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On 3-prime ideal with respect to an element of a near ring
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Abstract

In this paper ,we introduce the notions
3- prime ideal with respect to an element
x denoted by (x-3-prime ideal ) of a near
ring and the 3-prime ideal near ring with
respect to an element x denoted by (x-3-
prime ideal near ring ) ,and we studied
the image and inverse image of x-3-prime
ideal under epimomorphism and the
direct product of x-3-prime ideal of

nearring .
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Introduction

We will refer that all near rings and
ideals in this paper are left . In 1989 the
notion of completely semi prime ideal (C.S.P.1)
was introduced by P.DHeena [8].In 1988 the
notion of near ring N was introduced by

N.J Groenewald [7]and in this year he

introduced the notion 3-prime ideal of a
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near ring .In 2011 H.Hadi and Showq M.
they introduced notions of completely semi
prime ideal with respect to an element x of a
near ring and the completely semi prime
ideals with respect to an element near ring (x-
C.S.P.I near ring ) [4] . They established many
results and obtained many correspondents
between (C.S.P.l) and (x-C.S.P.l) of a near ring .
The purpose of this paper is as mention in the

abstract .

1.Preliminaries

In this section we give some concepts
that we need in second section.

Definition (1.1) [2]

A left near ring is a set N together
with two binary operations “+” and ”.”

such that

a. (N,+) is a group (not necessarily abelian
b. (N, .) is a semigroup.
c.(n,+ny).ng=n;.ng+n,.ng

For alln;,n,,n;, €N,
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Definition (1.2) [2]:

Let N be a near ring. A normal
subgroup 1 of (N,+) is called a left ideal
of N if

@INcL.
(2).vn,n,eNandforalliel,

Definition (1.3) [6]:

An ideal | of near ring N is called a 3-
for all a,be N ,aNbcl

impliesael vbel.

prime ideal

Definition (1.4)[7]

Let | be anideal of a nearring N. Then |

is called a completely prime ideal of N if

(2) If Jis an ideal of a near ring N,
then 1) is
an ideal of the near ring N;

theorem (1.7)[6]

Let {l J} be a family of ideals of a
jed
near ring N ,then

is an ideal of N.

w N

jed J
(2) if {l J} is a chain of ideals of anear
jed

ringN, then |J | . isanideal of N.
jed

Definition (1.8) [8 ]

vX,y eN x.y el implies xeloryel Let{Nj,_, be a family of near rings,

, denoted by C.P.I of N.

Definition (1.5) [5]

Let( Ny,+,.) and (N, ,+..”) be two

near rings. The mapping f : N; —N; is
called a near ring homomorphism if for all

m,n €N,

f(m+ n) = f(m) +'f(n) and f(m. n)=f(m) .
f(n).

Theorem (1.6) [4]

Let f:(Nl,+,.)—>(N2,+',.') be a near ring

homomorphism

(1) If l'is an ideal of a near ring Ny
then f(I) is an ideal of a near ring
N,.
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J is anindex set and

I[TN,={(x;):x;, eN,,for all je J}
jeld

be the directed product of N; with the
component wise defined operations ‘+

and ‘’, is called the direct product near

ring of the near rings N; .

Definition (1.9) [1 ]

If I, and |, are ideals of a near ring N

,then

|1-|2={I1-I 2:'1EI1"2€|2}'

Definition (1. 10) [8 ]

A near ring N is called Integral domain

if N has no zero divisions.



Definition (1. 11) [8 ]

The factor near ring N/I is defined as in

case of ring .

Definition (1.12) [3 ]

let N be a near ring and Xe N, | is
called completely semi prime ideal with
respect to the element x denoted by (x-
CS.P.I)  or( x- completely semi prime

ideal )of N if for all

yeN,if x-y*el implies yel

2. The main Results

This section is devoted to study 3-
prime ideal with respect to an element of
a near ring ,and x-3-prime ideal near

ring .

Definition (2.1)

An ideal | of near ring N is called  3-
prime ideal with respect to an element of
near ring denoted by (x-3-prime ideal ) if

for all a,beN

X(@aNb)cl >xaelvxbel.

Example(2.2)

Considers the set N={ 0,a,b,c} be a near
ring with addition and multiplication
defined by the following tables
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+10]a|b|c Oja|b|c
0|0 |a|b|c 0|0|a|0]a
alal|0|c|b a|0flaja |0
b|b|c|0]a b|(O0O]ja|b]|c
clc|b|a]o0 3|0jajc|b

Let 1={0,a} be a c-3-prime ideal since
c.(aNb)cl »>caelvcbel.

Proposition (2.3)

Let {I j }jd be a family of x- 3-prime

ideal of a near ring N for all jeJ,

xe N .Then ﬂ |j is a X- 3-prime
jed

ideal of N.

Proof

Let X,a,be N ﬂlj be an ideal [1.7]

jed
since Ij is x- 3-prime ideal of N,
. = , |I:c<N Jlet
J 4 |
xaNbc N |j

jeld

xa.Nbcl j ,Vj e J,since |j is x- 3-

prime ideal X.a € Ij v Xbe Ij
xaenl.vxbenl. implies
jed J jeld J

I isan x-3-prime ideal of N.
Jjed J




Showq M. Ibrahem

Proposition (2.3)

Let {l;},., be a chain of a x3-
Prime ideals of a near ring N ,then
Ulj is x-3-Prime ideal of N where
jed

jed.
Proof

Let {lj}jEJ be a chain of x-3-Prime

ideal of nearring .—> U |j is an ideal of
jed

N [1.7] Now let X.a.N.bgUIJ. ,

jed

xa.Nbc Ij Vjeld since | is x-3-

prime ideal X.a € | J vxbel j

xae U Iij.be U Ij
jeld jeld

— U | isan x-3-prime ideal of N.

jeJJ

Remark (2.4)

If I, and |, be two x- 3-prime ideals of
near ring such that I, z I, and I, z I,
then |1LJ|2 of N may be not x- 3-

prime ideal .

Example (2.5)

considers the set N={ 0,a,b,c} be a near
ring with addition and multiplication
defined by the following tables

+]10la|b|c 0Oja|b|c
0|0|a|b]|c o(ofjo|o|oO
alal|0|c|b a|0]a|b]|c
b|b|c|0]a b|0|0|0|O
clc|bla]o 3|/0|a|b]|c

Let |,={0,a} and |,={0,b} are b-3-prime

ideal since

baNbgll —>
baellvbbeH

baNbglz —>
b.aelzvb.bel2

but |1U|2 ={0,a,b} is not an ideal of

near ring N.
Remark (2.6)

If I, and I, be two x-3-prime ideal of near
ring N, then I, . I, of N may be not x-3-

prime ideal of N.

Example (2.7)

considers the near ring N={ 0,a,b,c}
with addition and multiplication defined
by the following tables

+(0|a|b]|c . |0]a|b|c
0|0|a|b|c 0O|0|0|0|O
ala|0]|c|b a|0|a|0]a
b|bj|c |0 ]|a b|{0|0|b|b
c|lc|bjal|oO c|0]a|b|c




Let 1,={0,a} and |,={0,b} are c-3-prime

ideal of N ,but I,.1,={0} is not c -3-
prime ideal of N since
chb.N.a={0}c |1'|2 but
cbg I1.|2 veag I1.|2

Definition (2.8)

The near ring N is called 3- prime
ideal near ring with respect to an element
x denoted by (x-3-Prime ideal near ring ),
if every ideal of a near ring N is an x- 3-
prime ideal of N,where X& N .

Example (2.9)

Consider the near ring N={ 0,a,b,c}
with addition and multiplication defined

by the following tables

+]10|a|b|c . |0|la|b]c
0|0|a|b]c o|(o0o|0|0|O
alal|0]|c|b al|0|a|b]|c
b|b|c|0]|a b|0|a|b]c
clc|bla]o 3|0fa|b]c

N is c-3- prime ideal near ring since all
ideals of N ,I,={0} and 1,=N are c-3- prime

ideal .

Lemma (2.10)

If N is a near integral domain , then {0}
is X -3-prime ideal of N,for all

x e N —{0}.
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Proposition (2.11)

Let N be a near ring with multiplicative
identity €, then I is €'- 3-prime ideal of
near ring N if and only if lisa 3-prime

ideal of N.

Proof : «

!

Let y,zeN , € is the identity
e"y.N.zc | impliesthat y.N.zc |

. since | is 3-prime ideal of N then

yelvzel implies
e.yelve.zel thereforlise’- 3-

prime ideal of N.

%

Let y,ze N and I is €'-3-prime ideal of
NLet Y.N.zc |, e.y.N.zc | since

| s e’ - 3-prime ideal of N

—eyelvezel implies
ye lvzel since e’ the identity of

N — lis 3-prime ideal of N.

Remark (2.12

Not all x- | is 3-prime ideal of a near ring

are C.P.I of N.

Example (2.13)

considers the near ring N={ 0,1,2,3} be
addition
defined by the following

a near ring with and
multiplication

tables :
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+10]1)2 |3 01112 |3
0|j0|1]|2 /|3 ojo010(|0|O0
1103 ]2 1/0(1]2]3
2 12|3]|0 |1 2/0|0|0]|O0
313(2|1]0 3/0111]2]3

Let |,={0,1} be 2-3-prime ideal of N .Iis
not C.P.l of N,
23=0eclbut 2¢1A3¢l.

since

Remark (2. 14)

In general not all x-3-prime ideal are 3-
prime ideal .

Example (2.15)

Consider the near ring N in example
(2.13) let | ={0,1} be 2-3- prime ideal
but | is not 3-prime ideal of N, since
2N3clbut2¢1A3¢l.

Remark (2. 16)

In general not all x-3-prime ideal are
x.C.S.P.l of N.

Example (2.17)

Consider the near ring N in example (2.5)
let | ={0,a} be c-3- prime ideal but | is
not a- C.5.P.I of N, since ch?=o0¢ll
butbel.

Theorem (2.18)

Let (N;+,.) and (N, ,+'..") be two
near rings , f ZN1—>N2 be an

epimomorphism and | be  x- 3-prime

ideal of N;.Then f(l) is f(x)- 3-prime ideal
of N, .

Proof

Let | be - 3-prime ideal of N; f(l) be an
ideal of N, by using theorem [1.6]

Let ¢,y,ze N, , 3abeN, such that
f(a) =y.,f(x) =c,f(b) =z N, ,hence

f(x).f(a).N,.f(b) < f(l) since f be
an epimomorphism f(xa.N,;.b) < f(I)

since | is x- 3-prime ideal of N;

—xaN,bcl

xael v xbel

f(xa)e f(1) v f(xb)e f(l)
f(x).f@ef(l)vi(x).f(b)e
f(x) is f(x)- 3-prime ideal of N, .

Theorem (2.19)

Let (N1 +,.) and (N2 ,+',.") be two near
rings, and

f ZNl—)N2 be

epiomomorphism and J be a f(x)- 3-
prime ideal of N, .Thenf'())is a x-3-
prime ideal of N; where y= f(x) ,

kerf <f *(1) .
Proof

Let X, 8,b e N,, f* (J) is an ideal by
using theorem [1.6],

xaN,bc 1)

ANy b

f(X.a.Nl.b) cJ
f(0)./f(@)'N,/ f(b) < J

f(1)



since J is f(x)- 3-prime ideal of N,

f(x)'f(@ed vi(x)fb)el
f(xa)ed v f(xb)eld

xae f~1J)vxbe 1)

— fl(J))is a x-3-prime ideal of N,.

Proposition (2.20)

If N is non zero near ring then | is 0-3-
prime ideal of N.

Theorem (2.21)

Let {N i }jEJ be a family of a near

rings, X J eN

ideal of N;forall j €J .Then [Tl is(

iel

j and |; be x- 3-prime

X;)- 3-prime ideal of the direct product

nearring [IN; .

iel

Proof
Let  (a;),(b;). (%) GHNJ- ,and
jed
Hlj is an ideal of HNJ- by using
jed jed

definition (1.9) such that

(Xj).(aj).HNj.(bj)g.Hlj for all
jed jed

jeld

X;a;.N;b; .I; since I;is x; - 3-prime

ideal of N;for all j eJ,
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—> x;a;el; vx;b el \V jel

(Xj.aj)eH I v(Xj.bj)eH I

(@) e[ 1y v b)e] 1,

— 11, is ( x)- 3-prime ideal of the

ied

direct product nearring || N i -

iel

Theorem (2.22)

Let | be an ideal of the x- 3-prime ideal
near ring N .Then the factor near ring

N% is  x+l-3-prime ideal near ring .

proof

The natural homomorphism

nat,:N — ’\% which is defined by

nat, (x) =x+l , for all XN ,is an

epimomorphism .Now let J be an ideal of

the factor near ring |\% .Then by

theorem (1.6) we have nat, *(J)is an

ideal of the near ring N.=> nat;*(J)is a
x-3-prime ideal of N [since N is x-3-prime
ideal near ring .By theorem (2-18) we

have nat(nat,*(J)) = J is

nat, (x) -3-prime ideal of l\% = Jis x+l -
3-prime ideal of factor near ring .Then

N % is x+| - 3-prime ideal nearring .
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