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Abstract: The statistical idea of a copula was developed in 1959 under the base of
sklar’s theorem; it was not applied to financial markets and finance until the late 1990s.
In this study, copula was used as a probability model that represents a multivariate
uniform distribution (MUD), first to examines the association or dependence between
many variables as a vector of random variables (Vn) having different probability
densities, that helps to isolate the joint or marginal probabilities of a pair of variables
that are enmeshed in a more complex multivariate system, secondly it was used for
generating the probability values of dependencies for a vector of random variables
together in MVVCDF rather than their partial dependencies from their marginals.
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1- Introduction:

Statistically in any random process, the independence among random variables in a vector
V nM=(X_1,X 2,...,X d) is hypothetical, and rarely occurs. Then it can be said that they are not
significantly depend on each other, which is depends on the multiple correlation or rate of
dependency after testing this hypothesis statistically, then their dependencies (direct or indirect),
(positive or negative) logically can’t be ignored regardless of its size specially in those studied that
characterized by extremely sensitive in their data, moreover, its applicably seldom to collect a
vector of random variables having independence property, so it’s too difficult to evaluate a
multivariate probability distribution comes from a vector of random variables each have different
population or probability distribution. Copula is a function to express joint distributions for a vector
of random variables where they have dependence or not, comes from several populations. With a
copula you can separate the joint distribution into two contributions: the marginal distributions of
each variable by itself, and the copula that combines these into a joint distribution. One basic result
is that any joint distribution can be expressed in this manner. Another convenience is that the
conditional distributions can be readily expressed using the copula. What Is a Copula? Copula is a
probability model that represents a multivariate uniform distribution, which examines the
association or dependence between many variables. Put differently, a copula helps isolate the joint
or marginal probabilities of a pair of variables that are collected in a more complex multivariate
system. The copula is then the unique index or set of instructions for describing how those pairs fit
together in the more complex system. This method is useful as it can help identify spurious
correlations observed in the data. It is also useful in fine-tuning derivatives pricing models where
the price of one depends on the price of some underlying thing. Today, copulas are employed in
advanced financial analysis to better understand outcomes that involve fat tails and skewness.

2-Methodology:

This section in the study is to explained the method and criterion of copula and how it can be used
for releasing a strongly correlated vector of continuous random variables to another uniform
combined uncorrelated marginal vector.

3- Description of Copula Technique:

If F(X) and F(Y) are continuous, then C is unique; otherwise C is uniquely determined on Range
F(X) x Range F(Y) only. Conversely, for any univariate distribution functions F(X) and F(Y) and
any copula C, the function F(XY) is a valid bivariate distribution function with marginal F(X) and
F(Y) . The popularity of copulas for dependence modelling largely follows from quotes like
‘Copulas allow us to separate the dependence from multivariate to the product of marginal
distributions. Clearly, if( C ) is unique, then it unequivocally characterizes how the two marginal
F(X) and F(Y) interlock for producing the joint behavior of (X, Y), while staying ignorant of what
those marginal are. For instance, if X and Y are independent, and if C is unique, then from the
definition of copula ( C) must be the ‘independence copula or so called ‘product copula’). In order
to compute a copula value that corresponding the probability of dependency for a given interval
inside the range of (X, and Y), then the values of each corresponding range for (U, and V) can be
evaluated from the eq.(1), means: for a given interval(x; < x < x,, y; <y <y,), using Cyy(u,v)
produces a corresponding interval for bivariate uniform (u; <u <u,, u; <y <u,), and then
calculating bivariate copula from the property below that’s the probability of dependency for
random vector (X, And Y) together at a specific value .

Cuv(wv) =Pr[(uy U< uy), (v £V<vy)
CU,V(U’ v) = C(uz,v;) + C(uy,vi) — Cug, vz) — C(ug,vq) =20 ----- (1)
Forall0 <u; <u<u;<1l,and0<v; <v<v,<1

ISSN:2222-2994 Vol. 13 No.2 296



| R H Q I University of Kirkuk Journal For Administrative
and Economic Science (2023) 13 (2): 295-300

Academic Scientific Journals
4-Description of Sklar’s Theorem:
Sklar's theorem provides the theoretical foundation for the application of copulas. This theorem
states that every multivariate cumulative distribution function with the form:

G(Xl, X5, ---,Xd) =Pr (Xl < Xy, Xz < Xy, ----,Xd < Xd) """""" (2)

of a random vector (X4, X, , .., Xqg){\displaystyle (X_{1},X_{2}\dots ,X_{d})} Can be expressed in
terms of its marginal

Fi(x;) = Pr(X; < x;){\displaystyle F_{i}(x_{i})=\Pr[X _{i}\eq x_{i}]} and a
copula (C)is{\displaystyle C}is G(xq,X3, ..., Xq)

{\displaystyle H(x_{1}\dots ,x_{d})=C\eft(F_{1}(x_{1}),\dots ,F_{d}(x_{d})\right).}In case that
the multivariate distribution has a density{\displaystyle h} (g), and if eq. (2) is differentiable then, it
holds that:

g(X1, Xz, .., Xg) = C(F1(X1), Fy(x2), ..., Fd(Xd))- fi(x1). fr(x2) .. fa(xq) - (3)
Where (c) is the probability density function of copula:
3- Example:

Let V, = (X4,X,) isa bivariate vector of random variables; denoted two columns functioned with a
joint probability density function given by:

1
f(x,y)=(%)(x1+2x2) , where0 <x; <4,and 0<x,<8

=0 elsewhere e (4)
In the first step required to derive the inverse cumulative distribution function formula for each
(Xy,and X;)as Fy'(u),and Fx!(v), Where(u,andv), are two uniformly distributed [0, 1]
random variables one to one correspondent respectively to(X,andY) . and secondly deriving
bivariate copula cumulative distribution function formula as:
Cov(wv) =Fx, x,(x0,x2) e ®)
The marginals rv’s (X, and Y) each alone comes from integrating the joint p.d.f from
eq.(4) we can calculate respectively: fy (x;),and fx, (x;) given by:

fx,(x1) = (1/40)(8 + x4) , Where 0<x; <4
---------------- (6)
i, (x2) = (1400 (1 + %) ,where 0<x,<8
Using sklar’s theorem criteria:
Letu = Fx, (x;), andv = Fy,(x;) = x; = Fx!(u),andx, = Fx(v) = -------- (7)

To get eachu = Fy, (x;),andv = Fx (x;) , it can be calculated by integrating the marginal
fx, (x1),and fx, (x,) given by:
u=Fy, (x0) = [J 7 fx(xq) dxq = (x,/5)[1 + (x1/16)] 0<x, <4

And v =Fy, (x2) = [ 7 fx, (xp) dt = (x,/40)[1+(x,/2)] 0<x,<8

From eq(4) each of x,,and x, can be calculated

x; = Fx!(w) = (—16 £ V256 + 320u)/2 . Because of 0 < x, < 4 hence the negative root ignored
then

x; = Fx!(w) = (—16 + V256 + 320u)/2 ,withrange 0 <u <1

--------------- 9)
x; = Fx!(uw) = (=2 + V4 + 320v)/2 ,withrange 0 <v<1
In order to derive copula distribution function given by eg. (2), then
X2 X1
CU,V(U: v) = Fx, x, (x1,X) = ﬂ fX1X2 (x4, %) dx, dx,
) 00
Cov(@V) = Feox, (%) = (o) (3%, +2x0xd) e (10)
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Substituting the values of x,,and x, from eq. (6) in eq. (7) produces bivariate copula cumulative

distribution function given by:
—16 + V256 + 320u 4 + 320v
Cuv(u,v) = (1/640)[{ > ¥(-2+ T)

+ % (—16+\/256+320u) (—2+\/4+320v

> I e (1)

Table (1): the univariate probability of dependency for each(xL andxz), separately with corresponding uniform random
variable (U, and V) respectively using eq. (11):

Prob. of Prob. of
Range of Range of Dependency Range of Range of Dependency
r.v, X rv, U rv,Y rv,V
Between (X,y) Between (u,v)
0 0 0 0 0 0
Completely Completely
4 1.000 dependent 8 1.000 dependent
1 0.2125 weak 1 0.03750 weak
15 0.3281 weak 15 0.06563 weak
2.2 0.5001 strong 2 0.10000 weak
3 0.7125 strong 3 0.18750 weak
35 0.8531 strong 35 0.24060 weak
25 0.578 strong 4 0.30000 weak
2.7 0.6311 strong 2.5 0.13200 weak
2.9 0.6851 strong 55 0.51560 strong
3.8 0.9405 strong 6 0.60000 strong
3.9 0.97013 strong 7.5 0.89100 strong

This table explains dependency values for each(Xl_ andXZ) versus uniform random Variables (U, and V) .

B X: Range

o N » O ®

Y:range

X: Range

9 10 11
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Figure 1: Dependency among (x,and y)
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Figure 2: Dependency among (U, and V)

Note: figures (1,2) are from data in table(1) above by executing (Microsoft Excel).

5- Analysis and Results:

Copulas are popular in high-dimensional statistical applications as they allow one to easily
stochastic modeling and estimating the distribution of random vectors by estimating marginal and
copula separately. There are many parametric copula families available, which usually have
parameters that control the strength of dependence.

From the two figures above for measures (x, and y), and (u, and V) its clear that the dependency
among (u,and v) is explained more precisely than ( x,and y)that’s because of the regular joint d.f is
not assigned for (x, and y) to be identical, but copula required for (u,and v) to be identically
independent distributed. Also one can see easily that the correlation for any two order pair (u, v) in
copula is smaller than the joint d.f for (X, y) is one of the important property for copula function, see
the dependency probability for (x,y) and compare with this probability for (u, and v).

In other hand copula function makes generation of random numbers and simulating for any two
independent random variables is much easier after transforming the joint distribution function for
(x, y) to the uniform one having ranges[0,1], this because the copula breaking down the correlation
among variables if its exist.

6- conclusions:

-It’s concluded that about the tails of boundaries, always there are completely independence in the
lower bound of the range for the variables (x=0 versus to u=0), and (y=0 versus to v=0), and
completely dependency in the upper bound(x=4 versus to u= 1), and (y=8 versus to v=1).

-from the table(1) and figures(1,2) above, the effect of copula appears clearly that it succeeded to
decrease the dependency among origin variables(x,y) after transforming them to copula function by
more than three times.

7- recommendations:

-Its important to the researchers whom works in applied statistics, to use copula technique
especially for (Regression or Classification) data modelling to get certain independence as it’s
required among factors or that commonly named explanatory.

-it’s recommended as a future work, to expand copula for discrete type of data for joint probability
density function p(x1, x2,....,xn ).
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