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Abstract

Let (X:T) pe a topological
space, let ¥ be an M-structure on ¥
then -7 Mx) js called a minimal
bitopological space. In this work, |
am study pre-open sets in minimal
bitopological spaces with some
result and definitions separation
axioms on minimal bitopological
with study some fundamental of
their properties.

1- Introduction

Bitopological space initiated by
Kelly [9] is defined as follows. A
set X equipped with two
topologies 7, o ( denoted by
(X,7,0) ) is called a bitopological
space. The notion of pre-open set
was introduced by Mashhour et al.
[1]. In 2005 Alaa Erees have
studied Pre-open set in
Bitopological Spaces [6] . In 2000,
V. Popa and T. Noiri [18]
introduced the concept of minimal

structure  space. They also
introduced the concepts of m,-
open set and m,-closed set and
characterize those sets using m,.-
closure and m,.-interior operators,
respectively.  The notion of
biminimal structure space was
introduced by C.Boonpok [3] in
2010. Also he studied mim2-

closed sets and mLm2-open sets in

biminimal structure spaces. In this
paper, the part two introduce the
minimal bitopological space and
some basic definitions | need in
this paper , part three some result
of pre-open sets in  minimal
bitopological spaces , part four
introduce the separation axioms in
minimal bitopological spaces and
given some theorems about them .
If there is no confusion, we will
write M instead of M.

2- Minimal Structures

In this section, we introduce the
M-structure and define some
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Important subsets associated to the
M-structure and the relation
between them.

Definition 2.1. [7]

Let X be a nonempty set and
letM © P(X), where P(X) denote
the set of powerX. We say that M

Is an M-structure (or a minimal
structure) onX, if @ and X belong

toM.

The members of the
minimal structure M are called M-

open sets, and the pair (X, M) is
called an M-space. The
complement of an M-open set is
called M-closed. Given A € X |,

we define Me-interior of A
abbreviate Inty,(A) as

U{Ww|w € M,W < A} and the
M-closure of A abbreviate Cly(A)
as N{F|A € F,X\F € M}. An
Immediate consequence of the

above Definition is the following
theorem.

Definition 2.2. [7]

A minimal structure M on a
nonempty set X is said to have
property B if the union of any
family of subsets belonging to M
belongs to M.

Observe that any

collectiong = J € P(X), always
Is contained in an M-structure that
have the property of B, as we
know,
M(J) = {0, X}V {UygN:0 #] € J}
. In particular, when J = M, we
denote by M" = M(J) . Clearly
M' = M , if M have the property of
B . Note that if M is an M-
structure and Y € X , then
(NNY: NeM} is an M-
structure on X , and is denoted by
M|Y , and the pair (Y,M|Y) is
called an M-subspace of (X, M).

Lemma 2.3. [16]

Let X be a nonempty set and M
an M-structure on X satisfying
property B. For a subset A of X,
the following properties hold:

LAem if and only if
Inty,(4) = A.

(2)A is M-closed if and only if
Cly(A) =A.

(3)Inty(A) € M and Cly(A4) is
M-closed

Theorem 2.4. [2]

Let (X, M) be an M-space and
A a subset ofX. Then
x € Cly(A)if only if
UnNnA=¢ for every UeM

and
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containing x . And satisfying the
following properties:

Cly(Cly(A)) = Cly(A).
Inty(Inty (A)) = Inty (A4).
Inty, (X\A) = X\(Cly(4).
Cly(X\A) = X\(Inty (4)) .
If ACB then
Cly(A) € Cly(B) .

Cly(A) U Cly(B) € Cly(AU B)

\‘
1

A C Cly(A) and Inty(A) € A

Definition 2.5. [4]

Let (X,M) be an M-space.
We say that A © X is M-pre-open
setif A € Inty (Cl,(A4)) . Also we
say that A € X is M-pre-closed if
X \ A is M-preopen.

Definition 2.6.

Let (X,M) be an M-space
and B € X.The M-pre-closure of B
denoted by pCly,(B) is defined to

be the intersection of all M-pre-
closed sets of (X, M) containing B.

We can observe that the M-
pre-closure of a subset B of X

satisfies the following properties:
(i)
(i)

pCly(X) = X.

3

If ACRH then
pCly(A) € pCly(B)

(iii)

If @+ B+ X. Then

(iv)
pCly(B)is not
necessarily an M-pre-
closed set.

(V) pCly(X\4) = X\pInty(4)

(Vi) pnty (X\A) = X\pCly(4)

Lemma 2.7.

Let (X,M) be a minimal
space . Let A be M-open in X and
let BCcX then
AN Cly(B) € Cly(ANnB).

Proof:-

Letx € An Cly(B) . Hence
xeA and x € Cly(B) , since
x € Clyy(B) then UnB + @ for
every U e M containing x (by
theorem 2.4), since A M-open and
xeU, xeAthenAnU =+ @, s0
ANUNB =+ 0 Hence
UNn(AnB)=+@forevery U e M
containing
x € Cly;(AnB).

X Therefore :

Lemma 2.8.

Let (X,M) be a minimal

space, My={WnY: W e M)}
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and let ACY , then
Proof:-
Let x € cly,(A) Hence

x€eY , let W be M-open in X
containing x . Now W nY € My
also xeWwWnY , hence
W nYnA=® which means that
W N A+ @ there fore x € cly(A)
Hence x ecly(A)YNY
Therefore; cly, (A) € cly(A)NY
. Conversely, let x € cly;(A)NY ,
let W, be My-open in Y containing
x.Now W; =W nY where W is
M-open in X and x e W , but
x € cly(4) Hence
WNA#+0=>WnNYNA+0
there fore Wy, NnA # @ . Hence
x € cly,(A) which means that

After definition M-structure,
recall that some results of M-
structure with some properties to
interior, closure of M-structure and
definition pre-open set on M-
structure also with some properties
In [4] different forms of closed
sets in m-spaces are introduced
and studied. The obtained results
are a generalization of many of the

results obtained in other article.
Now will definition pre-open set in
Minimal Bitopological

3- Pre-Open Sets In Minimal
Bitopological

In this section, we recall and
introduce the basic definitions and
facts that we need in this work.

Definition 3.1.

Let X be a non-empty set, T
be a topology on X, let M be a
minimal structure on X then the
triple (X, t, M) is called a minimal
bitopological space.

Definition 3.2.

Let (X,7,M) be a minimal
bitopological space and A be a sub
set of X , A is called pre-open with
respect to T and M
ifA € int [cly(A)] , where
cly(A) is the closure of A with
respectto M .

Definition 3.3.

The collection of all pre-
open sets with respect to T and M

is denoted by pre. o5 (X) .

Definition 3.4.

Let (X, z; M) be a minimal
bitopological space. A subset A of
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X is called pre-closed set of X if
and only if the complement of A is
pre-open set of X , and the

collection of all pre-closed sets
with respect to 7, M denoted by

pre.Cy(X) .
Definition 3.5.

Let (X, M) be a minimal
bitopological space,and x € X . A
subset N of X is said to be pre-nhd
of a point x with respect to 7, M if

and only if there exists a pre-open
set U with respect to 7, M such that

x € Uc N . The set of all pre-nhd
of a point x is denoted by
prey — N(x) .

Remark 3.6.

Let (X, M) be a minimal
bitopological space, let x € X
pres; — N(x) be the collection of
all pre-nhds of x , then:

I.) pregy — N(x) # @.

i) If Wy € prey; — N(x) &

w; cWw, : then
W, € prey; — N(x) .

i) If Wi € pregy;, — N(x),
then there exists
W, € prey; — N(x) such
that w, € W, and

W, € prey; — N(y), for all
y E W2 .

Definition 3.7.

Let (X, ;M) be a minimal
bitopological space, and A< X .
A point x € X is said to be pre-
interior point of A with respect to
7, M if and only if there exists a
pre-open set B such that
x€B <A . The set of all pre-
interior points of A with respect
to 7, M denoted by prey; — int(A4)

(i.e.)

pref — int (A) = U{G € pre.of, — (X): G € A}

Definition 3.8.

Let (X, M) be a minimal
bitopological space. A point x € X

Is said to be a pre-boundary point
of a subset A of X with respect to

7, M if and only if for all U pre-
open in X with respect to 7, M
containing x we have Un A # @
and UnA® =@ . The set of all

pre-boundaries points of A will be
denoted by prey — b(4) .

Definition 3.9.

Let (X, ;M) be a minimal
bitopological space, and A C X,
the intersection of all pre-closed
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sets containing A is called pre-
closure of A, and is denoted by
prey — cl(4) That is
prey — cl(A)is the smallest pre-
closed set in X containing A, also
A is pre-closed if and only if
prey —cl(A) = A.

Definition 3.10.

Let (X, 7, M) be a minimal
bitopological space, Y be a subset
of X : and let
Ty = {GNY:G €T} :
My={HNY:H e M} then
(Y, 1y ,My) is called a subspace of

the minimal bitopological space
(X, ,M) .

Some studies on ideal
Bitopological Space introduced
Pre-open set on ideal Bitopological
and definition pre-interior, pre-
closure. Hence main result on ideal
Bitopological space as obtained by
[10]. Now will give some result on
Minimal Bitopological Space.

4- Some result of Minimal
Bitopological

In this section given some
result on Minimal Bitopological
Space and subspace of Minimal
Bitopological Space.

Proposition 4.1.

Let (X,7,M) be a minimal
bitopological space then the union
of any two pre-open sets is pre-
open.

Proof:-

Let A and B be two pre-open
sets with respect to 7,M . Now
A Cint, (cly (A))and
B S int,(cly (B)) :
AUB Cint,(cly (4))U int,{cly (B)) € int, (cly(A) U cly(B)
: Since
cly(A) Uely(B) < cly(AUB)
by theorem [2.4] Then
AUB C int (cly(A U B))

Hence AUB
respectto, M .

IS pre-open with

Theorem 4.2.

Let (X, M) be a minimal
bitopological space, and A,B be
any subsets of X , then:

1. prej, —int(X) =X :
prey — int(@) = 0.
2. prey; — int(A) € A.

3. If ACRBH , then

prey — int(A) € prey — int(B)

4. prey - int(AnB) € prey, — int (A) n prey, —int(B)
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5. prej, —int (4) U prey, - int (B) C prej, - int PYoBf:-

I we will prove (v) only the

Proof:- other parts are clear:

1, 2, 3 is clear. Proof (4). ANBCA The
SinceANB<A,andAnBCSB prey —cl(ANB) € prey —cl(4)
Hence ....(1) also AnB<B the
pref, — int(AN B) € prey; —int(A)prey — cl(ANB) € prey — cl(B)
L (2) : then
pregint (AN B) € prey, — int(B)  prey — cl(ANB) € prey — cl(A) nprey — cl(B)
.Then . The converse of part (v) is not

prey; — int(An B) C prej, — int(A) n prey; — int (Bnecessarily true as shown by the
. The proof of (5) is similar to the  following example.

f of (4).
proof of (4) Example 4.4.

Th 4.3.
eorem 4.3 Let

Let (X, 7 M) be a minimal  X={abcd},v={0X(d}M={0Xac}bd)
bitopological space, and A,B be and A= {a,b,d}, B = {c, d}

subsets of X , then: ANnB={d} then
w—cl(AnB) =pre;, —cl({d}) ={d
prep =0 P AAND @) =@
prey — cl(X) =X pref, — cl(4) npref —cl(B) = X n{c,d} = {¢,d)
. S0
ii. A € prey —cl(4) .
Prem (4) pregy — cl(A) Npreg; —cl(B) € prey — cl(ANB)

ii. If ACB , then

prey — cl(4) Sprey —cl(B) | emma 4.5. [11]

Let (X,7) be a topological
space, let (¥, Ty) be a sub space of
(X,T) and let ACY . Then
V. prey—cl(AnB) Cprey ~c(A)npreg ~clB)  Int, (A) = Int, (A) N Int,(Y) .

IV. preg—cl(AUB)=prey —cl(A) Uprej —cl(B)

Theorem 4.6.
vi. pref, - cl(pref; - cl(4)) = pref; - cl(4)
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Let (X,7,M) be a minimal
bitopological space, YS X , Y
open with respect to 7, M and let
(Y, 7y,My) be a sub space of
(X,T,M) .If G be pre-open in X
with respect to ,M. Then G nY
IS pre-open in Y with respect to

Ty , My .

Proof:-

G is pre-open in X with
respect to T,M ,  then
G C int,.cly(G) Now
GNY Cint.cly(G)NY.

GNY Cint.cly(G)nint (Y)
(int,(Y) =Y ,Y ist-0pen)

C int (cly(G)NnY)
lemma 2.7)

(By

c int.(cly(GNY))

C int, (cly(G NY)) nint.(Y)
(By lemma 4.5)

C int,, (cly(G nY))nY

C int, (cly(GNnY))nint, (V)

c int,, (cly(GNY)NY)
(By lemma 2.8)

GNY Cint,, (cIMy(G n Y}) . S0
GNY is pre-open in Y with

respect to ty , My .

Corollary 4.7.

Let (X,7,M) be a minimal
bitopological space, let (Y, Ty, My)
be a sub space of (X, 7, M) and let
Y open with respectto t,M . If G
be pre-closed in X with respect to
7,M . Then G nY is pre-closed in
Y with respect to 7y , My .

Proof:-

To prove by theorem 4.6 . Let
G be Pre-closed in X with respect

to ,M . So G° is pre-open in X
with respect to ©,M by the
theorem above G° Nn'Y is pre-open
in Y with respect to ©y, My , tO
proof G nNY is pre-closed in Y.
Yycx , )
=¥YnX=Yn(GuGc)=¥nG)u(Yne°)
.S0 G NnY is pre-closed in Y with
respect to 7y , My .

In [5] Carlos C., E. R. and
M. S., notion of M-operator for
an M-structure My on a set X
IS introduced Also several
separation forms for points of
a set X are described and

characterized, in a not
necessarily topological
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context« also studies different

relationships between these
separation  properties, and
establish conditions in regards
to the operator which
determine the equivalence
between these separation
forms .Now we introduce
Separation Axioms in
Minimal Bitopological Space.

5- Separation Axioms in

Minimal Bitopological
space.
In this section, we

introduce and study different
Separation Axioms on a
Minimal Bitopological Space.
We also look for the existent
relation between this Axioms

Definition 5.1.

Let (X,7,M) be a
minimal bitopological space,
then (X,7,M) is called
pre — T, space if and only if
for each pair of points
x,y €X , such that x #y ,
there exists pre —open set G
containing x but not y or
pre —open set H containing y
but not x.

Theorem 5.2.

A minimal bitopological
space (X,7,M) is pr—T,-
space if and only if Pry-

closure of distinct points are
distinct.

Proof:-

Let x,ye X, x= Yy implies

pry —cl({x}) = prey, —cl({y}).

Then there exists at least one
point z , such that |,
Ze pre;, —cl({x3}) but
L¢ prey, —cl({y}) Let
X e pry —cl({y}) , then
pry —cl({x}) < pry —cl({y})

which is a contradiction that

z ¢ pry —cl({y}) Hence
Xe X — pry —cl{y}) but
pry —cl{y}) is pre—closed,

so  X-—pry-c{{y}) s
pre —open which contains X
but noty. It follows that
(X,7,M)is pr—T,-space.
Conversely, since
(X,T,M) is pr—T,-space,
then for each two distinct
points X, ye X, X# Y there
exists pre—open set G such
that xeG, ygG. X-G is
pr —closed set which does
not contain X but contains V.
By  Definition (3.9)
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prey,, —cl{y}) is the
intersection of all pr —closed
sets which contain {y}.Thus ,
pre;, —cl{y}) =« X =G, then
X¢ X —G. This implies that
X¢ pref, —cl{y}), but
Xe pref, —cl({x}),

X ¢ pre;, —cl{y}) . Therefore
prey —cl({x}) = prey —cl({y}) .

Theorem 5.3.
Every subspace of pr—T,-

space is pr —T_-space .

Proof:

Let («.r,,M, be a
subspace of  pr—T,-space
(X,z,M).To prove that the
subspace is pr —T,-space, let
y,#Y,eY. Since YcX,
then y, #Y,e X and
(X,7,M) is pr—T,-space .
There exists Pre—open set G

in X, such that y,eG,
v,2G. So GNY s
pre—open set in Y and
y,eGNY ,  vy,¢GNY.

Hence (Y.z,.M,) 1S pr—T,-
space

Definition 5.4.
A minimal bitopological
space (X,7,M) is called

pr —T,-space if and only if
for each pair of distinct points
X, y in X, there exist two
pre—open sets G, H such
that G contains X but not vy
and H contains y but not x.

Remark 5.5.
Every pr—T,-space is
pr —T,-space. But  The

converse is not true , as the
following example .

Example 5.6.
Let X ={a,b,c} ,
z ={X,s,{c}} and

M={X,g{a}} , (X,7) is a
topological space and (X, M)
IS a minimal space , then
(X,7,M) is a minimal
bitopological space , hence:
pre.0;, (X) =

X, ¢.{a} {c} {a.,b}{a.c}}. If
we take a, and b, a=#b, then
we cannot find two pre—open
sets , such that one of them
contains a but not b and the
other contains b but not a.
Therefore, (X,7,M) is not
pr —T,-space, but it is clear
that (X,7,M) is a pr—T,-



Journal of Kufa for Mathematics and Computer

space . The pr—T,-space is
hereditary property .

Theorem 5.7.

Every subspace of
pr—T,-space is pr—T,-
space.

Proof:

Let (Y,7,,M,) be a

subspace of pr—T,-space

(X,z,M).To prove that the
subspace Y is pr —T,-space .
Let y,#Y,, since Y cX,
then y, #y,e X and since
(X,7,M) is pr—T,-space.
Then  there  exist two
pre—open sets G, H in X,
such that y,eG, but y,¢G;
and y,e H, buty,¢ H. Then
we obtain two sets
G, =GNY, H =HNY are
pre—open sets in Y , we have
y,€G,, but y, Gy y,eHy,
but y, ¢ H, Hence
(Y,7,,My ) is pr —T,-space.

Theorem 5.8.

A minimal bitopological
space (X,z,M)is an pr—T;-
space If and only if every
singleton subset {x} of

(X,7,M)is pre—closed set.

11

Proof:
Let x,y € X and x % y.

If {x} and {y} are the
pre—closed sets of x and y
respectively such that
{x} # {y}, then {x}* and {y}°
are pre—open sets such that
y € {x}¢ and x & {x}¢ also
x € {y}¢ and y & {y}*. Then
X is an pr—T,-space
Conversely, suppose X is an
pr—T,-space.  Then  for
x,y € X and x # y, there are
two pre—open sets G and H
such that x€ H, y € H and
yeEGandx € G.S0 G c {x}°
also U{G/y # x} € {x}* and
{x}* cu{G/y # x} . Hence
{x}¢ €U {G/y # x}, which is
a pre—open set. Then {x} is a
pre—closed .

Definition 5.9.

A minimal bitopological
space (X,7,M) is called a
pr —T,-space ( pre— Hausdorff
) if and only if for each pair of
distinct points x, y in X,
there exist two pre—open sets
G,H suchthat xeG, ye H,
GNH=¢.

Remark 5.10.
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Every pr—T,-space is a
pr —T,-space. The converse is

not true , the following
example shows that.

Example 5.11.

Let X ={a,b,c}
T=1{X,¢,{a},{b,c}} and
M =X, sfacfatdar. (X,7) s
two topological spaces and
(X, M) is a minimal space ,
then (X,7,M) is a minimal
bitopological space , then:
pre.Oy, (X) =
{X.¢.{a}.{a.b}.{a.cHb.c}.
Clearly (X,7,M) isa pr-T,-
space, but not pr—T,-space,
because there exists b=c,
there is only pre—open sets
{a,b} , {a,c} , such that

be{a,b} , ce{ac} , but
{a,b}yN{a,c}r=¢ . The
pr—T,-space is hereditary

property .

Theorem 5.12.

Every subspace of
pr—T,-space is a pr—T,-
space.

Proof:

Let (X,7,M) be a
pr—T,-space, and let Y #¢
be a subset of X, and
X#yeY, then x and ye X

, since (X,7,M) is pr—T,-

space, there exist two
pre—open sets G,H such
that XxeG and yeH,
GMNH=¢ So GNY,

H Y are Pre—open sets in
Y and xeGY, yeHNY;
and (GNOY)NHNY) =

(GNH)NY =¢ Hence
(X,zy,My) is a pr-T,-
space
Definition 5.13.

A minimal bitopological
space (X,7,M) is called

pre—regular space if and only
if for each Pré—closed set F
in X, and each x ¢ F; there
exist pre-open sets U, V
such that xeU, FcV and
UNV =¢.

Theorem 5.14.

Let (X,7,M) be a
Minimal bitopological space,
then (X,z,M) is a
pre—regular iff for each
pre—open set U and xeU,
there exists pre-open set V
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such  that XxeV :
pre,, —cl(V)cU .
Proof:

Let (X,z,M) be a
pre—regular, xeU where

U is a pre—open set . Let
H=X-U, then H is
pre—closed, xgH. Then
there exist pre—open sets W
and V such that: xeV,
HcW, VNW=¢. Then
VcX-W,

pre;, —cl(V) c prey, —cl(X -W)=X-W

.....(2-1) HcW, then
X-WcX-H=U, then
X-WcU....... (2-2) From
(2-1),(2-2) we have, X eV,

pre;, —cl(V) < U .Conversely
, let H be Pré—closed set
and xgH. Let U=X—-H,
then U is a pre—open and
xeU . By hypothesis, there
exists pre—open set V such

that xeV, prey, —cl(V)cU,
H < (X —(prey, —cl(V))) .Since
xeV, VN(X-(pre, —cl(V))=4¢.
Hence (X,7,M) is
pre—regular space

Theorem 5.15.

13

Every subspace of a
pre—regular space is a
pre—regular space.

Proof:

Let (X,7,M) be a

Pre—regular space ,

(Y,z,,My) be a subspace of
Y. To prove (Y,z,,My) is
Pré—regular space Let
geY and A be pre—closed
setin Y, such that q¢ A, then
pre—cl, (A) = pre—cl, (A)NY,
and since A is Preé—closed
set in Y, so pre—cl,(A)=A
Then A= pre-cl,(A)Y . Since
qeA, then q¢ pre—cl, (A)NY |

qe pre—cl, (A) | thus
pre—cl, (A) is pre—closed in
X, and since (X,7,M) s
pre—regular , then there exist
two disjoint pre—open sets
G,H in X, such that ge G,
pre—cl, (A) < H and
GMNMH=¢ . qeGNY and
pre—cl, (A)NY <cHNY,
AcH, since G,H are
pre—open in X, then GNY,
H (Y are pre—opensetin Y .
Since GY=¢ , then
GNY)NHNY)=(GNH)

ﬂY=¢ﬂY=¢ . So (Y,z,,My)
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Is pre—regular subspace of
(X,7,M)

Definition 5.16.

A minimal bitopological
space (X,7,M) is called
pre—normal space if and only
if for each pair of pre—closed
sets G,H in X, such that
G H=¢ , there exist
pre —open sets U,V such that
GcU ,HcVand UV =4.

Theorem 5.17.

Let (X,7,M) be a
minimal bitopological space,
then (X,7,M) is a pre-
normal if and only if for each
pré—closed set H in X and
pre—open set U in X
containing H, there exists
pre—open set V such that

HcV cpre, —cl(V)cU,

Proof:
Let (X,7,M) be
pre—normal. Let H be

pre—closed in X and U is
pre—open in X, such that

HcU. then X -U is
pre—closed in X and
HN(X-U)=¢ . So there

exist pre—open sets K and V

such that , X-UcK,
HcV, VANK=¢ :
X-KcU , VcX-K .
This implies that
prey,, —cl(V) c prey, —cl(X -K) =X -K
.The HcVcpre, —c(V)cU
V c prey, —cl(V)cU .
Conversely, H is a
pre—closed setin X and U is
a Pré—open in X, then
X —U is a pre—closed set in

X, then X-U is a
pre—closed in X, and
HON(X-U)=¢ . By
hypothesis,  there  exists

pre—open set V such that
HcV copre, —cl(V)cU, then
X -Uc (X —(prej, —cl(V))) . So
we have HcV :
X-Uc(X—(prey —cl(V))),

and VN (X —(pre;, —cl(V))) =¢.
Hence (X,7,M) is
pre —normal space

Corollary 5.18.

A minimal bitopological
space (X, z,M) is a
pre—normal if and only if for
each prée—closed set H in X
and each pre—open set U in
X containing H, there exists
a subset A of X, such that
H c pre,, —int(A) c pre,, —cl(A)cU .
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Proof:

By using the Theorem
(5.17) and taking A=V, the
proof is satisfied

Theorem 5.19.

Every pre—closed
subspace of a pre—normal
space isa pPre— normal.

Proof:

Let (X,z,M) be a
pre—normal  space  and
Y, 7y, My) be any

pre—closed subspace of X. |
have to show that (Y,z,,M,)
iIs also pre—normal space.
Let L°,N”™ be disjoint
pre—closed subsets of Y.
Then there exist pre—closed
subsets L, N of X, such that
L"=LNY and N"=NNOY.
Since Y is prée—closed , it
follows that L",N" are disjoint
pre—closed subsets in X.
Then by pre—normality of
X, there exist pr —open sets

G,H in X,suchthat L' =G
, N"<H and GNH=¢ .
Since L'cY and N cV,
these relations imply
L'cGNY,M"=NNY and
(GNY)NHNY)=¢ . Setting
GNY=G" and HNY =H",

15

we see that G*,H® are
pre—open subset of Y such

that : L' G", N"cH"and
G'NH"=¢. Accordingly
Y,z,,M,) is a pre—normal
space

Definition 5.20.

A minimal bitopological
space (X,7,M) is called a
pr—T,-space if and only if
X is a pr-T, and a
pre—regular space.

Remark 5.21.
Every pr—T,- space is a
pre—regular and the converse

Is not true as we will show in
the following example.

Example 5.22.

Let XZ{a,b,C}
r={X,¢4,{b,c}} and
M = X, g e} o} {c} fa. b} o, ool
, let (X,7) s topological
spaces and (X, M) is minimal ,
then (X,7,M) is a minimal
bitopological space , so:
pre.O;, (X) = {X,4{b,c}} , and
pre.C;, (X) = {X, ¢, {a}}.

Clearly , (X,z,M) is a
pre—regular, but it is not
a pr—T,-space Hence
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(X,7,M)
space.

is not a pr—T,-

Theorem 5.23.

Every subspace of
pr—T,-space is a pr—T,-
space.

Proof:

Let X be a pr—T,-space
and Y be a subspace of X. N
X isa pre—regular as well as
a pr—T,-space and we have

shown that both these
properties are hereditary. It
follows that Y is a
pre—regular as well as a

pr —T,-space. Hence Y is a
pr —T;-space

Definition 5.24.

A minimal bitopological
space (X,7,M) is called a
pr —T, space if and only if X
IS a Ppre—normal and a
pr —T,-space.

Remark 5.25.

Every pr—T,-space is a
pre—normal and the converse

is not true as we will show in
Example (5.22).
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