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1 — Introduction

Al-Mothafar and Abdul-Al kalik in 2016 introduce
the concept of nearly quasi prime submodules as
generalization of prime (quasi prime) submodules,
where "a proper submodule E of an R-module X is
called nearly quasi prime, if whenever abx € E, with
a, b € R, x € X, implies that, either ax € E + j(X), bx
€ E + j(X) [1]", and "a proper submodule E of an R-
module X is called quasi prime if whenever abx € E
with a, b € R, x € X, implies that, either ax € E or bx
€ E [2]", and a proper submodule E of an R-module
X is called prime if whenever ax € E, a € R , x€ X,
implies that x e Eora € [ E: X ] [3],where [ E : X ]
= {r € R: rX € E}. Many basic properties of nearly
quasi-2-absorbing submodules are given, also many
characterizations of this concept are establish see
proposition (2.6) and corollary (2.7). Also, we show
that the intersection of two nearly quasi-2-absorbing
submodules need not to be nearly quasi-2-absorbing,
but under certain condition it satisfy see Remark

(2.8), proposition ( 2.11).

2 - Nearly quasi-2-absorbing submodules

Recall that a proper submodule E of an R-module X
is 2-absorbing if whenever abx € E witha,b € R, x
€ X, implies that either ax € Eorbx € Eorab € [E :
X][4]. We introduce in this section the definition of
submodules  as
generalization of prime , quasi prime , nearly quasi
prime submodules, and 2-absorbing submodules.

nearly  quasi  2-absorbing

Definition (2. 1)

Abstract

All rings in this note are commutative rings with identity, and all R-

modules are left unitary. "A proper submodule E of an R-module X is
called nearly quasi prime submodule, if whenever abx € E, with a, b €
R, x € X, implies that, either ax € E + j(X) or bx € E + j(X)", where
J(X) is the Jacobsen radical of X. this led us to introduce the concept a
nearly quasi 2-absorbing submodule as a generalization of nearly quasi
prime submodules and 2-absorbing submodules, where a proper
submodule E of an R-module X is called nearly quasi 2-absorbing
submodule of X, if whenever abcx € E, where a, b, ¢ € R, x € X implies
that either abx € E + j(X) or acx € E + j(X) or bex € E + j(X). We study
the basic properties of nearly quasi 2-absorbing. Moreover, the relations
of nearly quasi 2-absorbing submodule with other classes of modules are
established. Also, characterization, and examples are given.

A proper submodule E of an R-module X is said to be
nearly quasi 2-absorbing , if whenever rstx € E, r, s, t
€ R, x € X, implies that rsx€ E + j(X) or rtx € E+
J(X) or stx € E + )(X).

And a proper ideal I of a ring R is called nearly quasi
2-absorbing ideal if I is nearly quasi-2-absorbing
submodule , of R-module R.

Remarks and Examples (2.2)

1- Every prime submodule of an R-module X is
nearly quasi-2-absorbing, while the converse is not
true in general.

Proof

Assume that E is a prime submodule of an R-module
X,andrstx e E,r,s,t € R,x € X, thatisrs(tx) €
E, suppose that tx € E and stx¢ E+ j(X) , rstx € E+
J(X). since E is a prime and tx & E, it follows that rs
€E[E:X],thatis rsx € E € E + j(X) for each x € X,
hence rsx € E + j(X).

For the converse consider the following example:- let
X=Z7Z,R=Zand E =6Z is a submodule of X, 6Z is
nearly quasi-2-absorbing submodule of X but 6Z is
not prime submodule of X.

2— it is clear that every nearly quasi prime submodule
of X is nearly quasi-2-absorbing , while the converse
need not to be true.

For the converse consider the following example:-
Let X=Z@PZ,R=7Z,E=10Z@(0) itis clear that E
is nearly quasi-2-absorbing submodule of X, but E is
not nearly quasi prime submodule of X, since 2 . 5
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(1,00eE 2,5€Z,(1,0)eX,but2.(1,00 €€ E+
J(X) and 5. (1,0) € E + j(X) .

3 — It is clear that every 2-absorbing submodule is
nearly quasi-2-absobing. For the converse consider
the following example:-

Let X=Z@Z,R=Z,E=(0) @ 35Z, E is nearly
quasi-2-absorbing but not 2-absorbing , since 5 . 7
0,1)eE,5(0,1)¢Eand 7 (0,1) ¢Eand 5 .7 ¢ [ E :
X]=(0).

4 — It is clear that every quasi prime submodule of X
is nearly quasi-2-absobing , but the converse is not
true in general.

For the converse consider the following example:- let
X=Zg@®ZandR=Z,E=<4>@ Z, it is clear that
E is nearly quasi-2-absorbing , but not quasi prime ,
since2.2(1,1) EE=<4>@ Z,but2 (1,1) ¢E.
Proposition (2 . 3)

If E and K are two submodules of an R-module X
with E € K , and E is nearly quasi-2-absorbing

submodule of X such that j ( X) €7 (K), then E is a
nearly quasi-2-absorbing submodule of K.

Proof
Letrstx eE, r,s,t€ R, x € K CE X, then either rsx

EE+ jX)or rtx € E+ j(X)orstx € E + j(X) . Buty
(X) € (K), hence either rsx € E + j(K) or rtx € E +
J(K) or stx € E + j(K).

Proposition (2 . 4)

If H is nearly quasi-2-absorbing submodule of X and
J(X) € H, then H is a weakly quasi-2-absorbing in X.
Proof
It is clear

Proposition (2 . 5)

Let H be a proper submodule of an R-module X , if |
H+j(X):(x)] is quasi prime ideal of R for each x € X,
then H is nearly quasi-2-absorbing in X.

Proof

Letrstx e H,r ,s,tER,x€E X, ,andrsx ¢ H+ )
(X), implies that rstx € H + j (X), hence rst €]
H+j(X):(x)] , it follows that either rt €[ H+j(X):(x)]
or st €[ H+j(X):(x)] , that is either rtx € H+ j (X) or
stx € H+ j (X).

The following proposition are characterization of
nearly quasi 2-absorbing submodules.

Proposition (2.6)

A submodule H of an R-module X is nearly quasi 2-
absorbing in X if and only if for every ideals I, I, , I3
of R, and submodules F of X , with [, L,I3F € H ,
implies that either I; LF €S H+ j(X) or I; ,GF €S H +
J(X) or LI;F € H + j(X).

Proof

=

Assume that I; [,[;F € H, where I, 1, ,I;are ideals
and F is a submodule of X, and suppose that I; I,F

¢H + j(X) or I I;F € H+ j(X) or L,I,F ¢H + (X).
So there exists x;,x,,x3 € F and a, €I, , a,€l, ,
as €l; such that a; a,x; € H + j(X) and a; a;x, € H
+ J(X) and a, azx3; &€ H + j(X). Since H is a nearly
quasi 2-absorbing submodule of X and a, a,a; x; €
H and a; a,x; € H + )(X), then we have a, a3 x; €
H+ j(X) or a, az x; € H+ j(X) . Also a, ay,a; x, € H
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and a, asx, € H + j(X) , implies that either a; a,x, €
H+ jX) or a,azx, € H+ j(X). Also a; a,as; x5 €
H, and a,a;x;€ H + j(X), implies that either
a; a,x3€ H + j(X) or a;azx3€ H + j(X). Thus
either I; LF S H+ j(X)or [, GF € H+ j(X) or ,I3F
c H+(X).

=

Assume that a; a,az; x EH, a4 ,a,,a3 ER, x €X,
then (a,)(a;)(as;)(x) € H, so either (a;)(a,)(x) S
Ht)(X) or (a;)(a3)(x) € HH(X) or (az)(az)(x)
€ H+j(X) , hence either a, a, x € H+j(X) or a; a3z x
€ H+)(X) or a, a; x € H+j(X).

Proposition (2.7)

A submodule H of an R-module X is nearly quasi 2-
absorbing in X if and only if for each submodule F of
X and for each a,,a,,a; € R, such that a, a,a;F €
H , implies that either a; a,F € H + j(X) or a, azF S
H+ j(X) or ayaszF € H + j(X).

Proof

Direct

Remark (2. 8)

The intersection of two nearly quasi 2-absorbing
submodules of an R-module X need not to be nearly
quasi 2-absobing submodule of X, as the following
example shows that:-

LetX=Zand R=Z,H=9Z,K=2Z,H and K are
nearly quasi 2-absorbing submodules of X , but H N
K = 18Z is not nearly quasi 2-absorbing in X , since 2
.3.3.1€18Z,but2.3.1=6¢ 18Z+j(X)and 3.
3.1=9¢& 18Z + j(X). Hence 18Z is not nearly quasi
2-absorbing submodule of X.

" Recall that a ring R is a good ring if j(R) X = X,
where X is an R-module [5]".

"Lemma (2 . 9) [5]

If R is a good ring and N is a submodule of an R-
module X, then j(X) N N=(N)."

"Lemma (2.10) [ 5,lemma 2. 3. 15]

Let X be an R-module , and A , B and C are
submodules of X with B € C . Then (A+ B ) NC =
(ANC)+B=(ANC)+(BNC)"

Proposition (2 . 11)

let X be an R-module over a good ring R , and H is
nearly quasi 2-absorbing submodule of X and F is a
submodule of X with j(X) €S Fand F € H, then F N
H is nearly quasi 2-absorbing submodule of F.

proof

since F € H, then F N H is a proper submodule of F ,
Now let rstx € F N H, wherer, s, t € R, x € F, implies
that rstx € F and rstx € H, but H is a nearly quasi 2-
absorbing in X, then either rsx € H + j(X) or rtx € H
+ J(X) or stx € H + j(X), since x € F, implies that rsx
E(H+jX))NForrtx €(H+ (X)) N Forstx €(H
+ (X)) N F. But j(X) € F, so by lemma ( 2 . 10) , we
have eitherrsx E(HNF)+ J(X) NF)orrtx €(H N
F)+(X)NF)orstx e(HNF)+ (G(X)NF). ButR
is a good ring then by lemma ( 2 . 9) , we have J(X) N
F = j(F). Thus either rsx € (H N F) + j(F) or rtx €( H
N F) + J(F) or stx € (H N F) + (F).

Corollary (2. 12)
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let X be an R-module over a good ring R , and H, F
are submodules of X with F € H if H is nearly quasi
2-absorbing in X , and F is a maximal submodule of
X, then H N F is nearly quasi 2-absorbing submodule
of F.

Proof

Since F is maximal submodule of X, then j(X) € F.
Hence the proof follows by proposition ( 2. 11)

The following proposition shows that the intersection
of two nearly quasi 2-absorbing submodules is nearly
quasi 2-absorbing under certain conditions.
Proposition (2 . 13)

If H and F are two nearly quasi-2-absorbing
submodules of an R-module X , with H € j (X) or F
€ J (X), then H N F is nearly quasi-2-absorbing
submodule of X.

Proof

Assume that rstx € HN F, r,s,t € Rand x € X it
follows that rstx € H and rstx € F, but both H and F
are nearly quasi 2-absobing submodules of X. So,
either rsx € H + j(X) = j(X) or rtx € H + j(X) = j(X)
or stx € H+ j(X)=j(X) and rsx € F + j(X) = j(X) or
rtx € F + j(X) = j(X) or stx € F + j(X) = j(X). Thus
eitherrsx EHNF+j)(X)or rtx € HNF + j(X) or
stx € HN F + j(X) (because H N F € j(X) ). Thus
H N F is nearly quasi 2-absorbing of X.

Proposition (2 . 14)

Let H and F be two submodules of an R-module X,
with F € H and j( X) = j( F). If H is nearly quasi 2-
absorbing submodule of X, then H N F is nearly quasi
2-absorbing of F.

Proof

It is clear that F N H is a proper submodule of F. Let
rstx EFNH,r,s,teR,x €F,sorstx € F and rstx
€ H. but H is a nearly quasi 2-absorbing in X , and x
€ F € X, then either rsx € H + j(X) or rtx € H + j(X)
or stx € H + j(X). Since x € F, implies that either rsx
E(H+jX))NForrtxe (H+ (X)) N F orstx €
(H + j(X) ) N F. Thus since j( X) = ( F), we get
eitherrsx € (H+ j(F))NForrtxe (H+ j(F))NF
or stx € (H+ j(F)) N F. Hence by lemma ( 2 . 10),
we have eitherrsx e (HNF )+ j(F)orrtx e (HN F
)+ J(F)orstx e (HNF )+ j(F). Thus HN F is
nearly quasi 2-absorbing in F.

Proposition (2 . 15)

Let H be a submodule of an R-module X, and
H+j(X) is nearly quasi-2-absorbing submodule of X,
then H is nearly quasi-2-absorbing submodule in X.
Proof

To prove that H is nearly quasi 2-absorbing
submodule let rstx € H,r,s,t ER,x € X ,since H ©
H+j(X), then rstx € H + j(X). But H+j(X) is nearly
quasi-2-absorbing in X, so either rsx € H + j(X) +
JX)=H+;(X) orrtx € H+ j(X)+;(X)=H+ ;(X)
or stx € H+ j(X) + j(X) = H + j(X). Thus H is nearly
quasi-2- absorbing in X.

Proposition (2.16)

Let H be proper submodule of an R-module X such
that H is nearly quasi 2-absorbing submodule of X,
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then S~ H is nearly quasi 2-absorbing submodule of
SR —module S71X .

Proof
b _ b

Assume that— = = 2 €S™1H , where —,2,< €

S1 S2 S3 S4 S1 S22 S3
STIR andsie S'X, a,b,c ER,x €X,

4

. b _

S1,S5,53,S, €S, it follows that = € S~1 H where

t
51 S, S35, =1t € S . then there exists t; € S such that

tyabcx€ H , since H is nearly quasi 2-absorbing in X
then either abxt,€ H+ j(X ) or acxt,€H + /(X ) or
bcxt, € H + j(X '), which implies that either

L2 Xh estHy X)]=ST'H + 4S71X) or
EST'[H+ yX)]=ST'H + yS7'X) or

ST [H+ /X)]=S" H + y(S™'X). Thus
S2 53 S4 4y

S™YH is nearly quasi 2-absorbing submodule of
Slx.

" Recall that a submodule E of an R-module X is
small in X , if for any submodule F of X such that X =
E+FthenF=X[5]"

Also , "recall that an R-epimorphism ¢: X — X is
called small epimorphism if Kerp small submodule of
X/[5]."

"Lemma (2.17) [ 5, corollary 9.1.5]

If an R-epimorphism ¢ : X — X is small, then ¢(
JOOY= (X ) and @72( (X)) = J(X)",

Proposition (2 . 18)

Letp : X —» X be a small R-epimorphism , and E
is a nearly quasi-2-absorbing submodule of X', then
¢~ Y(E) is a nearly quasi-2-absorbing of X.

Proof

Assume that rstx € ¢ 3(E) ,r,s,tER,x € X, so
rsto(x) € E. But E is a nearly quasi 2-absorbing
submodule of X, then either rsp(x) € E + j(X) or
rtp(x) € E + (X)) or sto(x) € E + j(X'). Thus either
sx € ¢ YE) + ¢ (X)) or rtx € ¢ YE) +
P 1(J(X)) or stx € ¢ XE) + ¢ 1(J(X)). But ¢ is
small epimorphism, implies that ¢ ~*( (X )) = j(X) by
lemma ( 2 . 17 ). Hence we have either rsx € ¢ ~1(E)
+ /(X) orrtx € @~ Y(E) + /(X) orstx € ¢ Y(E) + /(X).
Proposition (2 . 19)

Letp : X —» X be a small R-epimorphism . and E
be a proper nearly quasi-2-absorbing submodule of X
such that Ker ¢ € E , then ¢(E) is a nearly quasi-2-
absorbing submodule of X .

Proof

It is clear that ¢(E) is proper submodule of X, if not
suppose that (E)=X , let x € X such that ¢(x) € X
= @(E), implies that there exist e € E such that q(e)
= @(x) . implies that ¢(e —x ) =0, it follows that e —
x € Kergp € E , implies that x € E , thus E =X
contradiction , Now assume that rstx € ¢o([E),r,s,t
€ R, x € X, since ¢ is an epimorphism , then there
exist x € X such that ¢ (x)=x.Hence rst@ (x)
€ @(E) , implies that there exist e € E such that rst ¢
(x) = ¢@(e), hence ¢ (rst x -e) =0, sorstx —e € Ker ¢
C E, implies that rstx € E . But E is a nearly quasi 2-

S1 Sz S4 tq
a ¢ x tg
S1 53 54 tq
b ¢ x t;
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absorbing in X, so eitherrsx EE+j (X)orrtx € E +
7 (X) or stx € E + ( X), it follows that either rsx € ¢
(E) + ¢ (J(X)) or rtx € ¢ (E) + ¢ ( J(X)) or stx € ¢
(E) + ¢ ( J(X)). Thus by lemma ( 2 . 17) , we have
either rsx € ¢ (E) + J(X) or rtx € ¢ (E) + j(X) or
stx € ¢ (E) + J(X).

Corollary (2 . 20)

Let E be a submodule of an R-module X, and F be a

small submodule of X contained in E. Then g is a

nearly quasi 2-absorbing submodule of % if and only

if E is a nearly quasi 2-absorbing in X.
Proof

Letm: X — % be a natural R- epimophism , then the

result follow by proposition (2 . 18) and proposition
(2.19).

Proposition (2.21)

Let X and X be R-modules and and X = X @ X if
E=E @ E is a nearly quasi 2-absorbing
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