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Abstract: Solving transportation problems where products to be supplied from one side(sources) to
another (demands) with a goal to minimize the overall transportation cost represents an activity of great
importance. Most of the works done in the field deals with the problem as two-sided model (Sources such
as factories and Demands such as warehouses) with no connections between sources or demands.
However, real world transportation problems may come in another model where sources are connected in
a network like graph in which each source may supply other sources in a specific cost. The work in this
paper suggests an algorithm and a graph model with mathematical solution for finding the minimum
feasible solution for such widely used transportation problems. In this work, the graph representing the
problem in which all sources are connected together in a network model with specific cost on each edge is
converted into a new graph where additional virtual sources representing supplies between sources are
added to the graph , new costs between the added sources and the demands are also calculated, and then
modified Kruskal’s algorithm is applied to get the minimum feasible solution.
The proposed solution is a straight forward model with strong mathematical and graph models. It can be
widely used for solving real world transportation problems with feasible time and space complexity where
time complexity of O(E? + V?) is required, where E represents the number of edges and V represents the
number of vertices. Different numerical examples were used to study the effectiveness and correctness of
the proposed algorithm.
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1. Introduction

The transportation problem is concerned with
finding the minimum cost of transporting a
single commodity from a given number of
sources (e.g. factories) to a given number of
destinations (e.g. warehouses)[1]-[3].

The data of the model include

1. The level of supply at each source and the
amount of demand at each destination.

2. The unit transportation cost of the commaodity
from each source to each destination.

Since there is only one commodity, a destination
can receive its demand from more than one
source. The objective is to determine how much
should be shipped from each source to each
destination so as to minimize the total
transportation cost.

Given a transportation model with m sources
and n destinations. Each source or destination is
represented by a node. The route between a
source and destination is represented by an arc
joining the two nodes. The amount of supply
available at source i is a; , and the demand
required at destination j is b; . The cost of
transporting one unit between source i and
destination j is cj; . Let x; denotes the quantity
transported from source i to destination j. The
cost associated with this movement is :

Cost x quantity = C;X;. .

Minimize  z=% Sc,x, (1)

i=1  j=1 v
Subject to Zn:Xij=ai,i: 1,2,3,...m (2

j=1
m
and Y x;=b;,j=1,23,..,n (3)
i=1
where X; >0 ()

The two sets of constraints will be consistent
i.e.; the system will be in balance if :

i@:ibj )

The resulting formulation in equations 1-5 is
called a balanced transportation model, and in
case of unbalanced model, equation (5) becomes

Ya >, (6)

i=1 j=1

Nigus and Sharma proposed a heuristic approach
to solve balance andunbalanced transportation
problem[4].

NIKOLIC solved such problem using total time
minimizing approach[5].

Zrinka Luka¢, Dubravko Hunjet and Luka
Nerali¢, proposed a model for solving the
production-transportation  problem in  the
petroleum industry[6].

Mohammad Kamrul Hasan, presented that the
proposed direct methods for finding optimal
solution of a transportation problem do not
reflect optimal solution continuously[7].

Jose E. Florez et al. proposed a new model for
planning Multi-Modal transportation
problems]8].

Gaurav Sharma, S. H. Abbas and Vijay Kumar

Gupta proposed an approach for solving
transportation problem with various methods of
linear programming problem([9].

Hakim proposed an alternative method to find
initial basic feasible solution of a transportation
problem[10].

Hlayel Abdallah Ahmad proposed an approach
for solving transportation problems using the
best candidates method[11,12].

Kadhim B. S. Al janabi and Anwar Nsaif Jasim
proposed an approach for solving transportation
problem using modified Kruskal’s
Algorithm[13].

Abdul Sattar S., Gurudeo A. T., Ghulam M.
introduced a comparative study of initial basic
feasible solution methods for transportation
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problems using Mathematical Theory and
Modeling[14].

2. Proposed Approach and Formulation

In the proposed model, sources are assumed to
be connected to each other via a complete
network, this means that a source may supply
other sources and may be supplied from other
sources as well. The following examples
illustrate the proposed approach.

Example 1

The following transportation example contains
two sources S; and S,and two demands D; and
D, as shown in figure 1.

Cu

Figure 1. Basic Transportation Example with two

Sources and Two Demands.
Since S; and S, are connected to each other with
unit costCssr, two more virtual sources to be
created Sz and S, where S;represents the amount
supplied from S; to S, with cost Cgy,and
Sirepresents the amount supplied from S, to
Siwith  cost Cgp.And  hence the model
isconverted into a new graph as shown in
figure2.

Figure 2. Proposed Model for Transportation
Example with two Sources and Two Demands.

The unit costs can be calculated using table 1
and table 2 as follows:
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Table 1. Matrix Representation of Example 1

Destinations
D, D, Supply
Source
Sy X C1 X C12 a
11 12
S, ) o Cn X5 Ca as
Sz Yy Ca1 Yo C3z as
- c - C
Sa Yo 41 Y 42 =T
Demand b b 3 2
' ’ 2a =25,
= =

Where

Ca1=C1 + Cyp, Cp= C1 + Cpp
Cu=Cy+ Cyp, Cpp= C, +Cy

And for simplicity, we assumed that
C1=Cs1s2 and Cp=Cspq1

Table 2. Added Sources and Costs.

Added source
S; SZ _)SI
S4 Sl_"sl
Added cost
Cs Cawt Ci1 =C, + Cyy
Cso Cais2+ C12=C; + Cy
Cuy Cair C5 =G5 + Cyy
Ci Ciiszr Con = C3 +Cys

and the total cost can be calculated as

2 2 2 2
Z=2CX;+2 2 (C.+Cy)Y, (1)

11 s=1 j=1
Example 2
The second transportation example contains
three sources S;, S,and Sz and two demands D,
and D, as shown in figure 3.

Cs1s3

e ————

~

@ ,(;.,: -
Figure 3. (a) Basic Transportation Example with 3
Sources and 2 Demands,(b) Proposed Model.
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Where S, through Sy represent the new added
virtual sources, S, represents the amount
supplied from S; to S, with cost Cgs, , and Ss
represents the amount supplied from S, to S;
with cost Cgs and so on. The cost on each edge
is calculated as follows:

Table 3.Matrix Representation of Example 2

Destinations D, D, Supply
Source
s, Xaa T X1z Ci2 a;
s, Xa21 Cx X2z Coz B2
5 e ol ey, 2
= Y | Y as
Ss o S| N & o
s, Va1 T Y, Ce2 as
s, D e D1 Co2 ay
Ss DS D= 23
S; DS 2 DT = g
Demand b, bz Zsai RS b,
=1 Jj=1
Where

C11=Cp+Cs155,Cso=C0+Cssr,
Co1=C1+Cyps3, Cgp=C+Csos3

For simplicity, we are going to assume that
C,=Cs1s2
C,= Cs2s3

Cs=Csl1s3 ... and so on
and the total cost is given by:

2

(C,+Cy)Y, +§Z(cs +C,)p,(8)

j=1 s=1 j=1

I
I
i

Table 4 shows the required added virtual
sources and the unit costs.
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Table 4. Added Sources and Costs for Example 2

Added source
S4 SZ""Sl
Ss S;1—S2
Se S1—S3
S7 S3—S;
Ss Sy;—S3
So S3—S;
Added cost
Cy Cas2 +Cny
Ca Caeo +Coo
Csi Cai2 + Coy
Csz Cas2 +Co
Ce1 Cass + G5,
Ce2 Caiss +Cso
C Cass +Chy
C Cass T Coo
Cs1 Cass +Cs;
Cs2 Cass +Csa
Coy Cos +Co
Co2 Cos +Coo
Example 3

General example with m sources and n demands

Figure 4. (a) General Example with m Sources
and n Demands. (b) The Proposed Model.

Where Sp..; represents the amount supplied from
S; to S, with cost Cqs, , and Sp., represents the
amount supplied from S, to S; with cost Cgyg; , . -
., Sw’.1 represents the amount supplied from
S; to S, with cost Cqqr, , and szrepresents the
amount supplied from Sy, to S; with cost Csysm
The cost on each edge is calculated as follows:
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Cm+l l:C21+CSlSZ! Cm+l 2 =C22+C5152 R
Cinr1 n=ContCas2
Cm+2 l:Cll+CSlSZ! Cm+2 2 = C12+C51521 e
Cm+2 n :Cln+CslSZ

Cm2—1 l:le'I'Cslsma sz—l 2 = Cm2+Cslsma LR
Cm2-1 n=CrntCsism

szl:Cll'l'Cslsma Cm22 = C12+Cslsmy L |
szn:Cln'l'Cslsm

Table 5. Added Sources and Costs for Example 3

Added source
Smi1 $1—5;
Sm+2 S2_>Sl
)
S m -1 51—>Sm
S, S, —S;
Added cost
Cri11 Cat Cyy
Cri12 Casn+Cypp
Cm+1 n CslsZ + CZn
i
szl Cslsm + Cll
Cm 2 Cslsm+ ClZ
~
Cm n Cslsm + Cln

3. Proposed Algorithm

Given a transportation problem with m sources
and n demands, the sources are connected in a
network like model where each source is
connected to all other sources which means that
each source can be supplied from other sources.
The proposed algorithm is explained in the
following steps:

Step 1: Convert the network like connected
sources into virtual sources labeled Sp.1t0 S,\2

Step 2: Generate (m?”-m) edges connecting the
virtual sources to the demands.
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Step 3: Calculate the unit costs of transportation
between the newly generated sources and
demands.

Step 4: Generate the complete graph.

Step 5: Generate an ascending ordered array
based on the unit cost of transportation. The
array contains the edges and the related costs.

Step 6:Delete the edge having minimum cost
and the related source/demand depending on
which one is satisfied first, and delete all the
related edges. Add the minimum cost to the
overall.

Step 7: repeat step 6 until all demands/sources
are satisfied.

4. Proposed Algorithm Pseudo code

1. Graph(G)

2. InputS;, D;, &, bj, Cy and C;; where i=1 to m,
j=1to n, k=m+1 to m?

3. Generate m*m virtual sources and (m*
m)*n edges

4. Calculate new costs Cs;sji=1 to m and j=1to
mand [ #j

5. Generate the new graph G1

6. A=, Total Cost=0

7. Foreach (u,v) in G1 ordered by weight(u,v)
increasing:

8. A=A U {(uv)}

9. Find supply Xy

10. Total Cost +=C,, * X,y

11. IF SOURCE capacity is covered

12. Delete all rows corresponding to S
13. End if

14. IF DEMAND capacity is covered

15. Delete all rows corresponding to D
16. End if

17. Union (u,v)
18. Return A, Total Cost

5. Testing Examples

Example 1: Numerical example with two
sources and two demands. as shown in figure 5

.
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Figure 5. (a) Transportation Example, (b)
Proposed Model, (¢) and (d) Finding Minimum
Feasible Solution.

Where S; represents the amount supplied from
S; to S, with cost 3 ,and S,represents the amount
supplied from S, to S; with cost 3.

C31=Cn+Csys, =12+3 =15
C35=Cp+Cs15, = 15+3 =18
Csu=Cy1+Cs, =6+3 =9
Cip=Cp+Cyer, =8+3 =11

The complete solution is show in table 6,where
all the edge costs are arranged in an increasing
order[13]. In step 1, the first element represents
the edge with minimum cost which is S;D; with
a unit cost of 6. And since D; is satisfied, all the
edges coming into D, is removed from the table
(S4Dy, S;D;, and S3Dy). In step 2, the new
minimum cost is S;D, with unit cost equals to 8,
all the edges from S; is deleted since S; is
covered. In step 3, the minimum cost is 11 on
the edge S4D, which means that D, is covered.

Anwar Nsaif Jasim

Table 6. Representation of the Proposed
Algorithm for Example 1

N |Edge | cost |stepl step2 step3
Cost =6*60 =360 | Cost=360+8%40 = 680 | Cost = 680+11*50=1230
15D, |6 X X X
2 |SD, [8 |SD, |8 X X
3|50, |9 X X X
4 15D, |11 5D, |11 S0, |11 X
550 |12 X X X
6 |SD; [15 |SD, |15 SD, |15 X
7 |50, |15 X X X
8 5D, |18 |SD, |18 S0, |18 X

Example 2. Numerical example with three
sources and two demands (unbalanced system).

;
’ ”
oo 200
200 ©

()

Figure 6. (a) Unbalanced Problem, (b)Equivalent
balanced Model, (c) Proposed Model, (d) and ()
Finding Minimum Feasible Solution.
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Where S, represents the amount supplied from
S, to S; with cost 10 and Ss represents the
amount supplied from S; to S, with cost 10, and
so on. The new unit costs are calculated as
follows:

Cyu=Cgyep +Cyy =10+100=110
Cp=Cqe+C;, =10+108 =118
C5:=Cyep+Cyy =10+ 85=095
Cs5=Cqep+Cyy=10+65=75

Ce1= Csu3+ Can =0+ 0 =00

Cer= Cs153+ Cp=0+0 =00

C71= Cg53+ C11= 0 +100 = o0

C7= Cs53+ C1p =0 +108 = o0

Ce1= Cys3+ C3p =0+ 0 =00

Cer= Cys3+ Cp =00+ 0 =00

Co1=Ceps3+ Cpy =0 +85=0

Cg= Cys3+ Cp =00+ 65=00

And the complete solution is show in table 7.

Table 7. Representation of the Proposed
Algorithm for Example 2.

N | Edge | cost | stepl step2 step3
Cost =0%200 Cost = 0+65%1200 | Cost = 78000+95*1100
=0 = 78000 = 182500
1 |SsD; |O X X X
2 |SsD, |O X X X
3 |S:D; |65 |S:D; 65 X X
4 |sD, |75 [S:D, 75 X X
5 |S:Dy |85 |S,:Dy 85 X X
6 |SsD; |95 |SsD; 95 | SsD, 95 X
7 |S4Dy | 100 | S;:D, 100 |[S,D, 100 X
8 |S,D, | 108 | S,D, 108 | X X
9 [SsD; | 110 | SiD, 110 [ S.D, 110 X
10 | S4D; (118 | SiD; 118 | X X
11 [SeD; | = | SeD; © SeD; = X
12 [SeD; | = | SeD2 G X X
13 |S;D, * |S;04 i S;D, o X
14 [S,D, | = [S,D, » X X
15 | SgDy * | SgD, o SsD; o X
16 |SsD, | ® | SsD» » X X
17 [ SeDy ® | SgD, % SsDy %o X
18 | S¢D; *® | SD, o X X

6. Conclusion

Many techniques were used to solve traditional
transportation problems with the goal to find out
the minimum feasible solution. The work in this
paper proposed a new approach to solve the
transportation problems in which sources are
connected to each other in a network like model
where sources can be supplied from other
sources with specific costs. The proposed
approach is based mainly on converting the
transportation model with network like sources
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into a traditional graph model with additional
virtual sources and edges, new unit costs are
calculated, and then the costs of the edges are
arranged in ascending order from which the edge
having minimum cost is considered first until
all demands or sources are verified.

Figures 1 through 6 and the results show in
tables 6 and 7 give clear explanation for the
proposed algorithm and its performance on
different types of the transportation models both
balanced and unbalanced.

The accuracy, scalability and effectiveness of
the proposed approach were studied using two
different numerical examples. The proposed
approach works with a time complexity
O(E* + VA).
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