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1. Introduction

In (1957) Y. Ishi [6] studies conharmonic
transformation which is a conformal transformation.
One of the representative work of differential
geometryis  an almost Hermitian structure.  In
particular, the problem of classification of this
structurer. Gray and  Hervella [5]  foundd that
the action of the unitary group U(n) onthe space
of all tensorrs of type (3,0)decomposed this space
into sixteen classes. In 1993, Banaru [3] succeeded in
re-classifying the sixteen classes of almost Herm
manifold by using the structure and virtual tensors,
which were named Kirichnko's tensors [2]. Among
the sixteen classes of almost hermitian manifold,
there are eight which are invariants under the
conformal transformation metric.

This research tackles the almost kahler and nearly
kahler manifold so it found their important
geometrical properties. In 2006 Krolikowski proved
that there is an 4-dimensional almost kahler manifold
of locally conformally flat with a metric of a special
form [8]. In 2010, Lafta studied conhormonic
curvature tensor of classes almost kahler and nearly
kahler manifolds [9]. In 2016 [13] Habeeb M. Abood
and Yasir A. Abdulameer where studied the
flatnesss of conharmonic curvaturee tensor of VG-
manifold in usingthe method of an adjoint G-
structure spaceand I have proved that the
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The current study deals with the generalized conhormonic

curvature tensor of Vaisman - Gray manifold. The aim of this paper to
calculate the components of generalized Ricci tensor and generalized
Riemannian tensor of VG-manifold in the adjoint G-structure space to
find Generalized conharmonic Curvature tensor of VG-manifold, one of
the almost hermitian manifold structures is donated by W, @ W,,
where W, and W, respectively denoted to the nearly kahler manifold
and locally conformal kahler manifold have been studied .

compounds of conharmonic curvature tonsor of VG-
manifold and Riemannian curvature tensor and Ricci
tensor of VG-manifold in the adjoint G-structure
space. In 2018 [1] Ali A. Shihab and Dhabia‘'a M. Ali
where studied generalized conharmonic curvature
tensor of nearly Kahler manifold. In the study also
concentrates generalized conharmonic
curvature tensor of Vaisman - Gray manifold.

2. Preliminaries

Let M be a smooth manifold of dimension 2n, C*(M)
is algebra of smooth function on M; X(M) is the
module of smooth vector fields on manifold of M ;
g = <.,> is Riemannian metrics, V is Riemannian
connection of the metrics g on M; d is the operator of
exterior differentiation. In the further all manifold
tensor field, etc. objects are assumed smooth a classes
C*(M).

we concentrate our attention on generalized
conharmonic tensor of Vaisman-Gray manifold,
where Vaisman Gray manifold is considered
as one of the most important  classes  of almost
hermitian manifold which is denoted by W, W, and
represents a generalization of the Wjand W,
classes.The space W;jis called nearly Kéhler manifold
(NK -manifold) and W,is called locally conformal
Kahler manifold (LCK-manifold).

Definition 1 [5]
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A Vaisman-Gray structure is an G-structure{ J , g =
<.,.>} such that:

Vx(F) XX, Y) =

X, Y > 6F(X)— <]X Y > 6F(]X)} where V' is the
Riemannian connection of g, F(X,Y) =< JX,Y > is
the Kéhler form, 6 is a coderivative and

X,Y,Z e X(M). An AH-structure (J ,g=<.,.>)
is called a structure of class W, or nearly Kahler (NK
- structure)

if its Kahler form is a killing form, or equivalently,
Vx(J) =0;X € X(M). An AH — structure
(J,g=<.,.>)is called a structure of class W,or
locally conformal Kahler structure (LCK -structure)

if. Vg (F)(Y, Z) =

SFY)—<X,JY > 6F(]Z) +X,]7Z > 5F(]Y)}.
A manifold M with Vaisman-Gray structure is called
a Vaisman-Gray manifold (VG -manifold).

Theorem 2 [7]

The collection of the structure equations of VG -
manifold in the adjoint G-structure space has

the following forms:

i) do*=wiAw?+B v Aw,+B* w,Aw, ;

i) dw, = *a)a/\warBabwCAwb+wabcwb/\wC;

i) dof w@Aw§ + (2B4" By, + AA)wAwy +
(B (cBayon + Aleq)w Aw® + (By, B +

Aacd) wc/\wd ,

where w' is the components of mixture form, a)] is
the components of Riemannian relation of metric
g (A%, ,A%¥%}is some functions on adjoint G-
structure space and A%? is system functions in the
adjoint G-structure space which are symmetric by the
lower and upper indices and are
called components of holomorphic sectional
curvature tensor.the next theorem gives the
components of Riemannian curvature tensor of VG-
manifold.

Theorem 3 [10]

In the adjoint G-structure space, the components of
Riemannian curvature tensor of VG-manifold

are given by the following forms:

1) Rapca = 2(Bap[ca) + X[aBbica);

ii)R bed — 2Ades

ii)Rapeq = 2(=B*"Bpeq + a[a )

iV)Rdbcd - Abc + Bathth — B¢ cBhb P

where{a% ,al,ay, ,a%?} are some functions on
adjoint G-structure space such that:

dag + apwl = alw, + a,,w? and da® — alwf =
agw® + a?

Definition 4 [12]

A tensor of type (2,0) whichis definedas is 7;;

j =
R{‘jk = gkleijl is called a Ricci tensor.

Definition 5 [10]

In the adjoint G-structure space, the components of
Ricci tensor of Vaisman- Gray manefold are given
as the folowing forms:

1-n
Drgy = T(aab + Qpg + g + ab)

TJPS

2) rab = Th = 3Bcathbh + A + _(a ab

atay) —Ea "SR+ (n—2)a?,

Definition 6 [6]

Let (M,J,g) be a Vaisman-Gray manifold, the

Conharmonic curvature tensor of AH- manifold M
of type [4, 0] which is dafined as the following form:

1
PO [rugji — T Gix + TG —
rikgjl] ................... (1)
Where 7R and g
are respactively Ricci tonsor, Riemanian curveture tensor

and Riemanian metric. and satisfies all the properties

of algebraic curvature tensor:
DTIX,Y,Z,W] = -T[Y, X,Z,W]; l

Tijia = Rijia

) TX,Y,Z,W] =—-TX,Y,W,2);
)T[XY,ZW] + T[Y, Z,X, W] +T[Z, X, Y, W] =0;
HTXY,Z,W] =T[ZW,X,Y]; )
)
VXY, Z,W e X(M)
Remark 7 |2]
From the Banarues classification of AH-menifold,

the class VG-manifold satisfies the following
conditions:
pabc — _pgbac pab — ,lagP]

= c

Definition 8 [4]
A generalized Riemannian curveture tensor on AH-
manfold M is called a tensor of kind (4, 0) whose is
defined as the following format:

(HRY(X,Y,Z,W) = = (3[R(X,Y,Z, W) +
R.(JXJY,Z,W) +R.X,Y,]JZ,]W) +
R(X,JY,JZ,]W)] — R. (X, Z,JW,]Y) —
R(UX,JZ,W,Y) — R.(X,W,]Y,]Z) — R(JX,JW,Y,Z) +
R.(JX,Z,JW,Y) + R(X,JZ,W,]Y) + R.(JX,W,Y,]Z) +
R(X,JW,]Y, 2)},
where R(X,Y,Z,W) is the Riemannian curvature
tensorR(X, Y, Z, W) € T, (M) and satisfies
the following properties :
1) (HR)(X,Y,Z, W) = —(HR)(Y, X, Z, W) =
—(HR)(X, Y, W, Z);
2)(HR)(X,Y,Z, W)) = (HR)(Z,W,X,Y);
3) (HR)X,Y,Z,W) + (HR)X,Z,W,Y) +
(HR)(X,W,Y,Z) = 0;
Definition 9
A generalized Conharmonic curvature tensor (GT-
curvature) tensor of Vaisman-Grey manifold
( VG- manifold) M of type (4, 0) which is defined as
the following form:
(HR)(X,Y,Z,W) = 1—16 B[R (XY, Z W) +
R.(JXJY,Z,W) +R. X, Y,]JZ,]W) +
R.(JX,JY,]Z,]W)] — R. (X, Z,JW,]Y) —
R.(JX,JZ,W,Y) — R.(X,W,]Y,]Z) —
R.(JX,JW,Y,Z) + R.(JX,Z, JW,Y) +
R.(X,JZ,W,]JY) + R.(JX,W,Y,]Z) + R. (X, JW,]Y, Z)}
Consider this equation in the adjoint G-structre space
we get:

1
GTapca = E{3[Tabcd + Tapea + Tavea + Tabeal —
Tacap — Tacav—Taape—Taanc + Tacap + Tacap +

Taave + Taabe} -
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Theorem 10

The components of the generalized Riemannian
curvature tensor of VVG-manifold in the adjoint
G-structure space are given as the following forms:

1)GTapea = {~A%% + BY,Bys+ > alyog )

2) 6T apeq = {AS2 — BB, + > alyst]

Proof

By using Theorem (3) and definition (8), we
calculation the compounds of generalized

Riemannian tensor as follows:
1) For i=a , j=b , k=c and l=4d,

GTabcd = {3[ abcd Tabcd - Tabcd + Tabcd] +
Tacdb + Tacdb+Tadbc+Tadbc - Tacdb - Tacdb -
Tadbc - Tadbc}
GTapea =0
2) For i—d ,j=b,k=candl=d
GTapea 75 {3[Tdbcd + Tavea — Tavca — Tabcal +
Tacap — Tacdb +Taabc—Taave + Tacab — Tacap +
Taave — Taavc}
GTapea =0 R
3)Fori = a,j =b,k =cand [ =d,
1
GTachd = 5{3 [TaEcd + Taf)cd - Taf)cd - TaEcd] -

Tacap + Tacab—TaabetTaabe — Tacab + Tacap —

Taape + TadBc}

GTgpea =0
4)Fori=aj—b,k=€andl=d,
GCTapea = {3[ avea — Tavea + Tavea — Tapeal +
Toeap — Tacdb ToavetTaave — Tacap + Taear +
Tadbé - Tadbé}
GTapea =0 R
5 Fori = a,j = b,k = candl=d

1
GTabC& = E{3[ Tabc& - Tabc& + Tabc& -
Tabcc'i] - Tac&b + Tac&b—l' Ta&bc_ Ta&bc +
Tac&b - Taccib - Ta&bc + Ta&bc}'
GTapea =0 R
6) Fori = da,j=b,k=candl=4d

1
GTapca = 7g13 [Tapea — Tabea = Tabea +
Tchd] —Tacap — Tacab — Taabe — Taabe +

Tacap + Tacap + Taabe + Tadbc}

GTapca =0

7)Fori = a,j = b,k =¢Candl=d
GTapea = i{:g[Tdbéd + Tavea + Tavéa + Taveal +
Taeap + Tacav—Taave—Taave + Tacap + Tacap —
Taave — Taave}GTapea = 116{12 Tapea +
4Tacap—4Taave}

GTapea = i{3 Tavéa + Tacap—Taave}

GTapea = l{—3 Tavae + Tacap—Taave}
GTapea = ‘{ 3(AgG + B*"Bypq — B¥yBys +
2 (—B“ChBhdb + a[[Z(Y;D - — BBy +
BBy}

TJPS

GTapca = 3 {~3A35 — 3B%" Byyq + 3BV, B, f —
ZBaChBhdb + Za[b Sd] - Agg - BaChBh_db +
BB, ¢}

By using Remark (7) and according to the equality
Babc — _Bbac

we get:
GTapea = i{—3 ba — 3B*"Bupa + 3BV By +
2B B g, + 20y 65 — ASG + B By +

BB, ¢}

GTapea = i{ 4496 + 4B B, € + 20:[[;5;”

1

GTapea = { Bhd+_a[[l‘)15;}}

8)Fori = a,j = b,k = candl=d

GTapca = EB *[Tapca + Tapca + Tapea +
Tdbc&] —Tacar — Tacap +Td&bc+T&&blc —Tacap —
Tacap + Taave + Taanc"}: GTavca = 7;{12T apea +
4T aapc — 4Tﬁc&b}

1
GTapca = _{3Tabca + Taapc — T&c&b}
GTapca = {?’Tabcd + Taave + TacvatGTapea =
{342 + B“‘”lBth — BB, +2 (=B By, +
alysdl) + A% + BB, — B‘";,thd}
GTapca = 5 {3452 + 3B94 By, — 3B B, 8 —
2B By, + 2aly 6% + AL + BUh By, —
Bathhf}

By using Remark (7) and according to the equality
Babc — _Bbac

we get:

GTaca = ~{3A5% + 3B By, — 3B B, —
2By, + 2aly 64 + AGS — BB, —
Bathhg}

GTapca = ;{4452 — 4B Bhb + 2afy5%}
GTapeq = {Ab — BYByy + P [[a5c}}

Definition 11 [11]

A tensor of type (2, 0) which is defined as r(GT);; =
(G jk 1s called a generalized Ricci tensor.

Theorem 12

The components of generalized Ricci tensor of VG-
manifold in the adjoint G-structure space

are given as the following form:

r(GT)ap = (GT)cape =
Proof

By using Theorem (10), we can get the components
of generalized Ricci tensor as follows:

la[aé-c]

—A% + B B, S+ 5 %0

1) For i = a , j = br(GT)g, = (G, =
(GTve + (6Tape = (GT)eane = (GT)cane = 0

2) Fori =a,j=b»b

r(GT)ap = (GT)%;, = (GT)55, + (GT)55, =
(GT)eape = (GT)cape =0
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3)( ) Fozi ? a j(_ l; ©r) GTapéa = Ravea — Z(n D ——[8aeT(GT)pa +
r(GDap = (6T = (GTDane + (CT)pe = 7(GT) e — 8aa”(GT)pe — 80T (GT)aa GTapea =
(GT)édbc+(GT)cabc ) %bﬁ ( )ac 8ad ( )bc 8pe ( )ad] abéd
r(GT)ap = (GT)cape = —Ape + Bathth+Ea[[g5CC]] : {(60)(0) +
Theorem 13 2(" D .
The components from the generalized conharmonic (0) ( % + BBy + ) 0 (
curvature of VG-mamfold in the.adjomt Bchb Bhk 41 “[[b k]) —( 65) (O)} -0
G-structure are glven as follows: T 0
— abéd —
GTijr = Rijra — z(n 5 (g (GT)jy + gjur(GT) i — S)Fori=a,j = b,k =candl=d
. PR 1
%l}ll;gGT)]k g]kr(GT)Ll] GT gpca = Rapca — m [gacr(GT)b& +
GT r(GT)p. — r(GT)4lGT ,pcq =
1 GTapoq = {((Sa)( gbdr( Jac — 8aa ( )bcdh gbc}‘{ (1 )[gd]k] abcd
bh [b ok Z(n Y 2(n 1) {(0)( k+B thk+§a[b5k]) +
B chk+ a[ 5k]) + . (6 )(0) _ (6d)(0) _
(88) (—Ask + BB+ 5 all5]) — (6) (—ak + ) (~adk + BB+ 2alisi])} = 0
1 [bok
BthBh,’c‘+Ea[[C 5k]]) - GTgpca = = 0 L
b (—A%ﬁ + BB, kil a[[d6:]])} 6)Fori = a,j = b k=candl = d
ah 1 [a c] GT&bcd - Rabcd [gacr(GT)bd
2) GTapeq = —Apg + B thd+§a 8y +
ck ch 1 [c k] gbdr(GT)ac gadr(GT)bc gbcr(GT)ad]
T 1){(5 ) (—4gk + B, B+ 2al; 6k])+
(51,) (_Agk + Bathhk +- a[aSk])} GT&ﬁCd -
e 0- 58 BY", B, k42 [b6]+
— ad ah p d 1 [a d] 6 (- + hk T 5 X[q0k)
3) GTapca = —Ape + B Byc +E [b 8c] - 2(n 1) 4
b ah k1 a a
. 1){(511)( k| pan Bhk+;“[[d5k]]) n (601)( +B Bhk+ ac ) (5d)(
n- b
d anp ki 1, laskl BthBhllcc-i__ [[(: 5k]]) -
(Sb)( +B Bhk+ e ak]) b a?c a k [a ok]
1)F0rl’:a§j—b k =candl = d 7)F0ri=d,]—bik=candl=d
GTade = Rabcd Z(Tl 1) [gacr(GT)bd GT(ibéd = Rabéd - Z(Tl—l) [gdéT(GT)bd +
gbdr(GT)ac 8aaT(GT)pe — 8beT(CT) aalGTapca = 8baT(GT)ae — 8aar (GT)pe _1gbcEr(G]T)&d]
- h aoC
~ 505 (0)(0) + (0)(0) ~ (0)(0) ~ (0)(0)} = 0 GTabea = —Aba + B* Bh5+—a[b5d] -
GTabca = O {(0)(0) +(0)(0) — (59 (-4
2)Fori =4a,j = b,k = dl=d
) Fori a,j : can BCthhk+ a[[bc?k]]) .
GTapca = Ravea — 75— [8acT(GT)pa +
i (65) (_ o + B chk+ “[a5 ])}
8vaT(GT)ac — 8aaT(GT)pe — 8ucT(GT)aalGTapca = @ k]
0~ GT&bfd = - ac + Ba Bhd+_a[[a5c] +
a 1 k
20 1){(5 )0 + 0D (— A5k + BBy + a5 ) +
k 1
(0) (—A% + BB+ 2 alts,]) — (68)(0) - (65) (—4%% + BB+ 2 alysy] )}
() (A% + BB+ algo )} = 0 BFori=a,=bk=candl=d,
GTapca =0 R GTapca = Rapca — 2(n— [gacT(GT)bd
3)Fori = a,j=bk=cadl=d 800 (Gac — 8 (e — 807 (GT)aal
GTapca = Rabea — 2-1) [8acT(GT)5q + | GTﬁbc& = —A% — B B, 4+ - a[[b 6?]] -
86a7(CT)ac — 8aaT(GT) e — 85cT(GT) g a dk 4 pdh p k1, [dck]
GTade _ac c c 2(n 5 {(6 )( Apx + B thk+ [b6 ]) +
[b ok d ah p k _ _
~ o 1){(0) ( k 4 Bbh B k4l ~ 46 ]) + (63) ( K +B Bhk+ ) 0)(0)
(82)(0) - (0) (—A’g,’: ¥ Bbthmi‘+;a{é’6k}) - IO}
[a od]
(5?)(0)} =0 GT”bcd - Aad - Bahchhb + a[b 80]
dh [d ok]
GTgpea =0 - dled 2(n ) {(6a) ( + B Bhk +—a[b6k]) +
HFori =a,] =b,k = C¢andl =
) / (69) (~A% + B"Bof+ Lafta])),
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Conclusion

The components of the generalized Riemannian
curvature tensor of Viasman-Grey manifold, the
components of generalized Ricci tensor of Viasman-
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