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1. Introduction notions fuzzy vy -subalgebras, fuzzy vy -ideals of y-algebras and

) introduced the notions bifuzzy i -subalgebras, bifuzzy 1-ideals
Several authors have introduced of BCK-algebras as a ) ) )
o o of i-algebras and investigated relations among them.
generalization of the concept of set-theoretic difference and

propositional calculus and studied some important properties. In this paper, we define a translation bifuzzy y -subalgebras and

The concept of a fuzzy set, was introduced by L.A. Zadeh. AT. 4 yrangiation bifuzzy v -ideals of 1 -algebras and look for some

Hameed and others, introduced KUS-ideals in KUS-algebras ¢ yheir nroperties accurately by using the concepts of bifuzzy

and introduced the notions fuzzy KUS-subalgebras, fuzzy ), g naigebra and bifuzzy v -ideal and look for some of their

KUS-ideals of KUS-algebras and investigated relations among properties accurately by using the concepts of fuzzy i -

them. J. Meng and Y. B. Jun applied the concept of fuzzy set to subalgebra and fuzzy v -ideal.
BCK/BCl-algebras and gave some of its properties. A.T.

Hameed and others, discussed fuzzy o-translation, fuzzy 2. Preliminaries:

extension of  fuzzy  (KUS/CI/QS)-subalgebras  on
(KUS/CI1/QS)-algebra. They discussed fuzzy a-translation and
fuzzy extension of fuzzy (KUS/CI/QS)-ideals in (KUS/CI/QS)-

algebra. A.T.Hameed and N.H.Jaber, introduced -subalgebras

We review some definitions and properties that will be

useful in our results.

and 1 -ideals on y-algebras and introduced the

140


mailto:areej.tawfeeq@uokufa.edu.iq
mailto:nabaah.al-saedi@uokufa.edu.iq
mailto:nabaah.al-saedi@uokufa.edu.iq
https://orcid.org/0009-0009-1184-2960

Journal of Kufa for Mathematics and Computer

Vol.10, No.2, Aug., 2023, pp 140-160

Definition 2.1([3]). Let (X; 4+, —,0) be an algebra with two
operations (+) and (—) and constant (0). X is called an -
algebra if it satisfies the following properties: for all
x,y,z €X,

(1) x—x =0,

(wZ) (0—x)+x = 0!
W) x—y)—z=x—-(z+),
W) +x)—(x—2)=y+z

In X , we can define a binary relation (<) by : x < y ifand
onlyif x+y=0 and x—y=0,x,y €X.

Lemma 2.2([3]).
Let (X; +,—,0) be ay-algebra. Then forany x,y € X,
(L) x+y=x—(-¥).
(L) x—y=x+(-y),
(L3)x—y=—-y+x.

Proposition 2.3([3]). Let (X; 4+, —,0) be a i-algebra, then
the following holds: forany x,y,z € X,

(@a)x-y)—z=x-2)-y,
(@)0-—(x—-y)=W—-x),
(ax)x—y<z imply x—z<y ,
(a)x <y imply z+y<z+x,
(a5) x=—y)—z-y)<x—zand (x —y) — (x —2)
<z-—y,
(ag) x<yand y<z imply x<z.

Definition 2.4([3]). Let (X;+,—,0) be ai-algebra and let S
be a nonempty set of X. S is called a y-subalgebra of X if

x+y€Sand x —y € S, whenever x,y €S.
Definition 2.5 ([3]). A nonempty subset I of a iy-algebra
(X; +,—,0) is called a y-ideal of X if it satisfies: for x,y,z €
X, (1) 0€l,
2 +2)eland (x—2)€l imply (y+x)€l.

Proposition 2.6([3]). Every y-ideal of y-algebra is a -
subalgebra of X and the converse is not true.
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Lemma 2.7([3]). An y-ideal I of y-algebra (X; 4+, —,0) has
the following property:

1) ForanyxeX,forally e Lx <y = x € 1.

2) Ifforanyxel= —xe€l.

Definition 2.8([7]). Let X be a nonempty set, a fuzzy subset
p of X isamapping u: X — [0,1].

Definition 2.9([7]). Let X be a nonempty set and ¢ be a fuzzy
subset of X, for t e [0,1], the set u, = {x € X|u(x) =t} is
called a level subset of p .

Definition 2.10 ([6]).

1- A fuzzy subset u of a set X has sup property if for any
subset T of X , there exist t, € T suchthat u(t,) =

sup {u(t)|t € T}.

2- A fuzzy subset u of a set X has inf property if for any
subset T of X , thereexist t, € T suchthat u(ty) =

inf {u®)|t €T}
Definition 2.11 ([4] )

Let (X; +,—,0) be a y-algebra, fuzzy subset ¢ of X is called
a fuzzy y-subalgebra of X if it satisfies: forall x ,y € X,

(FS1)  u(x +y) =2 min{u(x), u(y)},

(FS2) p(x —y) =min{pu(x),n(»)}

Definition 2.12 ([4] )

Let (X; +,—,0) be a yp-algebra, fuzzy subset ¢ of X is called
a fuzzy y-ideal of X if it satisfies: forall x ,y,z € X,

(Fl)  u(0) = u(x),
(Fl2) p(y +x) = min{u(y + 2), u(x — 2)}.

Definition 2.13([2]). A bifuzzy subset A in a nonempty set X

is an object having the form A = {(x, ua(x),v4 (%)) | x €X}

where the functions p,: X — [0,1] andv4: X — [0,1] denote
the fuzzy function and the degree of doubl fuzzy function

respectivelyand 0 < py (x) + v, (x) < 1, forall xe X.

Remark 2.14([2]). If a bifuzzy subset A in a nonempty set X
ythen py(x) + vy(x) = 1,ie,whenv, (x) =1 —
Ha(x) = g (x) forall x e X . Then y, is called a fuzzy subset
and v,= u4 is the complement of .
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Definition 2.15([5]). Let A = {(x, pa(x),v4 (x)) | x €X} be
a bifuzzy subset of a y-algebra X. A is said to be an bifuzzy
-subalgebra of X if : for all X, y €X,

(IFS1)  pa(x +y) = min{p, (x), py ()}, and
Ha(x —y) = min { pa(x), pa(¥)}-
(IFS2)  va(x +y) < max{v,(x),va(y)} and

valx —y) < max {vy(x),va(y)}.
Definition 2.16([5]). Let A = {(x, pa(x), v, (x)) | x €X} be

a bifuzzy subset of a y-algebra (X; +,—,0). A is said to be an
bifuzzy y-ideal of X if : forall x, y, z €X,

(IF1) wa(0) = pa(x) and v4(0) < vy (),
(IF2) ma(y + %)= min{u, (v + 2), ua(x — 2)} and
va(y +x) < max{v, (y +2), v4 (x — 2)}.
Proposition 2.17 ([3,5])

1- Every ¢ — ideal of y — algebra X is an v -subalgebra of
X.

2- Every fuzzy 1 -ideal of  -algebra X is a fuzzy 1 -
subalgebra of X,

3- Every bifuzzy y -ideal of  -algebra X is a bifuzzy -
subalgebra of X

Definition 2.18 [4]:
Let f :( X;+,—,0)— (Y;+',—',0") be amapping from an

1 -algebra X into an -algebra Y. If p is a fuzzy subset of X,
then

SUPye -1y M), fH(Y) = xeX|f () =y} # @
0 otherwise

F) =
is said to be the image of p under f and is denoted by f ().
Definition 2.19 [4]:

Let f :( X;+,—,00— (Y;+',—',0") be amapping from an
1 -algebra X into an

1 -algebra Y. If B is a fuzzy

subset of ¢ -algebra Y, then the fuzzy subset p=p o f of X (i.
e, the fuzzy subset defined by p (x) =B (f (x)), for all x € X) is

called the pre-image of § under f.

Proposition 2.20 [3]:
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Let f :( X;+,—,00— (Y;+',—',0") be a homomorphism
from Xinto Y , then

1- If Alisay -subalgebra of X, then the image f(A)
is a 1 -subalgebra of Y, where f is onto.

2- If Alisa -ideal of X, then the image f(A) isa -
ideal of Y , where f is onto.

3- If Alis a1y -subalgebra of Y, then the inverse image
f~1(A) is a1 -subalgebra of X.

4- If Alisa i -ideal of Y, then the inverse image

f71(A) isay -ideal of X.
Proposition 2.21 [4]:

Let f :( X;+,—,00— (Y;+',—,0") be a homomorphism
from X into Y with sup-inf property, then

1- If wisafuzzy y -subalgebra of X, then the image
f () isafuzzy y -subalgebra of Y, where f is onto.

2- If pisafuzzy iy -ideal of X, then the image f(u) isa
fuzzy vy -ideal of Y , where f is onto.

3- If pisafuzzy ¢ -subalgebra of Y, then the pre-image
f~1(w) is afuzzy i -subalgebra of X.

4- If pisafuzzy ¢ -ideal of Y, then the pre-image

fY(w) is afuzzy 1 -ideal of X.
Definition 2.22. [5]:

Let (X; +,—,0) be an -algebra, a fuzzy subset v of X is
called an anti-fuzzy y-subalgebra of X if for all x,y € X,

v(x+y) < max{v (x),v(@)}andv (x—y) <
max {v (x), v(y)}

Definition 2.23. [5]:

Let (X; +,—,0) be any-algebra, a fuzzy subset v of X is
called an anti-fuzzy -ideal of X if it satisfies the following
conditions, for all x,y,z € X,

(DFI1) v (0) <v(x),

(DFI12) v(y+x) < max{v(y+z),v(x—2)}.

Proposition 2.24 [5]:

Let f :( X;+,—,00— (Y;+',—',0") be a homomorphism
from X into Y with inf property, then

1- If v is anti-fuzzy vy -subalgebra of X, then the image
f(v) isanti-fuzzy i -subalgebra of Y, where f is
onto.

2- If vis anti-fuzzy v -ideal of X, then the image f(v)

is anti-fuzzy v -ideal of Y , where f is onto.
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3- Ifvisanti-fuzzy ¥ -subalgebra of Y, then the inverse
image f~1(v) is anti-fuzzy v -subalgebra of X.

4- If v is anti-fuzzy y -ideal of Y, then the inverse image
f~1(v) is anti-fuzzy 1 -ideal of X.

Proposition 2.25 [5]:

Let f :( X;+,—,0)— (Y;+',—',0") be a homomorphism
from X into Y with sup-inf property, then

1- If Ais a bifuzzy vy -subalgebra of X, then the image
f(A) isabifuzzy y -subalgebra of Y, where f is
onto.

2- If Ais a bifuzzy 1 -ideal of X, then the image f(A4) is
a bifuzzy 1 -ideal of Y , where f is onto.

3- If Ais a bifuzzy 1 -subalgebra of Y, then the inverse
image f~1(A) is a bifuzzy v -subalgebra of X.

4- If A is a bifuzzy y -ideal of Y, then the inverse image
f~1(A) is abifuzzy ¥ -ideal of X.

Definition 2.26[1,2]:

Let X be a nonempty set and p be a fuzzy subset of X and let
ae [0,T]. A mapping ul : X —[0,1] is called a
translation fuzzy subset of  if it satisfies:

ul x) = ux) + a,forall x e X, whereT =1 —
sup{u(x):x € X}.

3. The Translations Bifuzzy ¥ - subalgebras of i -algebra

In this section, we discuss translation on y-algebras and we
get some of relations, theorems, propositions and give examples
of a-translation of bifuzzy y-subalgebra. We show the notion of
translation bifuzzy -subalgebras of -algebra and investigate
some of their properties.

In follows, let (X; +,—,0) denote an y-algebra, and for any
fuzzy subset p  of X, we denote T=1-—
sup{u(x) | x € X}and K = inf{v(x) | x € X}.

Definition 3.1:

Let A = {(x,pa(x),v4 (x)) | x €X} be an bifuzzy subset of a
y-algebra (X; +, —,0), py be a fuzzy subset of X such that o
€[0,T] and v, be a fuzzy subset of X suchthat ¢ €[0,K]. A

mapping (14T :X—[0,1] and (v,)¥ :X—[0,1],

Agey = (G0 (I, E (1) | x €X} is called a
translation of A if it satisfies: pl(x) = p,(x) +

a and (v)X¥(x) = v4(x) — ¢, forall x eX.

Definition 3.2:

Let A = {(x,puy(x),v4 (x)) | x €X} be an bifuzzy subset of
ap-algebraand a € [0,T], € € [0,K], of (X;+,—,0), then
Ay = {06 (E00, E () | x eX} is called a
translation bifuzzy vy -subalgebra of X, if forall x,y eX,

- (pa)s e +y) = min{ ()T (), (a)a O},
2- (Ha)a (x —y) = min{(pa)g (1), (na)s )} and
3- (W) (x +y) < max{(va)y (x), (W)EM},
4- (e)f (x —y) < max{(v)¥ (x), (w)EO}.

i.e.,

1w+ y)+azmin{p, (x) +a,pa(y) + a}=
min{p, (x), s} + a,

2- py(x—y)+az=min{uy (x) +a,p,(y) + a}=
min{p, (), LM} + a,

3 yx+y) —e<max{vy (x) —&v,(y) —}=
max{v, (x),v,(¥)} — &,

4- vy (x—y)—e<max{vy (x) —&v,(y) — e}=
max{v, (x),v,(¥)} — &,

Example 3.3 :
Let X={0,1,2, 3} in which (4 _) be a defined by the following
table:

WF 0 1 2 3 0 1 2 &

0 0 1 2 3 0 0 0 0 0

1 1 2 3 0 1 1 0 0 0

2 2 3 0 1 2 2 0 0 0

3 3 0 1 2 3 3 3 3 0

Then (X; +, —,0) is an i -algebra. It is easy to show that S;
={0,1}, S, ={0,2} and S3={0,3}are 1) -subalgebras of X.
Define a fuzzy subset

Wu: X — [0,1] such that p, (0)=0.7, p, (1) = py (2) =0.6,
Ky (3) =04, a =0.15 € [0,0.3].

v,: X — [0,1] such that v, (0) =0.3,v4 (1) = v, (2) =0.4,
V4 (3)=0.6,& = 0.25 € [0,0.3].
Routine calculation gives that A =

{0, uy(x), vy (%) | x €X} is abifuzzy i -subalgebra of X.
Also, gives that A0 = {(x, (u)T (), W)X () | x eX}

(@)
is a translation bifuzzy 1y — subalgebra of X.

Theorem 3.4:

Let A = {(x,pa(x),v4 (x)) | x €X} be an bifuzzy ¢ -

subalgebra of a -algebra (X; +,—,0) and o € [0,T], € €

[0,K], then p, is a fuzzy i-subalgebra of X and v,is an
anti-fuzzy y-subalgebra of X .
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Proof:
Assume that A is a translation bifuzzy -subalgebra of X,
and o € [0,T], € € [0,K].
Let x,y €X, then
(Ha)a (x +y) = min{(1a)g (), (1a)g ()}, that mean
wa (x +y) +a=minfuy (x) + o, () + a}=
min{p, (%), 1a(¥)} + a, implies that p, (x +y) =
min{p, (), na ()}
Summarily, py (x —y) = min{p, (%), pa(¥)}.
(a)f (x +y) < max{(va)¥ (x), (va)£ ()}, that mean
va(x+y) —e <max{vy (x) —gv,(y) — ¢} =
max{v, (x),v,(y)} — &, implies that v; (x + y) <
max{v, (x),v4(»)}.
Summarily, v4 (x —y) < max{v, (x),v,(»)}.
Hence p, is a fuzzy ip-subalgebra of X and v, is an anti-
fuzzy p-subalgebra of X.o

Proposition 3.5:

Let A = {(x, pa(x),v4 (x)) | x €X} be an bifuzzy subset of
ap-algebra (X;+,—,0) and a € [0,T], € € [0,K] such that
u, be afuzzy yp-subalgebra of X and v, be an anti-fuzzy -
subalgebra of X, then ()T is a translation fuzzy -
subalgebra of X and (v,)X is a translation anti-fuzzy -
subalgebra of X.

Proof:

Assume that p, is a fuzzy y-subalgebra of X and v, is an
anti-fuzzy y-subalgebra of X, then forany x,y eX and a €
[0,T], € € [0,K]

ng (x+y) = min{u, (), ()} and py (x —y) =
min{p, (x), ua(¥)} implies that

wa (x+y) +a= min{p, (), 1N} + a =min{p, (x) +
a, s (y) + a} and

wa (x —y) +a = min{py (x), pa(¥)} + @ = min{p, (x) +
a, 1y (y) + a}. That mean

(ha)s (x +¥) = min{(na)g (), (LS} and

(L)E Ge—y) = mind{ ()T (), (m)E (N

vu (x +y) < max{v, (x),va(M}and vy (x —y) <
max{v, (x),v,(y)} implies that

va (x +y) —& < max{v, (x),v4(y)} — € = max{y, (x) —
&va(y) — €},

Va (x —y) — & < max{v, (x),va(y)} — & = max{v, (x) —
&va(y) — €},

that mean (v,4)5 (x +¥) < max{(v)f (x), (va)£ (»)}and
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(va)s (x = ¥) < max{(vy)s (x), (va)s (M},

Hence pl is a fuzzy y-subalgebra of X and vX is an anti-
fuzzy -subalgebra of X. o

Collaroy 3.6:

Let A = {(x,pua(x),v4 (x)) | x €X} be an bifuzzy subset of

ap-algebra (X;+,—,0) and a € [0,T], € € [0,K] such that

w, be afuzzy p-subalgebra of X and v, be an anti-fuzzy -
subalgebra of X, then

A(T‘K)

we = 1% (LT (), (v )X (%)) | x X} is a translation

bifuzzy i -subalgebra of X.

Proof:

By Theorem (3.5) and Definition (3.2). O

Definition 3.7.

For a fuzzy subset pu ofay -algebra X, a € [0,T] and te
Im(p) witht=>o, letU, (; t) = {x eX|ux) 2t—a }
and a fuzzy subset v of a ¢ -algebra X, € € [0,K] and se
Im(pn) withs<e, L, (v; s)={x eX|v(x) <s—¢ }.

Remark 3.8.

1- If (wy)T isatranslation fuzzy vy -subalgebra of X, then it
is that U, (u,; t) isay -subalgebra of X, forall t € Im(p,)
witht > a. Letx,y € U, (u4; 1), then uy (X) = t—a, and
Wy (y) =t—oa, thenmin{ uy (X), uy (Y)}=t—a ,since
(ua)T is a translation fuzzy 1 -subalgebra, then p, (X+y)=
min { pa(x), s (¥)} =t —a, therefore x+y € U, (1g;t)

and

g X=y)= min { py(x), pa(¥)} = t — «, therefore x—y €
Ua (IJA; t)

2- If (v,)X isatranslation anti-fuzzy 1 -subalgebra of X,
then it is that L.(v,; s)isay -subalgebra of X, forall s e
Im(vy) withs < €. Letx,y € L.(v; s),thenv, (X) <s—¢
,andv, (y) <s—¢, thenmax{v, (X),v, (Y)}<s—¢,
since v, isanti-fuzzy y -subalgebra, then v, (x + y)<
max {v,(x),v,(y)} < s — ¢ ,therefore x+y € L. (vy; s)
and v, (x —y) < max {vy(x),v4(y)} <s—¢ ,therefore
X—y € Lg(vy; ).

3- But if we do not give a condition that (u,)? is a translation
fuzzy i -subalgebra of X, then U, (u,;t) is not ay -subalgebra
of Xor (v,)X isanti-fuzzy v -subalgebra of X,
then L.(v,; s)is not a i -subalgebra of X as seen in the
following example.
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Example 3.9: @OX (x +vy) > s = max{(v)¥ (), W)X M} then (v)(x) <
Consider X = {0, 1, 2, 3 } is a y -algebra which is given in s—eand (vy)(y) <s—¢gbut (vy)(x+y)>s—e.Thisshows

Example (3.3) . Define a fuzzy subset p, of X: that x +y ¢L, (v,;s). Thisisa contradiction, and so (v,)¥ (x +
y) < max{(va)s (x), Wa)f )} forallx,y € X.

summarily, (v,)s (x — y) < max{(va)s (x), (Wa)s (M)}
X | o0 1 2 3

Therefore, (v,)X is a translation anti-fuzzy y-subalgebra of X.

we| 07 | 06 | 04 | 03

Hence Ag’g is a translation bifuzzy y-subalgebra of X. o

Then (uy)I is not a translation fuzzy 1 -subalgebra of X.
) . Definition 3.12.
Since py (14+2) =0.3<0.4 =min{ puy (1), uu (2)}. For a=0.1 and t
=0.5, we obtain U, (“A.; t) = {0, 1, 2} which is not an ¢ -subalgebrp_&f(x; +,—,0) be a y-algebra, y; and p, be fuzzy subsets of
Xsince 1+2=3 ¢ U, (ua; 1). X, then u, is called a fuzzy extension of p;. If py(x) >
. U (x), forall x e X.
Proposition 3.10.
. Proposition 3.13.
Let A = {(x,pa(x),v4 (x)) | x €X} be an bifuzzy subset of

a-algebra (X; +,—,0) and a € [0,T], € e [0,K] such that Let A = {(x, pa(x),v4 (x)) | x €X} be an bifuzzy subset of
AT = {(x, ()T, W)X (1)) | x eX} is atranslation ap-algebra (X; +, —,0), then the translation bifuzzy subset
bifuzzy y-subalgebra of X, then U, (u,; t) and Lo(v4; s) Ag’g = {(x, (L)T (), W)X (%) | x eX} of X isa fuzzy
are fuzzy vy -subalgebras of X, for any te Im(u,), se Im(v,) extension of A.
witht> 0o ands <e.
Proof:
Proof:
. since ()10 = () () + > (1) (x), then ()T (x) is a
Assume that A is a bifuzzy 1-subalgebra, then by Theorem fuzzy extension of (j,)(x), forall x € X and (v,)¥(x) =
(3.4) p, is afuzzy y-subalgebra of X and v, is an anti-fuzzy - (W) —e < (v,)(x), then (v,)X(x) is a fuzzy extension of
subalgebra of X, then by Remark (3.8), U, (iu; t)and L.(v,; s) (v,)(x), forall x € X. o
are fuzzy 1y -subalgebras of X, for any te Im(u,), se Im(v) with
t>a ands<e.O Proposition 3.14.
Theorem 3.11. Let A = {(x, 1 (%), v4 (X)) |x €X} beanbifuzzy
. (T.K) _
Let A = {(x,p,(x), v, (x)) | x €X} be a bifuzzy subset of v subilgebra ofs -algebra (X_' =0, tr_1en Aae) -
a-algebra (X; +, —,0) and a e [0,T], ¢ e [0,K] such that {(x, (L) (x), (1/{4)8 (%)) | x eX} is a translation translation
U, (wy; t)and L.(v,; s) are fuzzy 3 -subalgebras of X, for bifuzzy 1 —subalgebra of X.
all te Im(py), se Im(v) witht > a and s < ¢, then Ag’g = Proof:
{00 (ma)a (), (Va)§ (X)) | x €X} is atranslation bifuzzy - Since A is a bifuzzy y-subalgebra of X, then (u,)T isa
subalgebra of X. translation fuzzy -subalgebra of X and (v,)X is a translation
anti-fuzzy y-subalgebra of X by Proposition (3.5).
Proof: then A7) of X is a translation bifuzzy 1 —subalgebra of X

(a,8)
. ; by Definition (3.2). o
Assume that x,y €U, (1a; t) and (pa)T of pis not a fuzzy - |\ _
subalgebra of X, therefore ()T (x + ) < t <min{(uy)T (x), In general, the con\;ﬁrts,ﬁeofl‘ollz’lglsi()r?tg(r;g.Ilé%) iS not true as seen
()T ()} then (u)(x) >t—aand (u)(y) > t—a , but 9 xampe
(L) (x +y) < t—a.Thisshowsthat x+y ¢U, (1u; t). This _ i .
is a contradiction, and so ()T (x + ) > Example 3.15. L(Ie\t/e);—lﬁOE)l(aan S;g E);;)lp algebra which is
min{(ua)% (), ()] ()}, forall x,y € X, ’ P =)
Defi f -subal f X by:
Summarily, (u2)7 G =) = min{(wa)d (), ()T} efine & fuzzy yrsubalgebras () and (va) o X by

Hence (u,)? is a translation fuzzy y-subalgebra of X.
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0 1 2 3
W, |08 05 0.7 0.5
v, |03 0.4 05 0.3

Then p, is a fuzzy y-subalgebra of X and v, is an anti-fuzzy
y-subalgebra of X. Let (u,)I be a fuzzy subsets of X where o
=0.1 and (v,)X be fuzzy subsets of X where £ =0.2 p, is a

fuzzy -subalgebra of X given by:

X 0 1 2 3
@)X | 09 | 06 0.8 0.6
wH¥ | 01 0.2 0.3 0.1

Then (u,)T is a fuzzy extension of iy, but the p, is not a
fuzzy extension of (u,)T and v, is a fuzzy extension of (v,)X,

but the (v,)X is not a fuzzy extension of v, .

Proposition 3.16.

The intersection of translation bifuzzy 1 -subalgebras of X of a fuzzy
subset (,); of y -algebra (X; +, —,0) is a translation bifuzzy v -

subalgebra of X.

Proof:

Let {((uy);)E|ieA } be a family of translation bifuzzy 1 -
subalgebra of (p,); of i -algebra X, then for any

x,yeX ,i€eA,

(Niea((ra)Da)x +y) = inf (((La) s X +¥))

=inf ((ua): x+y) +a

> inf{min{ (n4); %), (1): (¥) }} +a

= min {inf (1 (x)), inf (1;(¥)} +a

= min {inf ( 1;(x)) +a, inf (u;(y) + a}

=min {(Niea((1a))e) %), (Niea(())) (M}

Similarity, (Niea((la)o)(x —y) =min
{(Nieal(1) D) (0, (Niea((ta))e) ()}
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Let {((v4))T]ieA } be a family of translation bifuzzy 1 -
subalgebra of (v,);, then for any x, yeX ,ieA,

(UViea (ma)D)x+y) =sup ((va))f (x+Y))
=sup ((va); (x+y)) —¢
< sup {max{ (v);(x), (Va)i(y) }}—¢
= max {sup ( (v4);(x)), sup ((va); ()}~
= max {sup (((v4);(x)) —&, sup ((va):(y) — €}
= max{ Uzea (Va)s (), Vien (V)£ () 13-

Similarity, (Uzex ((v))e)(x —y) < max

{(Uiea (W) ®), (Uien (L))} O
Remark 3.17.

The union of the translation bifuzzy y -subalgebra of X, isnota
translation bifuzzy 1 -subalgebra of X as seen in the following
example.
Example 3.18.
Let X = {0, a, b, ¢, d} be a set with the following table :

+|0|a|bj|c|d -|0fja|bjc|d
0| 0|a|bjc]|d ojojoflojo0|oO
alal|bjc|d|O ala|0]|]0|0]a
b|{b|c|d|0]|a b{b|b|0|0]a
c|lc|d|O0O|al|b cjc|b|d|0]a
d|{d|O0|a|b]c d|d|d|d|d]|O

Then (X; +,—,0) is a -algebra. It is easy to show that
1={0, c} and ] ={0, d} are y-subalgebras of X .

We defined two cubic set 4; =
{6, wa1 (2),v41 () |x €X}and A, =
{0 a2 (X),v42 (%)) | x € X} of X by :-

0.8 , if xe{0,c},

uAl(X) :{0'5' lf X € {a! b}' vAl (X)
0.3, otherwise

0.6, if x€{ab},

{0.2, if x €{0,c},
0.4, otherwise
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0.7, ifx € {0,d},
0.3, otherwise.

:{0.1 , ifx € {0,d},
0.4, otherwise.

Then A; and A, are bifuzzy y-subalgebra of X , but the

and  v,4,(x)

aa) =

intersection of Ajand A, are not bifuzzy y-subalgebras of X .
Since
(U pa)(c — d) = max{0.5,0.3} = 0.5 # 0.7 = min{(U
wai) (©), (U py)(d)} = min{max{0.8,0.3}, max{0.7,0.3}}
and
(U vy)(c —d) = max{0.6,0.4} = 0.6 £ 0.4 = max{(U
v,4:)(c), (U v,;)(d)} = max{max{0.2,0.4}, max{0.4,0.1}}.

Definition 3.19.
Let  A; = {(x (ra)i(x), (va); (%)) | x € X} be bifuzzy

subsets of a y-algebra (X; +,—,0)and ¢ € [0,T], € € [0,K]
where i € A such that (p,);is a fuzzy ¥ -subalgebras of X and

(vy); is anti-fuzzy y-subalgebras of X, for any x € X, then

1-The R-intersection of any set of bifuzzy subset of X is
(Niea((1a) D) ®) = inf (1); (%) and (Uger (1)) ) =
sup (v4); (%).
2-The P-intersection of any set of bifuzzy subset of X is
(Niea((1a))e) () = inf (1y); (%) and Niep ((V4))E ) =
inf ((v4)) ().
3-The R-union of any set of bifuzzy subset of X is
(Uiea ())& () = sup((ra)s) (%) and
(Nien (WD) = inf ((v4)) ().
4-The P-union of any set of bifuzzy subset of X is
(Vien (k))& () = sup((a);) (x) and
(Uiea (W)DH ) = sup (v4); ().
Proposition 3.20.
The R-intersection of any set of translation bifuzzy -

subalgebra of (X;+,—,0) is also translation bifuzzy -

subalgebra of X.
+ |0 a|b|c d Ola|b|c|d
0O [O0O|a|b|c]|d ojo|o0j0|0]|oO
a a b c d 0 ala|0]|]0]|]0]|a
b b{c|d| 0] a b|b|b|]O0O]|0]a
c c d 0 a b clc|b|d|O0|a
d|[d|O0O|a|b]|ec d|d|d|d|d]|O
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Proof.
LetA; = {(x, (a)i (%), (va); (x)) | x € X} wherei €
A, be aset of bifuzzy y-subalgebra of X and x,y € X, then
(Nieal)DD & +y) = inf (L))o (X +y)
=inf (ma)ix+y) +a
2 inf {fmin{(a): (%), ()i M} +
= minf{inf ((1a): (), inf (L) (YD} + @
= minf{inf ((1a):(x)) + &, inf ((ka): ()
+ a}
= min{(Niea((1a))e) (0, (Niea((a) D) ()}

and

Summarily, (Niea((ta))s) (x —y) =
min{((1ta):) (%), (Niea((A) DD ON}.

Hence (Niea((1a))E) s a translation fuzzy y-subalgebra of X.

(Uier ()D& +y) = sup (L)) x +y)
< sup{max{((v) ) ), (L))} — €
= max{sup ((v4)i(x)).sup ((va)i(¥))}—e
= max{sup ((va)(x)) —&.sup ((va):(¥)) — €}

max{(Uses (v4))) ), Uien (v ).

Summarily,

(Viea (W) (x —y) <
max{(Uiex ((v4))s) (), (Viea (va))S) )}-

Hence U;e, ((v4);)X is a translation anti-fuzzy 1-subalgebra of X.

Hence, R-intersection of A%Z;’Q is a translation bifuzzy -

subalgebra of X. o
Remark 3.21.
The P-intresection of any sets of translation bifuzzy -
subalgebra need not be a translation bifuzzy -subalgebra, for

example:

Example 3.22.
Let X = {0, a, b, ¢, d} be a set with the following table:
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Then (X; *,0) is an y-algebra. It is easy to show that
[={0, c} and ] ={0, d} are y-subalgebras of X .

We defined two cubic set A; =

{6 a1 (), 041 () | x €X}and A, =
{(x Waz (%), V42 (X)) | x € X} of X by :-
0.8 , if xe{0,c},

a1 (X) :{0.7, if x € {a, b}, Va1 (%)
0.6, otherwise
0.2, if x€{0,c},
={0.6, if x € {a, b},
0.4, otherwise
_(0.7, ifx € {0,d},
Maz (X) _{ 0.2, otherwise. and - vay(x)
_{0.1 , ifx € {0,d},
0.4, otherwise.

Then A; and A, are bifuzzy -subalgebra of X , but P-
intersection of A; N A, are not bifuzzy -subalgebras of X .
Since
(Niea(() DD (c = d) = min{0.7,0.2} = 0.2 £ 0.6 =
min{Niea((1a) e (©), Niea((a)i)a ()} =
min{min{0.8,0.2}, min{0.7,0.6}}and
(Niep () D®)(c — d) = min{0.6,0.4} = 0.4 £ 0.2 =
max{N;en (V) ().Nier (V2))s(d)} =
max{min{0.2,0.4}, min{0.4,0.1}}.

Proposition 3.23.
Let4; = {(x, ng (%), v (x)) | x € X} wherei € A,

a set of bifuzzy y-subalgebra of i-algebra (X; +, —,0),
wherei € A, inf{max{(na): (), (L) N} =
max{inf (ny);(x),inf (1) ()}, forall x € X, then the P-

- - T’K - - -
intresection of 4% is also a translation bifuzzy -

be

subalgebra of X.

Proof.

Let A; = {(x, (a)i (%), ((va); (X)) | x € X} wherei € A,

be a set of bifuzzy i-subalgebra of X and x,y € X, then
(Nieal(D) DD E +y) = inf ((L)Dax +y)
=inf () +y) +a

2 inf {min{((na);(x), () (W)} +
= min{inf (L) (), inf (ha):(¥))} + @
= min{inf (1) (x)) + @, inf ((1a); )

+ a}

= min{(Niea((ka))e) ), (Niea((a))a) ()3
Summarily,

(Niea((Ra))3) (x — ) =
min{(Niea((a))a) (), (Niea((ha)a) O}

Niea((LDDY) isa transla:-ilc?:iizzy -subalgebra of X.
(Niea (WDDDE +Y) = inf (Niea (LI E +)
= inf (Niea (V) +y) —¢€
< inf{max{((v4)) %), (va)) )3} — €
= max{inf ((v4):(x)).inf ((va):(y))}—¢
= max{inf ((v4):(x)) —&.inf ((v4):(y)) — €}

max{(Niex ((V4) )0 X), (Nier (W))D}-
Summarily,

(Niea (WDDH (x =) <
max{(Niex ((V4))) (), (Nier (L)) B}

Hence (N;ep ((v4))X) s translation anti-fuzzy y-subalgebra of X.
. . (T’K) - - -
Hence, P-intersection of Ai(a‘g) is a translation bifuzzy -
subalgebra of X. o

Proposition 3.24.
LetA; = {(x, (La)i (x), (Wa); (x)) | x € X} wherei€ A,

be a set of bifuzzy 1y-subalgebra of y-algebra (X; +, —,0),
wherei € A, sup{min{(ia):(x), ()i (M} =

min{sup (ua);(x), sup(u4); ()}, for all x € X, then the P-

union of 4;{7%) is also a translation bifuzzy i-subalgebra of

X.

Proof.
Let A; = {(x, (ma)i (), (Wa); (X)) | x € X} wherei € A,

be a set of bifuzzy -subalgebra of X and x,y € X, then
(Viea (MDD +y) = sup ((1a)Da) X +Y)
= sup (M) +y) +a
2 sup {min{(ia)i(x), ()M} +
= min{sup((1a); (), sup((na)i )} +
= min{sup((1a); () + a, sup((la):(¥)) + a}=
min{(Uien ((Ra))e) (%), (Viea ((1a)a) ()} and
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(Uiea ((m)i)g) (x —y) = (0.1, ifx € {0,4},
min{(U;ea ((UA)i)z) (%), (Viea ((HA)i)z)(Y)}- _{0_3, otherwise.
Hence (Ujex ((1a))T) s a translation fuzzy y-subalgebra of x.  Then A; and A, are bifuzzy y-subalgebra of X , but R-
Uien ((n) )D& +y) = sup ((va))) X +y) union of A; U A, are not bifuzzy y-subalgebras of X .
=sup ((va))(x+y) —¢ Si
< sup{max{((va)) (9, (W) )N — ¢ nee
= max{sup ((v4);)(x),sup ((va):) (y)}—¢ (Uiea ((LDDDH(B = 4) = max{0.6,0.1} = 0.6 £ 0.7 =
= max{sup ((va);)(x) —&,sup ((v4):)(y) — €} T —
= max{(Uier (DN (9.Vien (DD ma{Uses ((a)e)a(2) Viea (a)a(4)} =
Summarily, max{max{0.7,0.1}, max{0.6,0.5}}and
(Uiea (v (x —y) < K _ _ _
max{(Uiex ()05 @), Uiex (@)D} (Niea (a))2)B = 4) = max{0.5,0.3) = 0.5 £ 0.1 =
y € i a translation anif balaebra of max{Ne ((V4))E3)Nier (v4))E (@)} =
ence (U;ep ((v))g) Isa rigs ation anti-fuzzy y-subalgebra o max{min{0.1,0.3}, min{0.3,0.1}}.
Hence, P-union of Ai(i’s‘)) is a translation bifuzzy - Proposition 3.28.
subalgebra of X. o Let4; = {(x, ()i (¥), (va): (x)) | x € X} wherei€ A,

Remark 3.25.

. . . be a set of bifuzzy p-subalgebra of y-algebra (X; +, —,0),
The R-union of any sets of translation bifuzzy v -

wherei € A, sup{min{(,);(x), (W):M}} =
min{sup (s);(x), sup (wa);(y)} and

inf {max{ (o) (x), () M}} =
max{inf (ny);(x),inf (La); ()} forall x € X, then the R-

union of A; is also a translation bifuzzy -subalgebra of X.

subalgebra need not be a translation bifuzzy ¥ -subalgebra, for

example:

Example 3.26.
Let X = {0, a, b, c, d} be a set with the following table:

Proof.
e T T 5T ST T3 Let A; = {(x, (La)i(x), (v4); (x)) | x € X} wherei€ A,
oo l11 2132 olTololololo be a set of bifuzzy -subalgebra of X and x,y € X, then
1123 [4]o0 T[1][ofo[0]1 (Vien (MDD E+y) = sup ((1a))S) X +¥)
2 [2 3401 222001 = sup (L)) X +y) +
334012 332401 )
= sup {min{((na)) ), (M) DW}} + a
4 afol1]2]3 4lalalalalo .
= min{sup((1a); (), sup((na)i )} + a
Then (X; *, 0) is an y-algebra. It is easy to show that = min{sup((ny);(x)) + a, sup((na);(y))
[={0, 3} and ] ={0, 4} are y-subalgebras of X . + a}
We defined two cubic set A; = =
{( a1 (), a1 (X)) | x € X}and A, = min{(Uien ((1a))e) X, (Viea (1))} and
{0 1z (0),v42 (X)) | x € X} of X by :- _
0.7 , if xe{0,3}, Summarily,
a1 (%) :{0-6, if x € {1,2}, V41(X)
0.5, otherwise (Vien ((Ra)De) (x —y) =
0.1, if x€{0,3}, min{(User (1)) (), Uien ((1a)D) ()3}
=0.5, if x € {1,2},
0.3, otherwise

Hence (U;en ((1a))D) s a translation fuzzy y-subalgebra of X.
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(Niea (DO +y) = inf (WX +) 3- vy (y+x) —e<max{u, (v +2) — & vu(x — 2) —
= inf (V) +y) — ¢ e} =max{vy (v +2),v4(x — 2)} — &.
< inf{max{(v,;) (%), W)Y} — €
= max{inf ((v4),) (x),inf ((v2)) () }—¢ Example 4.2

= max{inf ((v2))(x) —&,inf (va) ) () — €}
= max{(User (1)) ), Viea (W))W}

Let X={0,1,2, 3} in which (4. _) be a defined by the following
table:

Summarily, B e S e i

0 0 1 2 3 0 0 0 0 0

Uien (@09 =0 < A G Gy L L N
max{(Usea ((va))e) (), (Viea ((Wa)1)2) (W)} — e 53 3 [5 |0

Hence (U;en ((74))X) s a translation anti-fuzzy 1-subalgebra of
X Then (X; +,—,0) is an 1 -algebra. It is easy to show that I,

Hence, R-union of Ai(g'f)) is a translation bifuzzy - _ _
subalgebra of X. o ={0,1}, I, ={0,2}and 15={0,3} are ¥ -ideals of X. Define a
fuzzy subset

4. The Translation Bifuzzy y- ideals of ¥-algebra

Mu: X — [0,1] such that p, (0)=0.7, p, (1) = py (2) =0.6,
iy (3) =04, « = 0.15 € [0,0.3].

v,4: X — [0,1] such that v, (0)=0.3, v, (1) = v, (2) =0.4,
v, (3) =0.6, ¢ = 0.25 € [0,0.3].

In this section, we shall define the notion of translation of
bifuzzy y-ideals, and we study some of the relations, theorems,
propositions and examples of translation of bifuzzy i-ideals of

-algebra.

Definition 4.1: Routine calculation gives that (), is a translation fuzzy -ideal of X
and (v,)X is a translation anti-fuzzy -ideal of X.
Let A = {(x,pa(x),v4 (x)) | x €X} be a bifuzzy subset of

ay-algebraand a € [0,T], € € [0,K] of (X;+,—,0), then Theorem 4.3:

AT = 10, ()T (), ()X (X)) | x eX} is called a

() Let Ay = {00 (1500, ¥ (1)) | x <X} bean
translation bifuzzy ¢ —ideal of X, if forall x,y,z €X, bifuzzy v -ideal of a y-algebra (X; +,—,0) and o € [0,T],

€ € [0,K], then p, is a fuzzy y-ideal of X and v, is an anti-

1 (T0) = (0T and (HX(0) £ WHK() | fuzzy - ideal of X

2- (Ma)e +x) =min{(pa)s (v + 2), (Ha)a (x — Proof:

2)h  and Assume that A is a bifuzzy ¥ — ideal of X, and « e [0,T],
3- (Wa)f +x) <max{(va)s (v + 2), (a) (x — ¢ € [O,K].

2)}-ie, Let x,y €X, then

- O +azpy () +aandv, (0) —e <
1- (ma)s (0) = (ma)g (x), and (v4)5 (0) < (wa)f (x)

vA (x) — &,
2- p(y+x)+azminf{u, (v +2) +a,palx —2) + iy (0) + a = py (x) + a implies that p, (0) = p,(x), for
anyx € X, and
a}
v, (0) — e < v, (x) — e implies that v, (0) < v,(x), for
=min{p, (v + 2), iy (x — 2)} + a,and anyx €X.

150



Journal of Kufa for Mathematics and Computer Vol.10, No.2, Aug., 2023, pp 140-160

2- (DT 4+ x) = min{(u)E (v + 2), (W) I(x — 2)}, that Hence (uy)2 is a translation fuzzy y-ideal of X and (v,)X is

mean a translation anti-fuzzy y-ideal of X.
wa O +x) +a=minf{u, (v +2) + a,pu(x — 2) + a} Therefore Al/s = {(x, (1) (), (V)X (1)) | x X} isa

translation bifuzzy -ideal of X.
= min{i, (v + 2), iy (x — 2)} + @, implies that yp-ideal of X. &

. Collaroy 4.5.
Ha O +x) =2 min{p, (v + 2), pa(x — 2)}.

Let A = , , X} be an bif subset of
3 WK O + 1) < max{ (v + 2), @K — 2)}, that {5 a2, va () | x <X} be an bifuzzy su
mean a-algebra (X;+,—,0) and o € [0,T], € € [0,K] such that

T be a translation fuzzy -ideal of X and Kbea
vu(y+x)—e<max{v, (y +2) — g, vu(x — z) — &} () yw @a)e
translation anti-fuzzy y-ideal of X, then A is a bifuzzy y -

= max{v, (y + 2),v4(x — 2)} — ¢, implies ideal of X.
that
vy (7 +x) < max{v, (y + 2),v,(x — 2)}. Proof:
Hence p, is a fuzzy y-ideal of X and v, is an anti-fuzzy - By Definition (4.1) and by Theorem (4.4). o
ideal of X.o
Remark 4.6.
Theorem 4.4.
1- If (uy)T isatranslation fuzzy v - ideal of X, then itis
Let A = {(x, pa(x),v4 (x)) | x €X} be an bifuzzy subset of that U T.tyisaw - ideal of X forall t e Im T
a-algebra (X; +,—,0) and a € [0,T], € € [0,K] such that o ((Ra)a i Disay - ' € Im((a)a)
u, be afuzzy y-ideal of X and v, be an anti-fuzzy -ideal of witht > a. Letx,y,z € U, ()X ; 1), then p, (v +2) >
X, then AGS) = {(x, (ka)2(x), () (x)) | x €X} isa t—o,and ()T (x—2)2t—o, thenmin{ (LT (v +
translation bifuzzy -ideal of X.
yv z), (W)Y (x —2)}=t—a ,since (uy)I is atranslation
Proof: fuzzy v - ideal, then (u)E (y + x)= min {(u,)I (y +
T T.
Assume that , is a fuzzy y-ideal of X and v, is an anti- z),(Ma)a (x —2)} 2 t—a therefore y +x € Uy ((Hada;
fuzzy y-ideal of X, then forany x,y,z eX and o € [0,T], € t).
€ [0,K]

2- If (vy)X istranslation anti-fuzzy 1 - ideal of X, then it is
that L, ((v,)X; s)isa - ideal of X, forall s e Im((v,)¥)
withs < e Letx,y,z € L.((vy)X; s), then ()X (y + 2)
<s—c¢c,and (W)X(x—2z)<s—e, thenmax{ (W)X (v +
z), W)X (x — 2)}< s—¢ ,since (v,)X is translation anti-
fuzzy 1 - ideal, then (v,)X (v + x)< max { (v)¥(y +
z), (W)X (x — 2)} <s—¢ therefore y+x € L. ((w)%; s).

1- p, (0) = pyu(x) impliesthat py (0) + @ = py (x) +
a,forany x € X, then (u )T (0) > (u)I (x), and
v, (0) < v,(x),implies that

v, (0) —e<v,(x)—¢e,foranyx € X, then
(WX (0) < ()X ().

2- wu (y+x) =min{p, (v + 2), u,y(x — 2)} implies that

W +x)+azmin{y, +2),ux—2)31+ a= 3- Butif we do not give a condition that (p,)s isa

min{p, (y + 2) + a, uy(x — z) + a} that mean translation fuzzy v - ideal of X, then U, ((us)X ;1) isnotay -

)T (v + %) = min{(u)T (¥ + 2), (W)T(x — 2)} ideal of X or (v,)X is translation anti-fuzzy 1 - ideal of X,
3- v, (y +x) < max{v, (¥ + 2), v4(x — z)} implies that then L.((v,)¥; s)is not a1 - ideal of X as seen in the following

example.
Vo +x)—e<max{v, +2),v(x—2)}—¢
Example 4.7:
=max{v, (v +2) — &,v,(x — 2) — £} Consider X = {0, 1, 2, 3} is a y -algebra which is given in
that mean Example (3.3) .
Wa¥ & +x) < max{(va)¥ O +2), WEx - D). Define a fuzzy subset , of X:
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X 0 1 2 3

0.7 0.6 0.4 0.3

Ha

Then p, is not a fuzzy y - ideal of X.

(Ha)a O +x) = min{(ka)s v + 2), (ka)s (x — 2)}, for all
x,y € X. Hence (u,)I isatranslation fuzzy - ideal of X.
(WAE (v + %) > s 2 max{(vy)§ (v + 2), (W45 (x — 2)}, then
() +z)<s—eand (v))(x—2z) <s—¢gbut (vy)ly+
x) > s —¢e. Thisshows that y + x ¢L; (v;s). Thisisa
contradiction, and so (v)X (v + x) < max{(vy)¥ (v +

z), W)X (x — 2)}, forall x,y,z € X. Therefore, (v,)Xisa

Since (uy)r (1+2)=0.3 0.4 =min{(w)T (1), (L)L (2)}. For atranslation anti-fuzzy - ideal of X.
=0.1and t=0.5, we obtain U, ((ua)Z ;t) = {0, 1, 2} which is not an v

- ideal of X since 1+2=3 ¢ U, (u,; 1).
Proposition 4.8.

Let A = {(x,pa(x),v4 (x)) | x €X} be abifuzzy subset of
a-algebra (X; 4+, —,0) and a € [0,T], € € [0,K] such that

AT = {06 (LT (@), (V)X () | x X} is a translation

bifuzzy - ideal of X, then U, ((uy)L; t) and L.((v)%; s)
are fuzzy y - ideals of X, for any te Im((u,)?!), se
Im((v)¥) witht > o and s < e.

Proof:

Assume that A is a bifuzzy y- ideal, then by Theorem (4.4)
(u)T s a fuzzy - ideal of X and (v,)X is an anti-fuzzy -

ideal of X, then by Remark (4.6), U, (1) ; t)and

L.((v)X; s) are fuzzy v - ideals of X, for any te Im((u,)Y), se

Im((v)¥)witht >a ands <e. o
Theorem 4.9.

Let A = {(x, pa(x),v4 (x)) | x €X} be an bifuzzy subset of
a p-algebra (X; +,—,0) and a € [0,T], € € [0,K] such that
U, (ug; t)and L.(v,; s) are fuzzy ¢ - ideals of X, for all te

Im(p,), se Im(v,) witht > a and s < ¢, then Agf)) =

{06, (WDT ), v)X (x) | x eX} is atranslation bifuzzy -
ideal of X.

Proof:

A(T'K )

(e 1Satranslation bifuzzy - ideal of X. o

Hence

Theorem 4.10.
Every translation bifuzzy i -ideal of y -algebra
(X; +,—,0) is atranslation bifuzzy v -subalgebra of a y -
algebra X .
Proof:

Let (X ;+,—,0) be ay -algebraand Al %) =

{0, (DT ), ()X (%)) | x eX} is a translation bifuzzy -
ideal of X.

Since A is an bifuzzy i -ideal of X, then by Theorem (4.8),
U, (ug; t)and L.(vy; s) are fuzzy ¢ - ideals of X, for all te
Im(py), se Im(v,) witht = o and s < €. By Proposition
(3.12), U, (uy; t) and Lo (vy; s) are fuzzy v - subalgebras of
X, for all te Im(p,), se Im(v,) witht> o ands <e,.

Hence A is a bifuzzy -subalgebra of X by Theorem
(3.10). o

Collaroy 4.11.

Let A = {(x, s (x),v4 (x))|x € X} bean bifuzzy
1y —ideal of y-algebra (X; 4+, —,0), then the translation bifuzzy

1- py (0) = py(x) implies that p, (0) + a = py (x) + T :
a,forany x € X, then ()T (0) = ()T (x), and subset A of X is bifuzzy iy — ideal of X.
v, (0) < v,(x), implies that
Proof:
v, (0) —e<v, (x)—¢,forany x € X, then
(va)£ (0) < (v (). Since A is a bifuzzy - ideal of X, then (u,)? is a translation
fuzzy - ideal of X and (v,)X is a translation anti-fuzzy -
Assume that x,y,z €U, (4; t) and ideal of X by theorem (4.4), then the translation bifuzzy subset
A of X isbifuzzy i — ideal of X by Definition (4.1). o
2-  (ny)T is not a translation fuzzy - ideal of X, therefore (j,)L

(y +x) <t <min{(ia)g v +2), (a)g (x — 2)}, then  (1,) (YProposition 4.12.
z) 2t—aand (W)x—2)=t—a,b (EH+x)<t—a.
This shows that y + x U, (u; t). This is a contradiction, and so
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Let AEZ'Q = {(x, (L)T (), W)X (%)) | x €X} be an bifuzzy Let X = {0, a, b, c, d} be a set with the following table:

1 —ideal of y-algebra (X; +, —,0), then the bifuzzy subset A =
{0, 1q (), v4 ()| x € X}of X isbifuzzy ¢ — ideal of X.

+ 0 a b c d -|0fja|b]c|d
Proof: 0o lof[a|b]c]|d ojloJoJoJo]o
a a b c d 0 ala|0|]0]|]O0]a
Since AEZ’S()) is a fuzzy - ideal of X, then (u,)Tisa 2 E g g g g 2 2 E 8 8 Z
translation fuzzy - ideal of X and (v,)X is a translation anti- d|ldJolal[b]ec d[d|d[d[d]o
fuzzy - ideal of X by theorem (4.3), then the bifuzzy subset A
of X is bifuzzy y — ideal of X by Definition (4.1). o
Then (X; *,0) is an y-algebra. It is easy to show that
Proposition 4.13. _ 1={0, ¢} an_d ] ={0, d} are 1- ideals of X .
The R-intersection of any set of translation bifuzzy - ideal We defined two cubic set A; = {(x, 1ay (x),v4, (X)) | x €
of (X;+,—,0) is also translation bifuzzy - ideal of X. Xyand 4, = {(x 1y (X), v (X)) | X € X} Of X by -
Proof. ’ ’ '
Let 4,05 = {(x, (())e(), (@)K () | x eX) (o8 X x€ {Ot')c}'
where i € A, be a set of a translation bifuzzy - ideal of X, Har(x) 0.7, if x eéa, b var()
then 0.6, otherwise
0.2, if x€{0,c},
1- For any x eX ' niEA((p‘A)i)g (0) = :{0.6, if x€ {a, b},
inf { (L)Y (0)} = inf{ (L) DI} = 0.4,  otherwise
Niea((a))g (x) and, then Niea((1a)i)g (0) = (0.7, ifx € {0,d},
Niea((a)))s (). And Haz (%) —{0_2' otherwise, 20 Va2(%)
Uier ()X (0) = sup {((w))K(0)} < ={0.1 10 < 0.0
sup {((WA))E ()} =Uien ((La)1)5(x) implies that, then ML
Uiea (000X (0) < Ujep (W)X (). Then A, and A, are bifuzzy - ideal of X , but P-
2- xy,z €X, . . . .
NieaCDDT & + %) = inf ((W))T (W + x) intersection of A; N A, are not a bifuzzy - ideals of X .
2 inf {min{ ((TuA)i)E(y Since
+2), ((a))o(x — 2)}} n TY(c — T — i _
S o +d)=(n o )(b) =min{0.7,0.2} = 0.2 &
+2)),inf( ((a) s (x —TZ))} 0.6 = min{(N (kg )(c + b), (N (a)g )(d = b)} =
(S el ) b + min{(n (L0T)(0), (0 ()T (@) =
» HlieA Ali)a -
* L { min{min{0.8,0.7}, min{0.6,0.7}} and
Hence Niea((14))E  is a translation fuzzy y-ideal of X. (0 DS (c + d) = (Uvy)(b) =
3 Wier (@D + ) = sup (1)) + ) min{O.3,O..’-’E}A=)SO.3 £ 0.1 = max{(U ()9 (c +
Ry o b), (U ()5)(d — b)} = max{(U (v))(0), (U
Z2), ((Va)i)g )X — 2z )5 (d)} = max{min{0.2,0.1}, min{0.4,0.1}}.
= max{sup ()00 + Asp ) { (04013
((Wadi)e (x{(— Z))}(( Ny + Proposition 4.16.
= maxi(Mier ((Va)i)e)y Let 4,75 = ((x DE(), (W))E () | x eX
2, Ve (O s = (G0 (DEC), (@I @) | x X

where i € A, be a set of a translation bifuzzy i-ideal of -
Hence U;e, ((v4),)X s a translationanti-fuzzy -ideal of X.

Hence, R-intersection of Ai(;"g is a translation bifuzzy -
ideal of X. o inf{max{ (a):(x), (na)i M} =

max{inf (ua);(x),inf (ua);(y)}, forall x € X, then the P-

algebra (X; +,—,0), where i € A,

Remark 4.14.
The P-intresection of any sets of a translation bifuzzy - intresection of 4;(%) is also a translation bifuzzy y-ideal of

ideal need not be a translation bifuzzy iy-ideal, for example: ¥

Example 4.15. Proof.
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Let 4,7%) =

e = (00 (1))a (), (WDE () | x €X}

where i € A, be a set of a translation bifuzzy -ideal of X

and x,y,z € X, then

- NMieal(a)D)d (0) = Niea((ra)i)s (x) and

Niea (V)15 (0) <Njep ((V2))S ().

2-

2= (Nieal(R)DD O +2) = inf (L)) +x)
> inf {min{( ((ka)Do) ¥
+2), (L)) (x — 23}
= min{inf (((ka) o
+2)), inf (((a))s (x — 2))}
= min{Njea((La)a v +
2), Niea((la) e (x — 2)}.
Hence Niea((1a):)E is a fuzzy 1p-subalgebra of X.
(Nien (DD +x) = inf (VD)D) +x)
< inf{max{(v,) )£y + 2), (W))E(x —
2)}}
= max{inf ((v4) )£y + 2)).inf ((va) )& (x —
z))}
= max{N;en (Va))EW +
2)Nien (Va))E(x — 2)}:

3-

Hence N;cp ((v4);)X s a translation anti-fuzzy y-ideal of X.
Hence, P-intersection of 4,1} is a translation bifuzzy -

ideal of X. o

Proposition 4.17.
Let 4,75 =

La.e)

{C, ((m))a (), (WaDE () | x €X}
where i € A, be a set of the translation bifuzzy -ideal of -
algebra (X; +,—,0), wherei € A,

sup{min{ (na); (x), (na): M} =
min{sup (1g);(x), sup (1,); ()}, forall x € X, then the P-

union of Ai(Z’Q is also a translation bifuzzy y-ideal of X.

Proof.

154

1-

3-

Let 4,7%) =

iae = (00 (1)) (), (W)E () | x €X}

where i € A, be a set of a translation bifuzzy -ideal of X

and x,y,z € X, then

Uien ((a))ata (0) 2Uiep ((a)i)a(x) and
Uiea (1) )§ (0) SUiep (W) )E ().
(Vien (DD + %) = sup (1)) O + x)
> sup (min{( (L))
+2), (((ka))e) (x — 2)}}
= min{sup(((La)Da Y
+2)), sup(((a))a(x — 2))}
= min{(U;ex (1)) +
2), Uiea (ma))e)(x — 2)}  and

Hence (Ujen ((12))E) s a translation fuzzy y-ideal of X.
ier (W))W +x) = sup (1)) + x)
< sup{max{((v)) )5 (v +
2), (va))E(x — 2)}}
= max{sup ((v4))£(y + z).sup
((va))E(x — 2)}
= max{(Ujen (L)) +
z), (Uzen ((v4))Kva) (x — 2)3.

Hence (Uen ((v4))%) s a translation anti-fuzzy ip-ideal of X.

(T.K)

Hence, P-union of A,(a 5

is a translation bifuzzy i-ideal of
X.o
Remark 4.18.

The R-union of any sets of translation bifuzzy vy -ideal need

not be a translation bifuzzy 1 -ideal, for example:

Example 4.20.
Let X = {0, a, b, ¢, d} be a set with the following table:
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+ 10|12 (3|4 01|23 |4
ojo0oj1(2 (3|4 0|0[O0O|0O]|]O0O]O
1112|3410 1(1(0]0|0]|1
212|134 |0]1 212(12]0]0]1
313|401 2 313[2|4]|]0]1
4 1410112123 41414141410

Then (X; *,0) is an y-algebra. It is easy to show that
1={0, 3} and ] ={0, 4} are - ideals of X .

Then A; and A, are bifuzzy - ideal of X , but R-union of
A, UA, arenot bifuzzy - idealsof X.  Since  We
defined two cubic set A; = {(x, pa1 (%), v4; (X)) | x €
Xtand A, = {(x, ny (x),v4, (x)) | x € X}of X by :-

0.7, if x€{0,3},
a1 (X) :{0-4, if x € {1,2}, V41 ()
0.5, otherwise

0.5, if x € {1,2},
0.3, otherwise

(0.6, ifx € {0,4},
Haz (%) _{0.1, otherwise. and - vgo(x)
_{0.1, ifx € {0,4},

710.3, otherwise.

{0.1, ifx € {0,3},

(U (1)) +4) = (U ((1a))e) (1) = max{0.4,0.1} =
0.4 2 0.6 = min{(U ((1W))) 2+ 1), (U ((a))e)(4 —
D} = min{(U (1)) (3), U (1)) (D)} =
{ min{max{0.7,0.1}, max{0.5,0.6}} and

(N W)DHE + 4 = (N (1)) (D) = min{0.5,0.3} =
03 £ 0.1 = max{(n (v)DH2 + 1, (N @O U -} =
max{(n (1)) (3), (N
@)D (@)} = max{min{0.1,0.3}, min{0.3,0.1}}.

Proposition 4.21.
Let ;{78 = {(x, (m)DE (), (Wa)DE () | x €X}
where i € A, be a set of a translation bifuzzy p-ideal of -
algebra (X; +,—,0), wherei € A,
sup{min{ ((ka))a (), (M)D)a(}} =
min{sup (a)g (), sup (na)g (v)} and
inf (max{(va) )£ (x), Wa))s M} =

max{inf (vy))Xx),inf (v,))X()}, forall x € X, then the
R-union of 4;7%) is also a translation bifuzzy 1-ideal of f

Yae)
Proof. 0

Let 4,5 = {(x (m)Da (), (W)IE () | x X}
where i € A, be a set of a translation bifuzzy -ideal of X and
X,y,z € X, then

1- Usea ((a)1)a (0) 2Ujen ((Ha)i)o(x) and
Niea (V)X (0) <Ngepr (V2))E ).
2- ()UieA (LDDD @ +x) = sup (1)) +
x
= sup {min{( ((1a))e) ¥
+2), (1)) (x — 2)}}
= min{sup( (k)oY
+2)), sup( ((1a))o (x — 2))}
= min{(Ujep ((1a))) Y +
2), (Uier ()D& (x —2)}  and

Hence (Ujen (1)) s a translation fuzzy v-ideal of

X.
3- (Nier (W)Y + x) = inf (1)) Y + x)
< inf{max{()(iﬂf),’)g)(y +2), (W) x -
z
= max{inf ((v))X)(y + 2),inf
(v — 2)}
= max{(Ner (V) +
2), (Njep (Va))D) (x — 2)}.

Hence (N;ep ((4))X) s a translation anti-fuzzy -ideal of X.

Hence, R-union of Ai(g’g is a translation bifuzzy y-ideal of

X.o

5. Homomorphism of Translation Bifuzzy i -algebras
In this section, we will present some results on images and pre-
images of translation bifuzzy - subalgebras and translation
-ideals of y-algebra.
Definition 5.1.
Let f: (X; +,—,0) = (¥; +',—'0") be a function of two -
algebras, let A and B are two bifuzzy subsets of X and Y

where, AL S = {(x, () (%), (va)¥ (%)) | x eX} and

BN = (0, (up)), vp)K () | y €Y}, then the image of

A under f s defined as
A(T:K) — T K Y h
@e)) = {0 (Mdopay () (Wade iy () |y €Y sUC
that
(uA)gf(A) (y) =

SUPrer-1(y) (Mada (@) If fTRO) ={x €X,f(x) =y} * 2

otherwise
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(UA)gf(A)(:V) =
{infxef_l(y) W)E®) if ) =& eX,f(x)=y}+0
0 otherwise

The pre-image of B((;‘f)) is

7 (Ba) = (00 ()T 1)), (8K o5 (0D [ x €X)
such that

l‘f—l(B((::g))(X) = (up)a(f(x)) and (UA)gKf-l(B)(x) =
W)X (f(x)), forall x € X.

Theorem 5.2.
Letf: (X;+,—,0) — (Y; +',—'0") be a homomorphism of
two 1 —algebras and B((;‘f)) be a bifuzzy -subalgebra of Y,

then the pre-image ft (Bgf)) ) =
{(x, (uB)gf_l(B)(x),(vB)*;f_l(B)(x)) | x eX}is a translation
bifuzzy y-subalgebra of X.

Proof : Letx,y € X,
(M8 p-105) (¢ +¥) = (M)a (f Cx + )
= (p)a(f () +'f ()
> min{(up) o (f (¥)), (kp)a (f 1))
= min{(1s) o ;1.5 %), (M8 =105, (N}-
Similarity, pe-1y(x —¥) = min{p -1y (), p-13) ()}
Also,  (Vp)E -1 (x +¥) = (W) (f (x + )
= (Wp)E(f() +'f)
< max{(vp) (f (x)), (wp)s (f (1))

=maX{(UB)§f—1(B) (X)y
(Ug)gf—l(B) (Y)}

Similarity, (vB)Ef_l(B)(x -y) = min{(vB)'éf_l(B)(x),
(UB)gf—l(B) (y)}

Then ft (B((Zf))) =

{(x, (uB)gf_1(B)(x),(vB)§f_1(B)(x)) | x eX}is a translation
bifuzzy y-subalgebra of X. o

Theorem 5.3.

Let f: (X; +,—,0) - (¥; +',—'0") be an epimorphism of
two 3  -algebras  and let ALY =
{0 (DT ), ()X (%)) | x X} be a translation bifuzzy -
subalgebra of X with sup-inf property, then the image

FAGS) = {00 )T 0y ) )% sy D) |y eV} isa
bifuzzy y-subalgebra of Y.

Proof :

Leta,beY withx= f"1 (a)andy= f~1 (b) such that

(M)a(®) = suPres-1 (DG(®) » (Ma)o() =
SUPtef1 (b) (MHGE
(wa)f (x) = infrep-1 (o) WE@® . WEQ) =

infyep-1 5y (Va)g (8)-
Now, by Definition (5.1),
()T (@ + b) = SUP et (o ()R (E)
= (ka)a(x +¥)

> min{(ia)a (), (Ma)a 0}

min{suptef—1 (a)(UA)g(t): SUPter 1 (b) (HA)g(t)}
= min{(uA)zf(A)(a), (uA)zf(A)(b)}'

Similarity, (1a)g (4, (@ = b) = min{(a)g 4 (@),
(uA)zf(A)(b)}'

Also, (V4)£ ;4@ + b) = infyer1 (a4 (Va)E 4 ()
= (W)E(x +)

< max{(v)£(x), (va)¥ (1)}

max{inf,e -1 2y (W) (£), infye -1 ) (W) (1)}

= maX{(vA)‘l&'(f(A) (a)v V(UA)‘I‘:(f(A) (b)}

similarity, ()X, (@ = b) < max{(v)¥,,, (@),

@K, (D3
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Hence the image f (AEZ"’;))) =
{(y' (uA)zf(A) (y)' (UA)FE(f(A) (Y)) | y EY} is a bifUZZy a

translation y-subalgebraof Y. &
Theorem 5.4:

Let f: (X;+,—,0) = (¥; +',—'0") be a homomorphism of
two ¢ —algebrasand let B(;'s) be a translation bifuzzy - ideal
in Y, then the pre-image

f—l (B(T'K)

(a,€) )

{0 (M) 8 1y (), (VDS -1, () | X €X} is @ bifuzzy -
ideal of X.

Proof :

Letx,y,z € X, (up)a(f(0)) = (p)a(0") and (vp)E(y) =
(wp)e (f (%))

(18)T -1 (0) W) = @I0) =
(HB)E(f(X)) = (HB)Ef—l(B)(x)v
(VB)gf—l(B)(O) (VB)EC"((f(O)) = (VB)L((O’) <

(vs)g(f(x)) = (vB)gf—l(B)(x)-
(IJ'B)Ef—l(B)(y +x) = (up)a(f &y +x))

= min{(p)e (f O + 2), (Bp)af (x — 2))}

min{(uB)zf—l(B)(y + Z),
(IJB)Ef—l(B)(x - Z)}

Also, (UB)é(f—l(B)(y +x) = (Wp)f(f(y + %))

< max{(v)£ (f (v + 2), (ve)£f (x — 2))}

maX{(vB)fS(f—l(B)(y + Z)!
(Ug)fg(f—1(3)(x - Z)}

Then the i (B((ZS))
{(x, (uB)gf_1(B)(x),(vB)Ef_l(B)(x)) | x eX}is a translation

bifuzzy - ideal in X. o

pre-image

Theorem 5.5.

Let f: (X;+,—,0) - (Y; +',—'0") be an epimorphism of
two Y -algebras and let AEZ’Q =
{0 (DT (), (v)X (%)) | x X} be a translation bifuzzy -

ideal of X with sup-inf property, then the image f(A(T‘K)) =

(@)

157

{0 (a)E 0y ) @a)E sy D) |y €Y} is @ translation
bifuzzy y- ideal in Y.

Proof:

1Let a, E r(]: € Y with x=f"1@), y=f"1(b) and z =
f~"(c) such that

(a)g (%) SUP¢ef—1(a) (MHHG! ()3 ()
SUP¢er—1(b) (na)a () and (pa)g(2) = Suptef'l(c)(uA)g(t):

(va)s (%) infoer-1 (Va)s () (Wa)EB)
infe -1 (wa)s (t) and (v))E(2) = infep-1(c) (waE @©.

\%

(a)of 4y (0) = SUPses=1 (o) (o () = (1a)o(F(0))
(1)a (F () = (Madaf (49 (1),

@)K, (0) = infrepm1 o) @DKE®) = @AKF(0) <
WAXF @) = WKy (0.

Now, by Definition (5.1),
(1a)3 £y (B + @) = SUPpep—1 ova) (HaDE ()
= (o (v + %)

= min{(La)o (v + 2), (ko (x — 2)}

min { sup,e;-1 (b;)(uA)E(t), SUPes—1 (a—cy ()3 (B}
= Min{ () ) (b + ), (1a)3 5 (4 (@ + O}
Als0, ()% 1y (b + @) = infep-1 (1.0 (V) (D)
= W)y +x)
< max{(w)¥(y + 2), W)¥ (x — 2)}=
max{infye ;1 ey a)K(E), infre -1 ay (VK (D)}
= max{(Wa)¥, (b + ), W, , (@ = o).

Then the image f (AEZ:’S())) =

{00 ()T 0y ) @)% sy D) |y €Y} is a translation
bifuzzy - idealinY. o

6. Cartesian product on bifuzzy ¥ -algebra

In this section we introduce the notions of Cartesian product
of bifuzzy 1 -subalgebras and bifuzzy ideals in a 1) -algebra.
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Definition 6.1.

Let ATS) = {(x, () (x), (W)X (1)) | x eX} bea

translation bifuzzy subset of X and
B(T‘K)

e =10 (1e)a (), (vp)E () | ¥ €Y} be a translation
bifuzzy subset of Y. The Cartesian product of A and B is
defined as AxXB = (XXY, (a)a X (Hp)a, (V4)§ X (vB)5)
where (u)T x (up)E: XxY—-[0,1] and
W)X x (vp)X: XxY-[0,1] V X € X, y € Y, such that
((1a)a X () (xY) = min{(1a)a(X), (p)a(y)} and
(¥ x (vp))(xy) = max{(va)£(x), (vs)£(Y)}

Theorem 6.2.
Let Al S = {(x, (ma)E (%), (va)¥ (x)) | x eX} bea

(a)
translation bifuzzy v -subalgebra of X and B((;‘f)) =

{7, (M5 (), (V)£ () | y €Y} be a translation bifuzzy 1 -

subalgebra of Y, then AEZ’S x B((;'f)) is a translation bifuzzy

-subalgebras of XxY.

Proof:
Let (xy,y,) € X X Yand (x,,¥,) € X XY, then
((ra)d X (Me)a) (1, 1)+ (X2, ¥2)) = ((Ha)g X
(1)) ((x1+x2), (1 + ¥2))

= min{(na)g (x1+%2), (M) (V1 + ¥2)}

> min{min((ia)g (x1),
(1ads, (x2)):min((1p)g (1), (p)a (V2))}

= min(min((a)e (%1), (Mp)e 1))min((a)g (),

(1p)a (v2)))

=min{((na)g X (p)a) (X1, ¥1), ((Ma)g X
(1p)a) (X2, ¥2)}

Similarity, ((ta)a X (Mp)a)((x1, ¥1) — (x2,¥2)) =
min((ta)a X (He)e) (X1, 1), ((Ma)s X (Hp)a) (X2, 2D},

And ((v4)g X (vp)a)((x1, y1)+ (%2, ¥2)) = ((Va)g X
(Wp)a)(x1+x2), (1 + ¥2))

= max{(va)K (x1+x,), (vg)s (1 + ¥2)}

< max(max((pa)a (x1),

(Wa)£ (x2))max((vs)s 1), (Vs)s (72)))

= max(max((va)z (1), (Vp)z (1)) max((va)s (x2),

(ve): (v2))

=max{((Va)a X (V5)a) (xr, Y1), (Wa)a ¥

(vp)a) (X2, ¥2)}

Similarity, ((va)g X (Wg)a)((x1, y1) — (x2,¥2))<
max{((va)g X (Vg)g) (%1, ¥1), (Va)a X (vp)a) (X2, ¥2)}
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Hence A™%) x BT js a bifuzzy v -subalgebra of XxY.

(@) (@)
Theorem 6.3.
Let Algre) = {(x ()5 00, ()E (1) | x X} be abifuzzy

subset of X and B'S) = {(v, ()T, vs)K ) |y €V}

be a bifuzzy v -subset of Y. If A7) x BT is a bifuzzy v -

(ae) (a,8)
subalgebra of XxY , then Ag’g is a bifuzzy  -subalgebra of
X and B9

(ae) is a translation bifuzzy 1 -subalgebra of .
Proof:

Assume that AT%) x pTK)

(@e) (2 19 @ translation bifuzzy ¢ -
subalgebra of XxY, then

((a)a X (p)e)((xy, 1)+ (x2,¥2)) = min{((a)g X
(p)e) (1, 1), ((ma)a X (Mp)o) (X2, ¥2)}

Putting x; = x, = 0in (1) we get,

((m)d X (p)a)((0, y1)* (0,2)) = min{((na)g X
(15)3) (0, ¥1), ((1a)e X (1p)3)(0,¥2)}

(DT X (up)I)0, 31 + ¥2) = min{ ()T X (1e)D)(0,¥41),
((a)d % (15)2)(0,¥,)}, then we have

(1p)a (1 + ¥2) = min{(up)a(v1), (Hp)a(¥2)} and

((m)d % (p)g)((0,¥1) = (0,¥2)) = min{((na)g X
(1p)5)(0,¥1), ((m)d X (p)a)(0,¥2)}

((ma)s X (B)D)(0,y1 — ¥2) = min{((La)d X (1p)a)(0,¥1),
() % (15)2)(0,¥,)}, then we have

(1p)a (1 — ¥2) = min{(ug)s (v1), (Mp)a(¥2)}-

Hence A(,) is a translation bifuzzy 1 -subalgebra of Y.

Also,

((va)a X (p)o)((x1, 1)+ (x2,¥2)) < max{((va)a X
(p)a) (X1, ¥1), ((Va)g X (Vp)o)(*2,¥2)}

Putting x; = x, = 0in (2) we get,

((Wa)a X Wp)a)(0,y1)+ (0,¥7)) < max{((va)g X
@5)a)(0,¥1), (Va)a X (V5)a)(0,¥2)},

((Va)a X (Wp)e)©0,y1 +y2) < max{((va)d % (v5)2)(0,y1),
((wa)a % (v8)3)(0,y,)}, then we have



Journal of Kufa for Mathematics and Computer

Vol.10, No.2, Aug., 2023, pp 140-160

(ve)s (1 +¥2) < max{(vg)£(v1), (ve)s (2D},

((va)e x WB)D)((0,y1) = (0,¥2)) < max{((va)s X
wp))0,¥1), (Wa)g X (vp)3)(0,¥2)}

((a)d X (Wp)D)(0,y1 — y2) < max{((Wa)s X (W)&)(0, 1),
((wa)d % (Wg)$)(0,¥,)}, then we have

(Ve)a (1 — ¥2) < max{(vp)s(y1), (vp)E(y2)}

Hence B((;‘S) is a translation bifuzzy  -subalgebra of Y.

Theorem 6.4.
Let AT = ((x, (W)L (x), (V)X (%)) | x eX} be a bifuzzy

(a,€)
subset of X and By's) = {(y, (us) T (), (ve)¥ () | y €Y}
ATKY s pTNis a bifuzzy 1 -

(a.€)
be a bifuzzy i -subset of Y. If A/ 5 (@e)
subalgebra of XxY , then A% is a bifuzzy v -ideal of X and

(€)
B((;’g) is a bifuzzy v -ideal of Y.

o}

Proof:
For any x = (x4, x,) € XXX, we have

1 (s X (15)e)(0) = ((ma)s X (5)5)(0,0) =
min((1a)a(0), (5)5(0)) = min((ka)g (1), (p)a (x2))
= ((ma)a X (15)o) (61, 2) = ((a)s X (Mp)o) (X)-

((va)a *x (B)e)(0) = (Va)g X (v5))(0,0) = max((v4)£(0),
(p)£(0)) < max((va)£ (1), (Va)& (x2))

= ((Wa)a X (Wp)a(x1,%2) = ((Wa)a X (V)e) (%)
2- Letx = (xy,%2),y = (Y1, ¥2) and z = (24, 2;)

((Ha)d X (Mp)) Y +2) = ((a)g X (Mp)o) (Y1, ¥2)+
(x1,x2))

= ((ma)g X (Mp)a) ((¥1 + x1),(y2+x3))
=min{(ua)s (1 + x1), (Up)a (V2 +x2)}

> min{min{(pna)g (y1+21) (a)a (1 — 2,)}, min{
(p)a (V2 + 22), (M) a (X2 — 22)3}

= min{min{(u,)g V1+21), (Lz)g (V2 + 22)hmin{(s)g (x; —
Z1), (HB)E(xZ —23)}}

=min{((ta)g X (Mp)e) (Y1, ¥2)+( 21, 22)),((Ha)g X
(HB)D(( X1, %) —(21,72))}

=min{((a)a X (p)a)(¥+2), (1a)a X (M)a)(x — 2)},

((va)a X Wp)) Y +x) = ((Va)g X Wp))((1,¥2)+
(x1,%2))

= ((Wa)o X Wp)a)((¥1 +x1),(V2+x2))

159

=max{(Va)K(y1 + x1), (Ve)E((y2+x2)}

<max{max{(v))X (y1+21), (Va)5 (x1-z1) }max{(vp) K (v, +

23), (Vp)s (X2 — 2,)}}

= max{max{(va)§ (1 +21), (vp)§ (¥2 +
z;)}max{(va)5 (X1 — 21), (vg)s (X2 — 22)}}

=max{((va)a X (Wp)a) (¥, ¥2)+(21, 2:)),((Va)g X
(p)a) (%1, X2) —(21,22))}
max{((va)g X W))( y+2) ((Wa)a X (vp)g)(x —

z)}.
Hence A(s) x Blys) isabifuzzy ¥ -ideal of XxY. o
Theorem 6.5.
Let Algre) = {(x, ()5 00, (¥ (1) | x eX}bea

translation bifuzzy  -subset of X and B('s, =

{0, (u)a(»), (vg)E () | ¥ €Y} be a translation bifuzzy v -
subset of Y. 1f A7) x BT js 4 bifuzzy  -subalgebra of

(a,€) (a8)
XxY , then AT is a translation bifuzzy y-ideal of X and
B(T'K)

(ae)
(w19 @ translation bifuzzy i -ideal of Y.
Proof:

Letx = (x,%2), ¥ = V1, ¥2) , Z = (21, Z3) € XXX

((la)a X (15)5)((0,0),(0,0)) = min(((14)3)(0,0),

((1)3)(0,0))
> min{((1a)a)(x1, ¥1), ()3 (X2, ¥2)}
Putting y = (v1,¥,)= (0,0), we have (j4)Z(0,0) >
(HA)E(xpxz)x

((Wa)a % (v5)5)((0,0),(0,0)) = max{((va)s X (v5)s)(0.0),
((Wa)a % (v5)a)(0,0)}

<max{((vA)£)(x1, y1), (VB (x2,¥2)}

Putting y = (v4,¥,)= (0,0), we have (v,)¥(0,0) <
(V¥ (21, X2).

Assume that AJ'S) x B('+) is a translation bifuzzy 1-ideal of

XxY, then

((ha)s X (MB)a) (1, ¥2)* (x1,x2)) = min{((ia)g X

) (V1 ¥2) + (21, 22)),((ma)s X (Mp)a) (X1, X2) —
CHER)) 6

Putting x, = y, =z, = 0, then we have
(1)) (1, 0)+ (x1,0)) = min{((ra)d) (¥1,0) +
(z1,0)),((1A)3)
((x1,0) = (z4,0))}, thus
(ma)s 0n +x7) =2 min{(HA)gd((h +21), (Ma)g (%1 — 21)}.
An
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(W) X W) (1, y2)+ (x4, x2)) Smax{((va)g X
Wp)) (1, ¥2) + (21, 22)),((Va)g X (VB)o)((x1, %) —
(G250} TV (2)

Putting x, = y, =z, = 0, then we have

(WD) (1, 0)+ (x5, 0)) <max{((v)5)((y1,0) +
(21,0)),(a)8) ((x1,0) — (21,0))}, thus
(VA)IS( O +x) < maX{(”A)?((Yl +7,), (UA)E(xl -z}
Hence A is a bifuzzy 1) -ideal of X.

(T.K)
(@)

Similarity, B

is a translation bifuzzy i -subalgebra of Y.
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