tensor of   -manifold, one of 

the               an manifold struc   es is donated         , 
w  re    a d    re       ely de       o the near     hler m    old 

an     ally conformal kahler m   fold have been studied .  

 

 

1. Introduction 

In (1957) Y. Ishi , -    udies conharmonic 

transformation which is a conformal transformation. 

On   f      epresentativ    rk of dif    ntial 

geometr   s a   lmos     ermitia    ructure. In 

particular, the problem of classification of this 

structure   ra   nd Hervella [5] found     t 
t    ction o   he unitar     up  ( ) o    e space 

    ll tensor      type (3,0)decomposed th s space 

in     xte     asses. In 1993, Banaru [3] succeeded in 

re-classifying the sixteen         o         Herm 

  nifol   y usin    e             d virtual tensors, 

which were named Kirichnko's tensors [2]. Among 

the sixteen classes of almost hermitian manifold, 

there are eight which are invariants under the 

conformal transformation metric. 

This research tackles the almost kahler and nearly 

kahler manifold so it found their important 

geometrical properties. In 2006 Krolikowski proved 

that there is an 4-dimensional almost kahler manifold 

of  locally conformally flat with a metric of a special 

form [8].  In 2010, Lafta studied conhormonic 

curvature tensor of classes almost kahler and nearly 

kahler manifolds [9]. In 2016 [13] Habeeb M. Abood 

and Yasir A. Abdulameer where studied the 

flatness     conharmonic curvature    nsor of   - 

manifold in       the method of an adjoint G-

structure         d I have proved that the 

compounds    conharmonic                   f   -

         and Riemannian curvature tensor and Ricci 

tensor of   -manifold in the adjoint  -structure 

space. In 2018 [1] Ali A. Shihab and Dhabia`a M. Ali 

where studied generalized conharmonic curvature 

tensor of nearly Kahler manifold. In the study also 

concentrates generalized conharmonic 

           ensor of  Vaisman - Gray manifold. 

2. Preliminaries 

Let   be a smooth manifold of dimension   ,   ( ) 
is algebra of smooth function on  ;  ( ) is the 

module of smooth vector fields on manifold of M ; 

        is Riemannian metrics,   is Riemannian 

connection of the metrics g on M      the operator of 

exterior differentiation. In the further all manifold 

tensor field, etc. objects are assumed smooth a classes 

C
∞
(M). 

we concentrate our attention on generalized  

conharmonic tensor of Vaisman-Gray manifold, 

where Vaisman Gray manifold is considered 

    n               important classes       ost 

hermitian manifold which is denoted by   ⨁   and 

represents a generalization of the   and    

classes.The space   is called nearly Kähler manifold 

(   -manifold) and   is called locally conformal 

Kahler manifold (   -manifold).  

Definition 1 [5]  

http://tjps.tu.edu.iq/index.php/j
http://dx.doi.org/10.25130/tjps.24.2019.138
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Tikrit Journal of Pure Science Vol. 24 (7) 2020 

 

111 

A Vaisman-Gray structure is an  -structure{ 𝐽 ,   = 

  . , . > } such that:  

   ( )  (   )  
  

 (   )
*       ( )    

      ( )   𝐽      (𝐽 )+ where   is the 

Riemannian connection of    (   )    𝐽     is 

the Kähler form,   is a coderivative and 

        ( ). An    -structure (𝐽 ,   =   . , . > ) 

is called a structure of class    or               (   

-          ) 

                                         equivalently, 

    ( 𝐽 )         ( ). An    – structure    

(𝐽 ,   =   . , . > ) is called a structure of class   or 

locally conformal Kahler structure (    -structure) 

if.   ( )(   )  
  

 (   )
*       ( )       

  ( )     𝐽    (𝐽 )    𝐽    (𝐽 )+. 
A manifold   with Vaisman-Gray structure is called 

a Vaisman-Gray manifold (   -manifold). 

Theorem 2 [7]  

The collection of the structure equations of VG -

manifold in the adjoint G-structure space has 

the following forms:  

i) 𝑑  =  
 ⋀  +  

    ⋀  +      ⋀   ; 
ii) 𝑑   = −  

 ⋀  +   
   ⋀ 

 +     
 ⋀  ;  

iii) 𝑑  
   

 ⋀  
  (             

  )  ⋀   

(   ,   -       
 )  ⋀   (   

,   -   

  
   )   ⋀     

where    is the comp        f           rm,   
  is 

                  Riemannian relation of metric 

g,*    
  ,  

   + is some functions on adjoint G-

structure space and    
   is system functions in the 

adjoint  -structure space which are symmetric b   he 

lo      d upp     dices and are 

cal       ponen       olomorphic sectional 

curvature tens    he next theorem gives the 

components of Riemannian curvature tensor of    -

manifold.  

Theorem 3 [10]  

In the adjoint  -structure space, the components of 

Riemannian curvature tensor of    -manifold  

are given by the following forms:  

i)        (   ,  -   ,   -  );  

ii)  ̂     2    
 ; 

iii)  ̂ ̂    (  
         , 

, 
  -
 -
);  

iv)  ̂   ̂     
                   

     
     ,  

where{    
     

           
  } are some functions on 

adjoint  -structure space such that: 

𝑑       
    

        
  and 𝑑       

  
  
            

Definition 4 [12]   

   enso      y   ( ,0) whi    s define   s is     

    
           is called a Ricci tensor.  

Definition 5 [10] 

    he adjoint G-structure spac    e componen    f 

Ri        or of Vaisman- Gray man        e given 

as                   : 

 )     
   

 
(             )   

 )   ̂     
               

   
   

 
(     

    )  
 

 
      
   

  (   )     
   

Definition 6 [6] 

Let ( ,J,  ) be a Vaisman-Gray manifold, the 

Conharmonic curvature tensor of   - manifold     
of type [4, 0] which is dafined as the following form: 

            
 

 (   )
,                     

      - …………..…..(1) 

Where      and   

                                                         
                                                      
                             : 

 )  ,       -     ,       -     

 )  ,       -      (        )       
    )  ,       -    ,        -   ,       -        

  )   ,       -   ,       -    }
 

 

……...(2) 

          ( )  
Remark 7 [2] 

From the Banarues classification of AH-         
            -          atisfies th       wing 

conditions: 

               
    ,   

 -
 . 

Definition 8 [4] 

A generalized Riemannian           tens        -

manfold   is called a tensor of kind (4, 0) whose is 

defined as the following format:  

    (  )(       )  
 

  
* , (       )  

  (         )    (         )   
 (           )-    (         )  
 (         )    (         )   (         )  
  (         )   (         )    (         )  
 (         )+  
where  (           )  is the Riemannian curvature 

tensor (       )    ( ) and satisfies 

 the following properties : 

1) (  )(       )   (  )(       )  
 (  )(       ); 
2 ) (  )(       ))  (  )(       ); 
3) (  )(       )  (  )(       )  
(  )(       )   ; 

Definition 9 

A generalized Conharmonic curvature tensor (  -

curvature) tensor of Vaisman-Grey manifold  

(   - manifold)   of ty   (4,  )  hich is defi     s 

the following form: 

 (  )(       )  
 

  
* ,  (       )  

  (         )    (         )   
  (           )-    (         )  
  (         )    (         )  
  (         )    (         )  
  (         )    (         )    (         )+ 
Consider this equation in the adjoint  -structre space 

we get: 

       
 

  
* ,        ̂ ̂       ̂ ̂    ̂ ̂ ̂ ̂-  

    ̂ ̂    ̂ ̂       ̂ ̂   ̂ ̂     ̂  ̂     ̂  ̂  
  ̂   ̂     ̂ ̂ + . 
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Theorem 10 

The components of the generalized Riemannian 

curvature tensor of   -manifold in the adjoint  

 -structure space are given as the following forms:             

 )   ̂  ̂  {    
          

     
     

 

 
 , 
, 
  -
 -
}   

 )    ̂   ̂  {   
          

     
     

 

 
 , 
, 
   -
 -
}  

Proof  

By using Theorem (3) and definition (8), we 

calculation the compounds of generalized 

Riemannian tensor as follows: 

1) For       ,       ,       and    𝑑                                                                                     

       
 

  
* ,                       -  

                                    
           + 
         

2) For     ̂ ,     ,     and   𝑑                                          

    ̂   
 

  
* ,  ̂      ̂      ̂      ̂   -  

  ̂      ̂      ̂      ̂      ̂      ̂    
  ̂      ̂   + 
   ̂       

 )                 ̂                     

      ̂   
 

  
* ,   ̂      ̂      ̂      ̂  -  

     ̂       ̂     ̂      ̂       ̂           ̂  
    ̂      ̂ + 
    ̂      

 )                         ̂               

       ̂  
 

  
* ,    ̂      ̂      ̂      ̂ -  

   ̂      ̂        ̂      ̂     ̂      ̂   
     ̂       ̂+           
     ̂     

 )                                 ̂   

      ̂  
 

  
* ,      ̂        ̂        ̂  

       ̂-      ̂       ̂      ̂       ̂   
     ̂      ̂      ̂       ̂  +. 
      ̂     

 )           ̂       ̂           𝑑     𝑑     

    ̂ ̂   
 

  
*  ,  ̂ ̂      ̂ ̂      ̂ ̂    

  ̂ ̂  -     ̂   ̂    ̂   ̂     ̂  ̂       ̂  ̂  
  ̂   ̂    ̂   ̂     ̂  ̂    ̂  ̂ +  
   ̂ ̂      

 )           ̂              ̂           

    ̂  ̂  
 

  
* ,  ̂  ̂    ̂  ̂    ̂  ̂    ̂  ̂ -  

  ̂ ̂     ̂ ̂     ̂   ̂   ̂   ̂    ̂ ̂     ̂ ̂   

  ̂   ̂    ̂   ̂+   ̂  ̂  
 

  
*     ̂  ̂  

   ̂ ̂      ̂   ̂+  

    ̂  ̂  
 

 
*    ̂  ̂    ̂ ̂     ̂   ̂+ 

    ̂  ̂  
 

 
*     ̂   ̂    ̂ ̂     ̂   ̂+ 

    ̂  ̂  
 

 
{  (   

                   
     

      

 .           , 
, 
  -
 -
/     

            

       
     

    } 

    ̂  ̂  
 

 
{     

                     
     

     

            , 
, 
  -
 -
    

            

       
     

    } 

By using Remark (7) and according to the equality 

          ,  
we get:     

     ̂  ̂  
 

 
{     

                     
     

     

            , 
, 
  -
 -
    

            

       
     

    } 

    ̂  ̂  
 

 
{     

           
     

       , 
, 
  -
 -
} 

    ̂  ̂  {    
          

     
     

 

 
 , 
, 
  -
 -
} 

   )          ̂                       ̂ 

    ̂   ̂  
 

  
*  ,   ̂   ̂    ̂   ̂    ̂   ̂  

  ̂   ̂-    ̂  ̂    ̂  ̂    ̂ ̂     ̂ ̂     ̂  ̂  

  ̂  ̂    ̂ ̂     ̂ ̂   +      ̂   ̂  
 

  
*    ̂   ̂  

   ̂ ̂      ̂  ̂ + 

    ̂   ̂  
 

 
*   ̂   ̂    ̂ ̂     ̂  ̂ +  

   ̂   ̂  
 

 
*   ̂   ̂    ̂ ̂     ̂   ̂+   ̂  ̂  

 

 
{ (   

                   
     

       .          

 , 
, 
   -
 -
/     

                    
     

    }  

    ̂  ̂  
 

 
{    

                     
     

     

            , 
, 
   -
 -
    

            

       
     

    } 

By using Remark (7) and according to the equality 

          ,  
we get:   

    ̂   ̂  
 

 
{    

                     
     

     

            , 
, 
   -
 -
    

            

       
     

    } 

    ̂  ̂  
 

 
{    

           
     

       , 
, 
   -
 -
} 

   ̂   ̂  {   
          

     
     

 

 
 , 
, 
   -
 -
}   . 

Definition 11 [11]  

A tensor of type (2 , 0) which is defined as  (  )   

(  )   
  is called a generalized Ricci tensor. 

Theorem 12 

The components of generalized Ric    ensor of   -

              e adjoint  -structure space 

 are given as the following form:  

 (  ) ̂  (  )  ̂  ̂      
          

     
     

 

 
 , 
, 
  -
 -

 

Proof 

By using Theorem (10), we can get the components 

of generalized Ricci tensor as follows: 

1) For       ,       (  )   (  )   
  

(  )   
  (  )   ̂

 ̂  (  ) ̂    (  )    ̂    

2) For      ̂ ,     ̂ 

 (  ) ̂ ̂  (  ) ̂ ̂ 
  (  ) ̂ ̂ 

  (  ) ̂ ̂ ̂
 ̂  

(  ) ̂ ̂ ̂  (  )  ̂ ̂ ̂     
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3)  For      ̂ ,       

 (  ) ̂  (  ) ̂  
  (  ) ̂  

  (  ) ̂  ̂
 ̂  

(  ) ̂ ̂   (  )  ̂  ̂  

 (  ) ̂  (  )  ̂  ̂      
          

     
     

 

 
 , 
, 
  -
 -

 . 

Theorem 13 

The            from the generalized conharmonic 

curvature of    -manifold in the adjoint 

  -structure are given as follows: 

              
 

 (   )
,    (  )       (  )   

    (  )       (  )  - 

Then 

1)    ̂ ̂     
 

 (   )
{(  

 ) .    
   

       
     

     
 

 
 , 
, 
  -
 -
/  

(  
 ) .    

          
     

     
 

 
 , 
, 
  -
 -
/  (  

 ) .    
   

       
     

     
 

 
 , 
, 
  -
 -
/  

(  
 ) .    

          
     

     
 

 
 , 
, 
  -
 -
/} 

 )    ̂  ̂      
          

     
     

 

 
 , 
, 
  -
 -
  

 

 (   )
{(  

 ) .    
          

     
     

 

 
 , 
, 
  -
 -
/  

(  
 ) .    

          
     

     
 

 
 , 
, 
  -
 -
/}  

 )    ̂   ̂      
          

     
     

 

 
 , 
, 
  -
 -
 

 

 (   )
{(  

 ) .    
          

     
     

 

 
 , 
, 
  -
 -
/  

(  
 ) .    

          
     

     
 

 
 , 
, 
  -
 -
/}  

Proof: 

  𝑑    𝑑         ؛       ؛           ( 

              
 

 (   )
,    (  )   

    (  )       (  )       (  )  -       

  
 

 (   )
*( )( )  ( )( )  ( )( )  ( )( )+    

          

   )          ̂                 𝑑    𝑑 

    ̂      ̂    
 

 (   )
,  ̂  (  )   

    (  ) ̂    ̂  (  )       (  ) ̂ -   ̂    
  
 

 (   )
{(  

 )( )  

( ) .    
          

     
     

 

 
 , 
, 
  -
 -
/  (  

 )( )  

( ) .    
          

     
     

 

 
 , 
, 
  -
 -
/}    

   ̂       

 )                 ̂          𝑑    𝑑  

     ̂      ̂   
 

 (   )
,    (  ) ̂  

  ̂  (  )       (  ) ̂    ̂  (  )  -  
       

  
 

 (   )
{( ) .    

          
     

     
 

 
 , 
, 
  -
 -
/  

(  
 )( )  ( ) .    

          
     

     
 

 
 , 
, 
  -
 -
/  

(  
 )( )}     

    ̂     

   )                        ̂   𝑑    𝑑 

      ̂      ̂  
 

 (   )
,   ̂ (  )   

    (  )  ̂      (  )  ̂     ̂ (  )  -     ̂  
  
 

 (   )
{(  

 )( )  

( ) .    
          

     
     

 

 
 , 
, 
  -
 -
/  ( ) .    

   

       
     

     
 

 
 , 
, 
  -
 -
/  (  

 )( )}    

     ̂    

 )                           𝑑    𝑑̂  

       ̂       ̂  
 

 (   )
,    (  )  ̂  

   ̂ (  )      ̂ (  )       (  )  ̂-      ̂  

  
 

 (   )
{( ) .    

          
     

     
 

 
 , 
, 
  -
 -
/  

(  
 )( )  (  

 )( )  

( ) .    
          

     
     

 

 
 , 
, 
  -
 -
/}    

      ̂    

 )          ̂       ̂          𝑑     𝑑 

    ̂ ̂     ̂ ̂   
 

 (   )
,  ̂  (  ) ̂  

  ̂  (  ) ̂    ̂  (  ) ̂    ̂  (  ) ̂ - 
 

   ̂ ̂   

    
 

 (   )
{(  

 ) .    
          

     
     

 

 
 , 
, 
  -
 -
/  

(  
 ) .    

          
     

     
 

 
 , 
, 
  -
 -
/  (  

 ) .    
   

       
     

     
 

 
 , 
, 
  -
 -
/  

(  
 ) .    

          
     

     
 

 
 , 
, 
  -
 -
/} 

7)          ̂              ̂    𝑑    𝑑 

    ̂  ̂    ̂  ̂  
 

 (   )
,  ̂ ̂ (  )   

    (  ) ̂ ̂    ̂  (  )  ̂     ̂ (  ) ̂ - 

   ̂  ̂      
          

     
     

 

 
 , 
, 
  -
 -
 

 

 (   )
{( )( )  ( )( )  (  

 ) .    
   

       
     

     
 

 
 , 
, 
  -
 -
/  

(  
 ) .    

          
     

     
 

 
 , 
, 
  -
 -
/}  

    ̂  ̂      
          

     
     

 

 
 , 
, 
  -
 -
 

 

 (   )
{(  

 ) .    
          

     
     

 

 
 , 
, 
  -
 -
/  

(  
 ) .    

          
     

     
 

 
 , 
, 
  -
 -
/} 

8)          ̂                  𝑑    𝑑̂    

    ̂   ̂    ̂   ̂  
 

 (   )
,  ̂  (  )  ̂  

   ̂ (  ) ̂    ̂ ̂ (  )       (  ) ̂ ̂- 

    ̂   ̂      
           

     
     

 

 
 , 
, 
  -
 -
 

 

 (   )
{(  

 ) .    
          

     
     

 

 
 , 
, 
  -
 -
/  

(  
 ) .    

          
     

     
 

 
 , 
, 
  -
 -
/  ( )( )  

( )( )}  

    ̂   ̂      
           

     
     

 

 
 , 
, 
  -
 -
 

 

 (   )
{(  

 ) .    
          

     
     

 

 
 , 
, 
  -
 -
/  

(  
 ) .    

          
     

     
 

 
 , 
, 
  -
 -
/}. 
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Conclusion 
The components of the generalized Riemannian 

curvature tensor of        -Grey manifold,  the 

components of generalized Ric    ensor of        -

Grey manifold, and the components of the 

generalized conharmonic curvature of        -Grey 

manifold .

 

References 
[1] Ali A. Shihab , Dhabiaʼa M. Ali (2018) . 

Generalized conharmonic curvature tensor of Nearly 

K hler manifold. Tikrit. J. pure science., 23(8). 

[2] Banaru, M. (2001). A new characterization of the 

Gray– Hervella classes of almost Hermitian manifold 

    International conference on differential geometry 

and its applications, Opava – Czech Republic, 

August 27-31. 

[3] Banaru, M. (1993). Hermitian geometry of six–

dimensional submanifold of Cayley's algebra Ph. D. 

thesis, Moscow state pedagogical university, 

Moscow. 

[4] Gan. G. (1978). Characteristic of some classes of 

almost Hermitian Serdica, 4, 19-23. 

[5] Gray A. and Hervella L. M. (1980). Sixteen 

classes of almost Hermitian manifold and  

their linear invariants, Ann. Math. Pure and Appl., 

Vol. 123(3), 35-58. 

[6] Ishi Y.( 1957). On conharmonic transformation 

Tensor. (N.S).7, 73-80. 

[7] Kirichenko V. F. and Shipkova N. N. (1994). On 

Geometry of Vaisman-Gray manifold, YMN. V. 

49(2). 

[8] Krolikowski w. (2006). On 4-dimensional locally 

conformally flat almost kahler manifold. BRON. , 42, 

215-223.  

[9] Lafta G. R. (2010). Conhamonic curvature tensor 

of the certain classes of almost Hermitian manifold, 

(M. Sc. Thesis). University of  Basrah. 

[10]  L. A. Ignatochkina, (2003). Vaisman-Gray 

manifold with 𝐽-invariant conformal curvature tensor, 

Math. 194(2), 61-72. 

[11] Mileva P (2003). Locally Conformally Kahler 

Manifolds of Constant type and 

𝐽-invariant Curvature Tensor . Facta universities, 

Series: Mechanics, Automatic control and Robotics 

Vol. 3(14), 791.804,  

[12] Rachevski P. K., Riemmanian (1955).  geometry 

and tensor analysis, Uspekhi Mat. Nauk, V. 10, Issue 

4(66), 219-222. 

[13] Yasir Ahmed Abdulameer (2016). On Geometry 

of Almost Hermitian Manifold. (Master thesis) 

.University of  Basrah. 

 

 

 

 

 

كراي -ر الانحناء الكونهورمني المعمم لمنطوي فايسمانستن  
 2عبدالهادي احمد عبد،  1عبدالمجيد شهابعمي 

 قسم الرياضيات ، كمية التربية لمبنات ، جامعة تكريت ، تكريت ، العراق 1
 قسم الرياضيات ، كمية التربية لمعموم الصرفة ، جامعة تكريت ، تكريت ، العراق 2
 

 الممخص
للوصول الى إٌجاد    -في فضاء  الريماني المعمم لمنطوي فايسمانر الانحناء سر ريجي المعمم وتنسالهدف من هذا البحث حساب مركبات تن

حٌث           التقرٌبً التً ٌرمز لها بالرمز لهرمٌتًا كراي, واحدة من بنٌات المنطوي –ر الانحناء الكونهورمنً المعمم لمنطوي فاٌسمانستن

  محميا التي تم دراستها.كوهلر المتطابق  ومنطوي على التوالً ترمز لمنطوي كوهلر التقرٌبً       

 
 

     
 

 

 

 

 

 


