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Abstract

A new three-term conjugate gradient
algorithm for training feed-forward neural
networks is developed. It is a vector based
training algorithm derived from DFP quasi-
Newton and has only O(n) memory. The global
convergence to the proposed algorithm has
been established for convex function under
Wolfe condition. The results of numerical
experiments are included and compared with
other well known training algorithms in this
field.
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1. Introduction

Learning system, such as multi-Layer
feed forward neural networks (FFNN) are
parallel computation models comprised of
densely interconnected adaptive processing
units, characterized by an inherent propensity
for learning from experience also discovering
new knowledge. Due to their excellent
capability of self-learning and self-adapting.
They have been successfully applied in many
areas of artificial intelligence and are often
found to be more efficient and accurate than
more classification techniques [1]. The
operation of a FFNN is usually based on the
following equations [2]:

Ni—q

net{ = Z Wilj_l‘lyil_1 + b (D
=1

yj = f(net}) )

where net} is the sum of its weighted inputs
for the j-th node in the I-th layer(j =
1,2, ..., N)), w' ! are the weights from the i-th

ij
neuron at the (I — 1) layer to the j-th neuron at

the I-th layer, b} is the bias of the j-th neuron at
the I-th layer, y}is the output of the j-th neuron

that belongs to the I-th layer, and f(net/) is
the neuron activation function[2].

The problem of training a neural
network is to iteratively adjust its weights in
order to globally minimize a measure of
difference between the actual output of the
network and desired output for all examples of
the training see [3] . More mathematically, the
training process can be formulated as the
minimization of the error functionE(w),
defined by the sum of square differences
between the actual outputs of the FNN denoted
by y},p and the desired output denoted by ¢;,, ,
relative to the appeared output namely

P N
1
Ew) = 5; ]Z:l(y},p ~ t)? ®)

wherew € R™the vector network weights and p
represents the number of patterns used in the
training set.

This paper is organized as follows.
Section 2 gives an overview of conjugate
gradient methods and Quasi- Newton methods.
Section 3 describes a new three-term conjugate
(NTCG) gradient method. Section 4 presents
the global convergence analysis of the
proposed algorithm. Section 5 evaluates NTCG
performance in comparison with other major
learning algorithms.
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2. Optimization Routines

Methods to speed up the learning phase
and to optimize the learning process in (FFNN)
have been recently studied and several new
learning algorithms have been discovered see
[4, 5].

Conjugate gradient methods are probably
the most famous iterative methods for
efficiently training neural networks due to their
simplicity,numerical efficiency and their very
low memory requirements. These methods
generate a sequence of weights {w;} using the
iterative formula

Wip1 = Wi + agedy )
where K is the current iteration usually called
epoch. w; € R™ is a given initial point, a;, > 0
is the learning rate and d; is a descent (by
descent we meandf g, < 0 ) search direction
defined by (d; = —g,) and

dis1 = —Gr+1 + Br+1dk 5)

whereg;, is the gradient of E at wy, and By is a
scalar parameter. In the literature, there have
been proposed several choices for £, which
give rise to distinct conjugate gradient methods
[4]. The most well-known conjugate gradient
methods include the Fletcher- Reeves (FR)
method [6]. The update parameter of this
method is specified as follow:

BFR = g+ lI?
llgiclI?

where|| . || denotes to the Euclidean norm.

The formal steps for Fletcher-Reeves (FR)
algorithm are given as follows:

FR Algorithm

Stepl. Initiate wy, 0 < p <0 <1, E, and
Knax: Set k=1

Step2. Calculate the error function Ej and its
gradient gy

Step3. If (E, <E,) return w, =w, and
E,=Ey

Step4. If (|lgkll? = 0) return error goal not
met
Step5. Compute the search direction:
dis1 = —Gis1 + BRAy

Step6. Compute learning rate a;, using Wolfe
line search conditions

(15) and (16)
Step7. Update the weights:
arpd, and set k=k+1
Step8. If (k > ky4x) return goal not met else
go to step 2.

Wii1 = Wi +

A major difficulty with the conjugate
gradient methods that is for a general function,
the obtained directions are not necessarily
descent directions and numerical instability can
be resulted [7].

Battiti in [5] suggested One-Step-Secant
(OSS) method for training FFNN, he defined
the Search direction as follows:

dks1 = —Gk+1 + ArSi + Bryx

where sg = Wigy1 — Wi andyx = gr+1 — Gi
the two scalar parameters A, and B, are the
following combination of scalar products of the
previously defined vectors s, gx+1, and yy:

_ ViV \Sk9r+1 | Vi
Ay =—(1+ T T +—
SkYk/) SkYk Sk Yk
_Sggk+1
= KTkl
S;ZYk

Parker in [8] derived a second order
method which approximates Newton’s method.
However, the scheme requires the evaluation of
a square matrix with components of second
partial derivatives which are not available for a
general neural network. Reference [5]
evaluated the back-propagation, steepest
descent with line search, momentum method
and classical Quasi-Newton (QN) method and
concluded that the use of QN methods is
mandated by their excellent convergence
properties. In the QN methods, the first search
direction isd; = —g;, then the sequence{w;}
of approximations to the minimizer generated
using the iteration formula given in equation

(4)
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where

dis1 = —Hgi19k41 (6)

whereH, ., is an approximation to the inverse
of theHessian matrix for the error function
E(W).There are different formulas for H.; see
[9]. In this paper we consider the David,
Fletcher and Powell (DFP) update [9] defined

by

T T
SkS H H,
H,?_ff _Hk+ kok yyk k

b ™
Sive  YiHeyk

whereH, is the identity matrix.

Learning algorithms based on QN methods
have some drawbacks such as matrix storage
and burden of step length (learning rate)
computation. A line search to calculate a
reasonably  accurate learning rate is
indispensable for theses algorithms. In order to
provide desirable performance, an efficient and
reasonable accurate learning rate is needed [8].

3. New three-term conjugate gradient
method (NTCG)

One characteristic of classical Quasi-
Newton method is that the search directions
provided them change if the objective function
is scaled [9],this is obviously undesirable, the
other drawbacks for the QN methods they
requires storage matrix of size n xn and a
number of calculations of orderQ(n?) . On the
other hand the search directions generated by
the conjugate gradient methods generally not
descent. To overcome to the above mentioned
drawbacks, we suggest a new three term CG
method (NTCG) as follows. Consider the DFP
update formula defined in equation (7), if we
assume H, is identity matrix at iteration k, then
the scaled form of Hy; can be written as

Sk513> _ YieYk @)

H =0, 1+
et k< )ﬁf)’k 3’1€YI<

wheref,, is scalar then:

diy1 = —Hip19k41
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T
SkIk+1
= —0kgr+1 — Ok Sk
J; Sk Yk
Yk Ik+1
+ T Yk (9)
Vi Vk
To find the value of 8, assume that
dips19k+1 = ~llGresll? (10)

Then from (9) and (10) we get

(5t gr+1)? Wk Gre1)? _

A -6 )lgrs1ll* — 6 =0 11
Wi ST T Il an

Using Coushy-Shwartz Inequality for
Vi i+ i€

2
(J’}ngﬂ) < ||y1<”2”gk+1”2 (12)

From (11) and (12) with simple algebra we get

_ 254 Vil e+ II?
STVl gresall? + (SE grs1)?

(13)

Hence

T T
SkGr+1 Vi Gr+1

Sk + Y, (14)
Sk Vi * Vi Vk *

Ay = =0k Gre1 — Ok

In the implementations of CG methods,
one often, requires the inexact line search such
as the standard Wolfe line search requires the
learning rate «; satisfying the following
equations:

E(wy + aydy) < E(wy) + paydy; gk (15)
9wy + aydi)"dy = odj gy (16)

where0 < p <o <1. Note that if dj is
descent direction then second Wolfe condition
(16) gives,s!y, > 0 Therefored > 0.

At this point, we present a high level
description of the proposed algorithm called
new three-term conjugate gradient algorithm
(NTCQG).

NTCG Algorithm:

Stepl. Initiate wy, 0<p <o <1, E, and
Knax: Set k=1

Step2.Calculate the error function E, and its
gradient g;,

Step3.If (Ex <E,) return w, =w;, and
E.=E,
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Step4. If (|lgkll? = 0) return error goal not
met

Step5. Compute the search direction d; using
equations (13) and (14)

Step6.Compute learning rate aj using Wolfe
line search conditions
(15) and (16)
Step7.Update  the
ardrand setk =k + 1
Step8.If (k > ky4x) return goal not met else
go to step 2.

weightsiwy ., = wy +

4. Convergence analysis

In order to establish the global
convergence result for our proposed method,
we will impose the following assumptions on
the Error function E
Al: The level set £={weR“EW)<
E(wl)} is bounded i.e. there exist a positive
constant B > 0 such that

IW|<B VY weE a7

A.2: In some neighborhood Nof£ the error
function E is continuously differentiable and its
gradient g is Lipchitz continuous i.e. there exist
a constant L > 0 such that

96wy = 9w || < Lllw — wllvw, we£ (18)

Notice that since E is bounded below
in R™ by zero, it is differentiable and its
gradient is Lipchitz continuous, assumptions
A.l and A.2 always holds [10]. Furthermore
under these assumptions on E there exist a
constant r > Osuch that
lgonll < rowes (19)

Proposition (4.1)

Suppose that the learning rate a
satisfies the Wolfe conditions (15) and (16),
then d, ., given by equations (13) and (14) is a
descent direction. i.e. df, gx+1 <O

Proof
The proof is consequence from Wolfe
conditions and definition of 6.

Proposition (4.2)

If the learning rate a,, satisfies Wolfe
conditions then 6 defined by equations (13)
bounded by. i.e.

1<6<2
Proof

_ 25}{3’k”9k+1”2 < 2515)’k||gk+1||2 _
St Vil Greall? + (57 gre)? ~ sivicllGreralI?

On the other hand from second Wolfe
condition (15) and proposition (4.1) we have
sty > 0and sl griq < sty then

253 Yiell g1 112 SeVill @i I + (57 grs1)?

T sIVllgranll? + SEgrs)? T SEVillGraa |2 + (SEGre1)?
=1

Proposition (4.3)

Suppose that dj, is a descent direction
and that g, satisfies the Lipschitz condition
(18) for all w on the line segment connecting
wy and w1 , if the learning rate a;, satisfies
Wolfe conditions (15) and (16) then

T
2 = (120) gkd|2<

o]
Proof

(20)

The proof is exactly the same as that of
proposition (4.1) in [11], thus we omit it.

To prove the global convergence of
non-linear conjugate gradient algorithm, often
the following zoutendijk condition is used.

Zoutendijk condition [12]

Suppose that assumptions A.1 and A.2
hold consider any algorithm of the form
wy + agdy
where dj, is a descent direction and «a, satisfies
Wolfe condition (15) and (16) then
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3}

> cos? Ollgell” < oo 1)
k=1
where @ is the angle between d, and — g,
define by
.
d
cos@ = — & (22)
[dfllol

The following proposition shows that
our three-term conjugate gradient method
satisfies Zoutendijk condition (21).

Proposition (4.4)

Suppose that assumptions A.1 and A.2
hold consider the NTCG algorithm where [
is descent direction and [ satisfies Wolfe

conditions (15) and (6) then 3, (68’ o o,

k=17 a2

Proof
From proposition (4.1) and (4.2) we
have
T
249 gkd; SGEL AN
”dk” L”dk”

From first Wolfe condition (15) and (23) we
get
Ep = Exy1 2 —p argidk
(1 = )(gfde) Ngell?
L lldell*llgel*

= cocos? @ |lgell?
(1-0)

Where ¢. =p T

. Since E is bounded below,

Zcosz 8 llgell < + oo (24)

In conjugate gradient algorithms, the iteration
can fail, in the since that ||gk|l = ¥y >0 for
all k, only if ||dj || = oo sufficiently rapidly [1,
13].More exactly, the sequence of gradient
norms || gk || can be bounded a way from zero

only if

1
oo
1 ——<
Zk—l ldl2 © (25)
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For any conjugate gradient method
with Wolfe conditions, the following general
result holds [13].

For any conjugate gradient method
with Wolfe conditions, the following general
result holds [13].

Lemma (4.1) [11]

Suppose that assumptions A.1 and A.2
hold and consider any conjugate gradient
algorithm (4), where [, is a descent direction
and [/ is obtained by Wolfe line search
conditions .If
Y, m = oo Then limy, , o, infllgglI? = 0

For uniformly convex function we can prove
that the norm of the direction d,,, generated
by (13) and (14) is bounded above. Therefore
by lemma (4.1), we can prove the following
theorem.

Theorem (4.1)

Suppose that assumptions A.1 and A.2
hold and consider the algorithm NTCG. Where
dy is a descent direction and «; computed by
the Wolfe conditions, suppose that f is a
uniformly convex functions,i.e. there exists a
constant ¢ > 0 such that

sy =t llsill (26)
Then

limgooollgell =0
Proof

From Lipchitz we have ||y|| <L ||s]|. On the
other hand from uniformly convexity,sly, =
ullsill?. Using the Cauchy inequality,
assumption A.1 and equation (19) we have

T T
Sk9k+1 VicGu+1
T k T
Sk Yk YiVk

k

ldgsall = ||_9 Jrs1— 0

lIs 1 gre-al

< 2 gkl +2 + g+l

2 rB 2B
<2r+ —+ r= r(3+—>
I H

Therefore ||dy44]| is bounded above and so
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1
z dll =7
LTy

then by lemma (4.1) lim,_|lgx|l = 0.

5. Experimental Results

In this section, we will present
experimental results in order to evaluate the
performance of our proposed algorithm
(NTCG) in three test problems [3,10].The
suggested (NTCG) algorithm was compared
with three other training algorithms:One step
secant algorithm (OSS), DFP Quasi-Newton
and FR conjugate gradient algorithm.The
implementation code was written in Matlab7.5.
The methods DFP, FR, OSS and NTCG are
implemented with the line search proposed in
CONMIN [14]. The heuristic parameters were
setas [ =70 and ] =0.5as in [11].All
networks have received the same sequence of
input patterns and the initial weights generated
using the Nguyen-Widrow method [13]. The
results have been averaged over 100
simulations.

For each of the test problem a table and
figure summarize the result of all algorithms
for simulations that reach solution is presented.
The reported parameters are P, the mean
value of epochs, T,, the average of total time
and S; the succeeded simulations out of 100
trails within error function evolutions limits.

5.1The continuous function approximation
problem

The first problem we have considered
is the approximation of the continuous
function,f(x)=sin(2mx)+0.1*rand(size(x))
where x=-1:0.05:1. This problem maps one real
input to a single real output. The selected
architecture of the FFNN is 1-10-1 with
logisticneurons with biases in the hidden layer
and with a linear output neuron with bias. The
error goal hasbeen set to 0.001 and the
maximum epochs to 1000. The results of the

simulations are presented in Table(1) and
figure-1.
Table (1): The Con. Function Approx.
Problem.

Algorithms | Prean | Tay S

DFP 26.78 | 25.19 s 94%
0SS 38.9 |29.80s 100%
FR 60.86 | 35.55s 88%
NTCG 38.04 | 28.71 s 100%

Performance based on error
function approximation problem

0.04
/A\ > 002 8
0

(O FR NTCG DFP

Erro

Figure 1: Comparison of algorithms based on
error

5.2 Iris Classification Problem

This benchmark is perhaps the most
best known to be found in the pattern
recognition literature [8].The data set contains
3 classes of 50 instances each, where each class
refers to a type of iris plant. Thenetwork
architectures constitute of 1 hidden layer with 7
neurons and an output layer of 3 neurons.
Thetraining goal was set to E, < 0.01 within
the limit of 1000 epochs, and all networks were
tested using 10-foldcross-validation [10].

Table 2: The Iris Classification Problem.

Algorithms | Prean | Tay Se

DFP 69.12 | 1.9456 s 90%
[ORH] 65 1.4328 s 100%
FR 65.88 | 1.4463 s 86%
NTCG 58.04 | 1.3897 s 100%
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Performance based on error

Iris problem
0.06
/‘\/’ 004
0.02
0
0SS FR NTCG DFP

Figure 2: Comparison of algorithms based on
error

5.3 SPECT Heart Problem.

This dataset contains data instances
derived from cardiac Single Proton Emission
Computed Tomography(SPECT) images from
the University of Colorado. This is also a
binary classification task, where patientsheart
images are classified as normal or abnormal.
The class distribution has 55 instances of the
abnormalclass (20.6%) and 212 instances of
the normal class (79.4%). From them there
have been selected 80 instancesfor the training
process and the remainder 187 for testing the
neural networks generalization capability.The
network architecture for this medical
classification problem constitute of 1 hidden
layer with 6 neuronsand an output layer of 2
neurons. The termination criterion is set to E,, <
0.1 within the limit of 1000epochs [8].

Table 3: The Spect-Heart. Problem

Algorithms | Prean | Tay S

DFP 12.64 | 0.80204 100%

0SS 11.0 | 0.68324 100%
FR 8.76 | 0.6384 100%
NTCG 9.56 | 0.6661 100%
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Performance based on error
Spect-Heart Problem

0.188

0.186
0.184
0.182

0.18

(ON FR NTCG DFP

Figure 3: Comparison of algorithms based on

error

6. Conclusion
In this paper, a three conjugate

gradient algorithm has been proposed based on
DFP quasi- Newton method, since the DFP
algorithm generates conjugate search directions
independent of line search, while the BFGS
guasi-Newton not poses this property. An
attractive property of the proposed method is
that, it ensures sufficient descent, avoiding
thereby the usually inefficient restarts. Under
mild conditions, the global convergent property
was established.Based on the numerical
experiments, the proposed method outperforms
FR and OSS algorithms.
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