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Abstract
The group of all Z-valued characters of G over the group of induced unit characters from all

cyclic subgroups of G forms a finite abelian group, called Artin Cokernal of G ,denoted by
ACG)= R (G) IT(6)
The problem of finding the cyclic decomposition of Artin cokernel AC(Dnn) has been

am
considered in this paper when n is an odd number , we find that if n = pf’1 .pZ‘Z ~.Pm , Where
P1,P2,..., Pm are distinct primes and not equal to 2 , then
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And we give the general form of Artin's characters table Ar(Dnn)when n is an odd number.
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Introduction :

The abelian group of all Z-valued characters of a finite group G under the operation of pointwise
addition over the group of induced unit characters form all cyclic subgroups of the group G (Artin

characters) , R (G)/ T(G)) form a finite abelian group which is called Artin Cokernel of the group G
,denoted by AC(G) .The problem of determining the cyclic decomposition of AC(G) seem to be
untouched .In this work, G is considered to be the dihedral group Dny, when n is an Odd number .To
do this work we must do the following steps

1- we must know the rational valued characters table of the group Dy, , = ( Din) -

2- we must find Artin characters table of the group Dyh , Ar(Dyh) .

3- we must find the matrix which expresses the Artin characters of the group Dy in terms of

rational valued characters , M(Dpn) =Ar (Dp) . (= Dpn)™

4- From (3) we must find the invariant factors matrix M(Dyp) .

5- From (4) we can find the cyclic decomposition of AC(Dny) .
The exponent of AC(G) is called the Artin exponent of the group G, denoted by A (G) .
In 1968 T.Y Lam [15] defined AC(G) and he studied AC(G) , when G is acyclic group.
In 1970 K . Yamacchi [11]studied 2-parts of A(G) . In 1976 G.David [4] studied A(G) of arbitrary
characters of cyclic subgroups .In 1996 K.Knwabuez [10] studied A(G) of p-group .
In 2000 H.R.Yassien [6] studied the cyclic decomposition of AC(G) when G is an elementary
abelian group .In 2002 H.H.Abbass [5] found = ( D, ).In 2006 A.S.Abed [2] found Ar(C,) when C,
is the cyclic group of order n .In this paper , we find Ar (D) and we study AC(D,y) of the non
abelian group Dnh ,when is an odd number.

1.Some Basic Concepts:-

In this section , we shall give basic concepts , notations and theorems about matrix representation
,Characters and Artin characters , which will be used in the next sections .

Definition (1.1):[2]
The general Linear group GL(n,F) is a multiplicative group of all non-singular nxn matrices
over the field F .

Definition (1.2):[3]

A matrix representation of a group G is a homomorphism of G into GL(n,F), n is called the
degree of matrix representation T . In particular , T is called a unit representation ( principal) if
T(g)=1,forallge G.

Definition (1.3):[3]
The trace of an nxn matrix A is the sum of the main diagonal elements, denoted by tr(A)
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Definition (1.4):[3]

Let T be a matrix representation of degree n of a finite group G over the field F .The character y
of degree n of T is the mapping y :G — F defined by y(g)= tr(T(g)) for all ge G. In particular ,
the character of the principal representation (y(g)=1, forall g € G). is called the principal

character .

Definition (1.5):[3]

Two elements g and h in the group G are said to be conjugate if h= x g x™, for some x €G. The
relation of conjugacy is an equivalence relation on G. The equivalence classes determined by this
relation are referred to as the conjugate classes and CLy , geG is the conjugate class of the

element g .

Definition (1.6):[3]
The centeralizer of x in G is the subgroup
Co(x)={ae G:axa'=x}.

Definition (1.7):[3]
Let H be a subgroup of G and ¢ be a character of H ,the induced character on G is given by

1 o _
¢TG (g) = F;¢ (ng 1),where geG and ¢ is defined by
) s(h) if heH
¢ (h)= 0 if heH

Theorem (1.8):[6]

Let H be a cyclic subgroup of G and h,,h,,......, h,, are chosen representatives for the m-
conjugate classes of H contained in CLy, ge G, then

¢TG (g):<

r

C.(9)

Co (g)iﬂhi) ifh, eH NCL,

i=1

0 if H mCLg =0

“
Definition (1.9):[6]
Let G be a finite group, any character induced from the principal character of cyclic subgroup
of G is called Artin character of G .

Definition (1.10):[9]
Two elements of the group G are said to be I'-conjugate if the cyclic subgroups they generate
are conjugate in G ,this defines an equivalence relation on G .Its classes are called I'-classes .
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Proposition (1.11):[15]
The number of all distinct Artin characters on a group G is equal to the number of I'-classes
onG.

Definition (1.12):[2]

The information about Artin characters of a finite group G is displayed in a table called Artin
characters table of G, denoted by Ar(G) which is | x| matrix whose columns are I"-classes and
rows the values of all Artin characters on G ,where | is the number of I'-classes .

Definition (1.13):[3]

A rational valued character 6 of G is a character whose values are in the set of integers Z,which

is0(g)e Z forallge G.

Proposition (1.14):[12]
The number of all distinct rational valued characters of a finite group G equals to the number of
I'-classes on G .

Definition (1.15):[12]

The information about rational valued characters of a finite group G is displayed in a table
called the rational valued characters table of G ,denoted by = "( G ) which is | x| matrix whose
columns are I"-classes and rows are the values of all rational valued characters of G ,where | is the
number of I'-classes

Theorem [Artin] (1.16):[9]
Every rational valued character of a finite group G can be written as a Linear combination of
Artin's characters with coefficient rational numbers .

2 . The Factor Group AC(G) :-

The definition of the factor group AC ( G) was introduced by T.Y Lam [ 15] in 1967 . The
applications of the factor group AC(G) not only in the mathematics but also in physics and
chemistry .

In this section we shall study AC(G) , dihedral group D, and =" (D,) , when n is an odd number

Definition (2.1):[15]

Let R (G) be the group of Z- valued generalized characters of G under the operation pointwise
addition and T(G) is the normal subgroup of R (G) generated by Artin's characters.
The abelian factor group R (G)IT(G) is called Artin's Cokernel of G, denoted by AC(G) .

Definition (2.2):[12]
Let M be a matrix with entries in a principle domain R . A K -minor of M is the determinant of
K x K Submatrix preserving row and column order .

Definition (2.3):[12]

AK -th determinant divisor of M is the greatest common divisor (g.c.d) of all K -minor ,denoted
by Dk(M) .
Theorem (2.4):[12]

Let M be an nxn matrix with entries in a principle domain R ,then there exist matrices P and W
such that

1- Pand W are invertables .

2- P.M\W=D.

3- Disadiagonal matrix .

4- If we denote Dj; by d; then there exists a natural number m; 0 <m < nsuch that j >m

implies d; =0 and j < m impliesdj=0and 1<j< m implies dj/d;:1 .
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Definition (2.5):[12]
Let M be a matrix with entries in a principal domain R , and equivalent to matrix
D={d;,d,...d ,,0,0 ...,0}, Such that d;/d;+; for 1 <j < m, D is called the invariant factor matrix of

M and d;,ds,..,d , the invariant factors of M .

Remark (2.6) :-

According to the Artin theorem (1.16) there exists an invertible matrix M(G) with entries in the
field of rational Q such that
="(G)=MYG).Ar (G)
and this implies X
M (G) = Ar(G).(=7(G))"
By theorem (2.4) there exists two matrices P(G) and W(G) such that
P(G) . M(G) . W(G) = diag ={ d1,d,...d, }=D(G), where dj= + Dj(M(G))/ D;.1«(M(G)) and I is the

number of T'-classes .

Theorem (2.7):[6]
|

AC(G) = j@lcdj where d;= £ Dj(M(G))/ Dj+1(M(G)) , | is the number of all distinct I'-

classes and Cyq ; is cyclic subgroup of order dj .

Theorem(2.8)): [14]

If nis an odd number such that N = pt-ps2---po  where P,,P,, P, are distinct
primes , then :

(e +1)-(ap +1)- (o +1)—1

S>

AC(Dn): i =1 C2

Proposition (2.9):[12]
Let P be a prime number, then the rational valued characters table of cyclic groupC,*=<r> is
given by

="(Cy) =

I'-Classes [1] [ ot ] [ 2 1 1° - 1 2 ] [r] [r]
0, p>(p-1) -pt 0 0 .. 0 0 0
0, p>(p-1) p>ip-1)  -p>? o .. 0 0 0
03 p>(p-1) p*°(p-1) P P ... 0 0 0
051 p(p-1) p(p-1) p(p-1) p(p-1) ... p(p-l) -p O
0s p-1 p-1 p-1 p-1 ... p1 p1 -1
0 541 1 1 1 1 ... 1 1 1
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Remark (2.10) :- In general if n = p;/* - pg?---p2™ where p,, p,,..., P, aredistinct
primes ,then

=’ (Cn): =’ (CS’f)® =’ (ngz) @-eeee ® =" (CS‘:) where ® is the tensor product .

Definition (2.12):[9]

The dihedral group D, is a certain non-abelian group of order 2n ,it is usually thought agroup
of transformations of Euclidean plane of regular n-polygon consisting of rotation () (about the
origin)with angle 27k/n and reflections st* (a cross lines through the origin ).

In general it can be written as
Dn={S'r*: 0<k<n-1,0<j<1} where r"=1,5°=1, Sr*S=r*
The cyclic group of order n, C,=<r>is a normal subgroup of D,.

Definition (2.12) [9]
The group Dnn is the direct product group D,XC, ,where C; is a cyclic group of order 2

consisting of elements {1, r’ Ywith (r’)?=1. It is of order 4n .
Proposition (2.13): [5]

The rational valued characters table of D, when n is an odd number is given as follows:

I'- classes of C, [S]
0, X 0
. ='(Cn) .
E*(D ): 1 1
" 0. 0
0, 1
1 1 1 I 1

0., | 1 1 1 .. 11 -1

Table (2.6)

Where S is the number of T'- classes of C,.

Theorem(2.14) : [13]
The rational valued characters table of the group D, when n is an odd number is given as

follows:
="(Dpn) == (Dr) ®=(C2
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Theorem (2.15):[2]

Let p be a prime number, then Ar (C,’)=

I“_ [1] [rp S-1 ] [rp S-2 ] [rp S-3 ] [r]
Classes

01 p° 0 0 0 0
02 pS? pSt 0 0 0
(P'3 pS-Z pS-2 pS-2 0 0
Qs p p p p 0
(P’s+1 1 1 1 1 1

Remark (2.16) :-

Let n be any positive integer and

1 2 m
n:pla pza pﬁ where plapz,

Ar(Cn)= Ar(Cp”) ® Ar(Cpa”) ® ... ® Ar(Cpn™)
Where ® is the tensor product .

Proposition (2.17):[13]

If P be a prime number and S is a positive integer ,then
11 i a

M(C,. )=

0
0

0

1
0

0

1
1
1
0
0

1
1
1

1
1
1

P )=

And W(C,°) = Iss1 where Iss; is the identity matrix .
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Remark (2.18) :

1. In general if N=p " ps?---p such that P,,P,, P, are distinct primes and e, any

positive integers foralli=1, 2, ..., m ; then Cn:Cpal X szﬂ X ... X Cp . -and
M (C,) =M (Cplal) @M (szﬂ) ®..0M (Cpma,m ).

So, we can write M (C,) as:

RC,)
M (Cy) =

Where R(C,) is the matrix obtained by omitting the last row {0, 0,...,0, 1}
and the last column {1,1,...,1} from the tensor product,

M(C,..) ®M(C,..)®.®M(C, ..). M(Cy) is, (o, +1)(c, +1)...

(a, +1) x (a,+1)(a,+1)... (o, +1) square matrix.

a-P(Cp)=P(C .)®P(C ..)®..®P(Cym).

B-W (C) =W(C,..) ®W(C,..)® ... ®W (C  ..).

3. The Main Results

In this section we give the general form of Artin characters table of the group D, and the
cyclic decomposition of the factor group AC(Dyn) when n is an odd number .
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Theorem(3.1):

The Artin characters table of the group D,y when n is an odd number is given as follows :

I'-Classes [11] [1’ r,] [-Classes of C, X C, [s.1] | [s.r]
| CLg| 1 1 2 2 2 n n
ICp, (CL.)| 4n 4n 2n 2n 2n 4 4
Dy 0 0
D12
2Ar(Cy) ® Ar(Cy)

D,y

D2 0 0
D1+1,1) 2n 0 0 0 2 0
CD(|+1,2) 2n 0 0 0 0 2

Table(3.1)

where | is the number of I'-classes of Cpand Co=<r'>={ 1, r'}.

Proof:-
By theorem(2.15)
Ar (Cp) = I'- classes 1] [r]
cL.| L 1
c.cL,) 2 2
o 2 0
2 1 1
Table (3.2)

Each cyclic subgroup of the group Dy is either a cyclic subgroup of ~ C,xC, or <(S,r')>
or<(S8,1)>.

If H is a cyclic subgroup of C,XC,, then:
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H=H;X<1'>or HiX<r'>=H;XC, forall 1<i <I where | is the number of T- classes of C,
If H=H;X<1'> and g €Dy

If g¢ H then by theorem(1.8)

®(1,i)(g)=0 forall 0<i <l [since H | CL(Q) = ¢]

If g eH then either g=(L1') or 35,0<S <n such that g=(r®,1)

When g=(11'), then:
D, 1(9) = ) —=——1ip(g) [since HN CL(g)= {(1 1’)}] where ¢ is the principle character (i.e

®(9)=1V geDnn)

4an 4n n ‘ Ch ()‘
= 1= =2. 1.2 =2—"—-0p(1 1Y=2-¢ (1 1
Hi|-|<1'> H,| Hi| ‘C (1)‘ o(1)¢'1)=2-0.(1)-¢' (1)

For g= (rS ,1’) then

0. (9)] &
Cu(9)]

-
Hx<1'>

@mmrﬂ Zw ) [since H N CL(g) ={(r*.1),(r 1)}

-1+

_ 2n 2= 2n 9
Hil-l<r'>[ — [Hi]

C N, e ) . ,
S ) e AU A=A ) )
|fH:Hi><<I”>:Hi><C2
letg € Dnn
if g ¢H then

(i 2(9)=0 forall 1<i <1 [since H N CL(g) = ¢]
If g eH then either g=(11') or g=(Lr')or 35,0<S <n such that g=(r*,r’)

When g=(1,1')
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CD .
D(i2(9) = ‘|C "h((;)i‘ikp(g) [since H N CL(g) = {(1.1)}]
a4 _2n _ Cc O

Tk 2H] TR o)
For g=(1,r')

Co, (9)
Cui (9)]

__4n
|Hi ><C2|

Dia)(9) = T rLp(g) [since H N CL(g) ={(Lr')}]

m o [Cc,@)
= =2 A1=2-¢ (1)-¢,(r’
20 ] e TR

and if g=(r*,r’) then

Di2(9) = ‘|CD ((g))” Z(D ) [since HN CL(G) ={(r*,r"),(r*,r")}]
IH < e, & )_2IH | |H N \c ) Q”(rs)%(r'):z'(”‘(rsm(r’)'

If H=<(S,1)>={ (L1),(S.,1)}

Co, (L))
C (1Y)

4n

Pga1y) ((L1))= p(g)= =2

Co, (S ,1’))\

mﬂw(g) [since H N CL((S.,1))={(S.1)}]

D1y ((S,1))="

=2

N~

otherwise

®41.1) (g)=0 forall g e Dyy [Since g ¢H]
If H=<(S,r')>={ (11),(S.r')}
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_[Co, (1)
Cu (@)

:4—n-1=2n
2

De1) (L)) (1)) [since H N CL((11)) = {(11)}]

) \c o, ((S.1)

Dyerz) ((S,17))= Cu((S.r)

p((s.r))

N

1=2
Otherwise @(+1,2) (9)=0 forall g eDyn since H () CL(g)=¢ m

Example (3.2):
To find Ar(D2197n) by using theorem(3.1)

Ar(D21g7n)= Ar(D13%)= 2Ar(C15°) ® Ar(C,) ,by using theorem(2.15) we get

I'- classes 132 13
|y
cL,| 1 1 1 1
Ar (0133) = 3 3 3 3
13 13 13 13
C. (CL))
133
61 13° 0 0 0
&y 13° 13° 0 0
b3 13 13 13 0
64 1 1 1 1
Table (3.3)
I'- classes [1'] [r']
Ar (Cp) = CL,| 1 1
C,(CL,)| 2 2
61 2 0
5 1 1
Table (3.4)
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So we get Ar(Dzi971)

I classes Ly oy | ¥ Rty ety Sy S
CL,| 1 1 2 2 2 2 2 2 2197 2197
‘ch (CL ) | 878 8788 4394 4394 4394 4394 4394 4394 4 4
by 8788 0 0 0 0 0 0 0 0 0
ba2) 4394 4394 0 0 0 0 0 0 0 0
ben 676 0 676 0 0 0 0 0 0 0
522 338 338 338 338 0 0 0 0 0 0
ben 52 0 52 0 52 0 0 0 0 0
b6 26 26 26 26 26 26 0 0 0 0
ban 4 0 4 0 4 0 4 0 0 0
baz) 2 2 2 2 2 2 2 2 0 0
b6 4394 0 0 0 0 0 0 0 2 0
562 4394 0 0 0 0 0 0 0 0 2
Table(3.5)
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Proposition (3.3):

if N =p*-pZ---pS™ where Py, Py.---, P, are distinct primesand p, = 2forall 1<i <m ande, any positive integers, then :

2R(C,)xM (C,)

M(Dnh):

0 0 01111
0 0 01010
1 1 11100
1 1 11001

whichis 2[ (e +1)-(, +1)-+(at, +1)+1] X 2[ (o, +1)-(a, +1)-++(ex,, +1)+1] square matrix .

Proof:-

By theorem(3.1) we obtain the Artin characters table Ar(Dyn) and from theorem(2.14) we find the rational valued characters table ;( Dnn) .Thus
by the definition of M(G) we can find the matrix M(Dyp) :
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R(C,)XM (C,)

M(Dnn)= Ar(Dpp). (;( Dun))? =

T
—_ -, o o
_ -, o o

Which is2[ (e, +1)- (e, +1)-++1]x2[ (o, +1)- (et, +1)---+1]square matrix .
Example (3,4) :
To find M(D1331 n)= M(D1:3 1) we must find

111
RC:)=(0 1 1
001

Which is 3X 3 square matrix .

11
and M(Cz):[o J

Hence
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A O «+H O «—+H O ««+d O O
I A A A A H O O
1T O I O 1 O «—+H O «—+H O
™1 d e e e e e e
AN AN AN AN AN AN O O «d «d
N O N O N O O o «—d «d
N AN AN AN O O O O « «d
N O AN O O O O O « «d
N N O O O O o o «d «d
N o o o o o o o A A
1
I 1
-1 O 4 O «1 O 4 O O -
S " A 4 O O
- O 4 O «1 O 4 O d O
L I B B B B I I IR IR |
O O 1
O O «—
O O 1
O O 1
—~
N
e
o O O 1
—
—
&
o
N
O O 1
1 ]
1
—~
e
o)
—
—
@]
N—r

Which is 10X 10 square matrix
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Proposition (3.5):

If N = pf‘1 . pgz <. prﬁ"‘ such that p;, pz,....pm are distinct primes different from 2 and

o, any positive integers, then

0 0
0 0
P(C,)8P(C,)
1
0 0
00 1 0
I 00 0 1
and
r 0 00 0]
0 000
5 C
0 000
W(Dn) = 0 000
1 1 .. 111000
0 0 .. 0 0 <1010
101 .. 1 1 1100
0 0 - 0 0 1001

Where k= 2[(a +1)-(a, +1)- (g +1)-+(et, +1) =1 %2, +1)- (e, +1)- (e +1) (2, +1) 1]

They are 2[ (e, +1)-(a, +1)-++(a, +1)+1]x2[ (& +1)-(t, +1):-+(ex,, +1)+1]square matrix .

Proof :
By using theorem(2.4) and taking the form of M(Dyn) from proposition(3.3) and the above
forms of P(Dpn) and W(Dyp) then we

Have
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2 000 0 0 0 0
0200 0 0 0 0
0020 0 000
000 2 0 000

P(Dip). M(Dpp). W(D)=| ¢ 8 % ¢ R
0000 2 000
0000 0 100
0000 0 010
0 000 0 00 1

—diag{2,2.2,.....,-2,1,1,1}=D(Dy)
Which is2[ (a, +1)-(ct, +1)-++(ty, +1)+1]x2[ (e, +1)+(a, +1)--+(a,, +1)+1]square matrix .

Example (3.6):

Consider the group D27se9n , then we can find the matrices P(D27gson) , W(D27s69n) immediately
by using proposition(3.5) and by proposition(3.3) we find M(D27gs9n) .
To find P(Dz7ssen)= P(D31 20n)
By remark(2.18-2) P(Ca1? 20) = P(C31%)® P(Ca)

, L0 [1 —1} {1 —1}
Then P(C31)®P(C)®P(C)=|0 1 -1|® ®

- 0 1| [0 1
1 -1 .11 -1 1 1 -1 0 0 0 O]
01 0 -1 0 -101 00 0 O
00 1 -10 0 -11 00 0 O
00 01 0 0 0 -10 0 0 O
00 0 0 1 -1 -11 -1 1 1 -1
oo 0 0 0 1 0 -10 -10 1
1o 0o 0o 000 1 -10 0 -11
00 00 0 0 O 1 0 0 0 -1
00 00 0 0 0 0 1 -1 -1 1
00 00 OO O O 0 1 0 -1
00 00 0O 0O 0 0 O 1 -1
00 0 00O OO 0 0 0 0 1]

By proposition (3.5)
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T
O O O O O O o o o o

O O O O O O o o o o

PC,.,,)®P(C,)

)

o

0 00O0O0OO0OO0OO0OTO01

0O 00O0OO0OO0OOOO OO

P(D27s69n)

Then P(D27ss9n). M(D27s69n). W(D27s69n)

N O N O NONOOOOO «
N N OO NNOOOOOO «
N O OO NOOOOOOO o <
N N NN NN O O O O O O O O «
N O N O O O O O O O o o «+d
N N O O O O O O O O O O «
N O OO OO0 OO0 OO0 o HH
I

o 0o 0o oo oooo T oo«
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14 X 14 square matrix .

a2_

Which is 2[(2+1)-(1+1)+1]x2[ (2+1)-(1+1)+1]

diag{2,2,2,2,2,2,2,2,2,2,-2,1,1,1}

Theorem (3.7):

*, P, aredistinct primes, p; = 2 and

where Py, Py,

Q,
..pmm

al
1 P
a, any positive integers for all i ,1<i <m , then the cyclic decomposition AC(Dn) is :

If N =
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2((a1 +1)( +1)- --(am +l))—1

AC(Dnn)= i =1 Cz

Proof :-
From proposition (3.5) we have
P(Dnn) -M(Dpn) \W(Dpp) =diag{2,2,2,...,-2,1,1,1}={d;,ds,....,

2((0‘1+1)'(a2+1)"'(0’m +1)_1) ! d 2((0‘1+1)'(“2+1)"'(0’m +1))_1 ! d 2((a1+1)'(0‘2+1)"'(0‘m +l)) '

2((aq 1) (o +1)-+ < +1))+1 d 2((aq 1) (e +1) - oy +1) 142 }
By theorem (2.7) we get
2((q+1)-(ap+1)--( oy +1))-1

AC(Dpn)= IEZ Ci
2((ag+1)-(ap +1)---(ary +1))—1

S>

= i =1 C2
From theorem(2.8) we have :
2
AC(Dnp)= |€|_>=1 AC(Dy) D C,

Example (3.8):
To find the cyclic decomposition of the groups AC(D2g791n) , AC(D25054231h)

and AC(Ds76247313n) -

by using above theorem :

2(3+1)-1 7 2
D
1- AC(D29791h) :/A\C(Dgl3 h) = i=1 C2 = I@i Cz = Iegl AC(D313) C_B Cz.
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2((3+1)(2+1))-1 23
AC = 300% 1) = = @
(D2sosa23in) = AC(Da1”29" ) = i —1 C2=;_1 C
2
= I@Zl AC(Ds1’ 2°) D C..
2((3+1)-(2+1)-(1+1))-1 47
S>
2- AC(Ds7e247313n) = AC(Da1’ 20 23 1) = i—1 Cy = iE:Bl Cz
2
@D

~i=1 AC(Ds1’29° 23 ) C,.
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