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Chapter -I 

Introduction 

 

The converse of Lagrange's theorem is false: if  is a finite group and   then 

there may not be a subgroup of  with order . The simplest example of this is the 

group , of order 12, which has no subgroup of order 6. The Norwegian 

mathematician Peter Ludwig Sylow discovered that a converse result is true when  

is a prime power: if  is a prime number and  then  must contain a subgroup 

of order . Sylow also discovered important relations among the subgroups with 

order the largest power of  dividing , such as the fact that all subgroups of that 

order are conjugate to each other. For example, a group of order 100 = must 

contain subgroups of order 1, 2, 4, 5, and 25, the subgroups of order 4 are conjugate 

to each other, and the subgroups of order 25 are conjugate to each other. It is not 

necessarily the case that the subgroups of order 2 are conjugate or that the subgroups 

of order 5 are conjugate. 

 

Consequences Of The Sylow Theorems 

The Sylow theorems are of considerable assistance in the problem of classifying, up 

to isomorphism, all finite groups of a given order . But in this area, proofs tend to 

involve intricate combinatorial arguments, best left to specialized texts in group 

theory . We will try to illustrate some of the basic ideas.  

Theorem 1.1 ( ). A finite group  has a Sylow subgroup for every prim 

 and any subgroup of  lies in a Sylow subgroup of  [6].  

Theorem 1.2 ( ). For each prime , any two Sylow subgroups of 

a finite group  are conjugate [6].  
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Theorem 1.3 ( ). Let  be the number of Sylow subgroups of . 

Write  , where  doesn't divide . Then : 

 and  [6]. 

Theorem 1.4 ( ). Let  be the number of Sylow subgroups of . 

Then , where  is any Sylow subgroup and  is its normalizer 

in  [6].  

 The information in the Sylow theorems leads to basic structure theorems about 

finite groups, some of which we treat below. Because of the Sylow theorems, groups 

of prime power size take on a heightened significance, and these theorems suggest a 

careful study of such groups.  

Corollary 1.1 The condition  means a Sylow subgroup is a normal 

subgroup. 

Proof. All Sylow subgroups are conjugate by , so  precisely when a 

Sylow of a group  is itself conjugate, i.e., is a normal subgroup 

 of   

 We will often shift back and forth between the condition  ,if it holds 

and the condition that  has a normal Sylow subgroup. In particular, the Sylow 

theorems are a tool for proving a group has a nontrivial normal subgroup because we 

can try to show  for some . However, there are groups which have 

nontrivial normal subgroups but no nontrivial normal Sylow subgroups, such as .  

Corollary 1.2 If  and  different prime factors of  ,  and  , 

then the elements of the Sylow subgroup commute with the elements of the 

Sylow subgroup. 

Proof. Let  be the Sylow subgroup and  be the Sylow subgroup. Since 

 and  have relatively primes sizes,  by Lagrange. The subgroups  

and  are normal in a group  since  and   by hypothesis. For  

 and  ,  

    , 

so .  

Note corollary (1.2) is not saying the Sylow and Sylow subgroups of a group 

 are Abelian, but rather that any element of either subgroup commutes with any 

element of the other subgroup if the two Sylow subgroups are the only subgroups of 

their size.   

Corollary 1.3 All the Sylow subgroups of a finite group are normal if and only if the 

group is isomorphic to the direct product of its Sylow subgroups. 

Proof. If a group is isomorphic to the direct product of its Sylow subgroups, then all 

the Sylow subgroups are normal since a factor in a direct product is a normal 

subgroup of the direct product. Conversely, suppose  is a finite group and all of its 

Sylow subgroups are normal. Write the nontrivial Sylow subgroups as 
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 . The elements in  and  commute for , so the map 

 given by : 

  ( )    

is a homomorphism. It is injective since the order of a product of commuting 

elements with relatively prime orders is equal to the product of their orders. Our map 

between two groups of equal size , so from injective we get that it is an isomorphism 

[7] .    

 

MacKay's Proof of Cauchy's Theorem 

we will give what is probably the shortest proof of Cauchy's theorem. This proof is 

due to James McKay and uses the notion of group. The proof appeared in the 

American Mathematical Monthly in 1959. 

Since  implies , the identities are symmetrically placed in 

the group table of a finite group. Each row of a group table contains exactly one 

identity and thus if the group has even order, there are an even number of identities 

on the main diagonal. Therefore,  has an even number of solutions. 

Generalizing this observation, we obtain a simple proof of Cauchy’s theorem. 

Cauchy's Theorem 1.5 If the prime  divides the order of a finite group  , then 

 has  solutions to the equation .  

Proof. Let  have order  and denote the identity of  by . The set 

     

has  members. Define an equivalence relation on  by saying two 

 -tuples are equivalent if one is a cyclic permutation of the other. 

If all components of a  -tuple are equal then its equivalence class contains only one 

member. Otherwise, if two components of a  -tuple are distinct, there are members 

in the equivalence class. Let  denote the number of  solutions to the equation 

. Then  equals the number of equivalence classes with only one member. 

Let  denote the number of equivalence classes with  members. Then  

 and thus  [4].   

 

Chapter -II 

Review Of Literature & Objective 

 

Properties 2.1 The groups  and  each have 10 subgroups of size  and  

subgroups of size  . 
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Proof. Any element of odd order in a symmetric group is an even permutation, so the 

Sylow and Sylow subgroups of  lie in . Therefore it is suffices to focus 

on . 

 Since  = 60 =  , the Sylow subgroups have size  and the 

Sylow subgroups have size . Call the numbers  and . By , 

 and , so or . The numbers of cycles (abc) in 

 is 20, and these come in inverse pairs, giving us 10 subgroups of size . So 

. Turning to the Sylow,  and , so  is 1 or 6 . 

Since  has at least two subgroups of size 5 ( the subgroups generated by (12345) 

and by (21345) are different),  and therefore  [11].   

Properties 2.2  In the group , there are five Sylow subgroups and 

the Sylow subgroup is normal. 

Proof. This group has size 20, so the Sylows have size 4 and the Sylows 

have size 5.  

 By , , so  or 5. The matrices  and  generate 

different Sylow subgroups, so . 

 Now we turn to the Sylow subgroups. By ,  and 

. The only choice is , which means there is one Sylow 

subgroup, so it must be normal. 

 Let is explore  a little further. Since we know the number of 

Sylow and Sylow subgroups, we can search for all the Sylow subgroups and 

know when to stop. There are five Sylow subgroups and the five matrices , 

where , generate different subgroups of  

size 4, so these are all of the Sylow subgroups (and they are cyclic). The matrix 

  has order 5 and therefore generates the unique Sylow subgroup.   

 As an illustration of  in , any element of power order 

is conjugate to an element of the subgroup . For instance,  has order 4and 

an explicit search reveals 

      =     . 

The matrix  has order 2 and  

   =   [11].  
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Properties 2.3 For a prime , any element of  with order  is conjugate 

to a strictly upper-triangular matrix . The number of Sylow subgroups is 

. 

Proof. The size of  is  = . Therefore a 

Sylow subgroup has size . The matrix   has order , so it generates a 

Sylow subgroup  =  = . Since all Sylow subgroups are 

conjugate, any matrix with order  is conjugate to some power of . 

 The number of Sylow subgroups is [  :] by . We 

will compute  and then find index. For  to lie in  means it conjugates 

 to some power . Since  

   =  ,  

where ,    precisely when . Therefore  = 

 in  . The size of  is . Since has 

size ,the index of  is 

   

Corollary 2.1 The number of elements of order  in  is  . 

Proof. Each Sylow subgroup has  elements of order . The different 

Sylow subgroups intersect trivially, so the number of elements of order  is 

  [1].  

Theorem 2.1 There is a unique Sylow subgroup of . 

Proof. The group has size  = , so a Sylow subgroup has order 

. 

Let  be the number of Sylow subgroups,  says   and 

. Therefore . 
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 As an alternate proof, we can locate a Sylow subgroup of  

explicitly, namely the matrices  , where  in . (There are  

choices for  and  choices for . This subgroup is the kernel of the 

homomorphism   given by   so it is a normal 

subgroup, and therefore is the unique Sylow subgroup by . 

 Note the unique Sylow subgroup of   is non-Abelian group 

of size . It has an element of order , namely , and therefore is not 

isomorphic to Heis when , since every non-identity element of Heis 

 has order . (It can be shown that every non-Abelian group of size  for 

an odd prime  is isomorphic to Heis  or to this Sylow subgroup of 

) [3].  

Proposition 2.1 For any prime , Heis  is the unique Sylow subgroup 

of the group of invertible upper-triangular matrices  

          (2.1) 

in  . 

Proof. This matrix group, call , has size , so Heis  is a 

Sylow subgroup of . To show it is the only Sylow subgroup, the relation in 

 are not adequate. They tell us  and , but it 

does not follow from this that  must be 1. For instance,  satisfies these two 

conditions in place of . 

  To show , we will prove Heis  . Projecting a matrix in  

onto its 3 diagonal entries is a function from  to the 3-fold direct product 
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  . This is a homomorphism with kernel Heis , 

so Heis  [3].   

Proposition 2.2 Let  be a finite field. For any prime  dividing , the number 

of Sylow subgroups of   is . 

Proof. The group   has size  and contains , which has 

size . Let  be the highest power of  dividing . Let  be the 

Sylow subgroup of  (it is unique since  is Abelian). Then  is a Sylow 

subgroup of  too and the number of Sylow subgroups of  is 

[ ] be , where  is the normalizer of  in . 

 We will show . Since  is Abelian, , so . To get the 

reverse inclusion, suppose  is in . Pick a non-identity element of , say 

. Then   =  . For this to be in  at least 

requires  , so  since . Thus .  The number of 

Sylow subgroup of  is [ ] =  [7].  

Remark 2.1 From the theory of finite fields, every finite field has prime-power size 

and for every prime power there is a field of that size. (Warning: a field of size 9 is 

not constructed as , since that is not a field. Fields of non-prime size cannot be 

constructed as quotient rings of . Another method is needed). Any prime power 

 (mod) occurs as the number of  Sylow subgroups of a finite group. For 

example ,  (mod ) and there are 81 different Sylow subgroups of 

, where  is a field of size . 

 It is an interesting question to ask if the congruence condition (mod) 

from  is the only constraint on Sylow counts: for 

  with (mod) is there a finite group in which the number of Sylow 

subgroups are ? The answer if affirmative when  using  , so we only 

consider  When  the answer is affirmative using dihedral group: when 

 is odd a Sylow subgroup  of  has order  and the elements of order 2 

are precisely the  reflection, so the number of Sylow subgroups of is . 

What if ? Any prime power (mod) is the number of Sylow 

subgroups of some finite group (explicitly). But for  there are (mod) 

which do not arise as a Sylow count. For example, there is no finite group  in 
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which   or   or  for prime . This is 

proved . 

1. Let  for any Sylow  of , is a Sylow of  and all Sylow of 

 arise is this way in particular, . 

2. If a group has a unique Sylow subgroup for same prime , then any subgroup 

and quotient group have a unique Sylow subgroup [4].      

  

 

Chapter - III  

Methodology 

 

We will use the following theorem & result for doing  my objectives.  

Theorem 3.1.1 If a finite group has at most one subgroup of any size, then it is a 

cyclic group. 

Proof. Our argument has two steps: use  to reduce the theorem to the prime 

power case, and then settles the prime power case.  

Step 1: Let  be a group with a unique subgroup of each size. In particular, for each 

prime  we obtain by  that  has one Sylow subgroup. Each Sylow 

subgroup is normal since . Then, for different primes  and  dividing , 

the elements of the Sylow and Sylow subgroups commute with each other by 

corollary (1.2). 

 Any subgroup of a group  has at most one subgroup of any size (otherwise  

itself would have two subgroups of the same size). Suppose we knew the theorem for 

all groups with prime power size. Then, for each prime  dividing , the 

Sylow subgroup of  has to be cyclic. Choose a generator  of the Sylow 

subgroup of . The order of  is the size of the Sylow subgroup of . These  

has order equal to the product of the sizes of the Sylow subgroups of . This product 

of sizes is , so  is cyclic. 

Step 2: We are now reduced to verifying our theorem for groups with prime power 

size. The Sylow theorems will not be used further. 

Let  where  is prime , and assume  has at most one subgroup of 

each size. To show  is cyclic, we argue by induction on . If  then  has 

prime size so it is cyclic. We now suppose that and the theorem is proved for 

all groups with -power size less than  which have at most one-subgroup of each 

size. 

 Since  is a nontrivial group with -power size, it has nontrivial center. Pick 

(by Cauchy) an element  of order  in the center of . Then  is a subgroup of  

 with order , so it is the unique such subgroup. Since every nontrivial subgroup of 

 contains a subgroup of size  by Cauchy, every nontrivial subgroup of  contains 
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. Since a lies in the center of ,  is a normal subgroup of . We 

therefore can consider the group , whose size is . Let show  has at 

most one subgroup of any size. For any subgroup  of  , let  be the inverse 

image of  in  (all the elements of  which reduce to  ). Then  contains , 

has  times as many elements as , and . If  is a subgroup of  

with the same size as  then  ( we define  from  in the same way as 

 is defined from  ), so  since  is assumed to have at most one subgroup 

of any size. Reducing back modulo , we get 

 =  =  =  in  . By induction,  is cyclic group : 

      =    

Then every element of  has the form  for some , and  since 

  is nontrivial. Since  is a nontrivial subgroup of , it must contain 

. Therefore , so  is a power of . This implies  is cyclic, which 

settles the theorem for groups of prime-power size.    

Remark 3.1.1 If every Sylow subgroup is cyclic, the group need not be cyclic. Try 

 with odd . The finite groups whose Sylow subgroups are all cyclic can be 

classified. If every Sylow subgroup is cyclic and there is just one Sylow 

subgroup for each prime  dividing  then  is cyclic. This is the basic reasoning 

in the proof of theorem (3.1.1) 

 Here is another application of  to prove a similar theorem . 

Theorem 3.1.2 Let  be a finite group such that for each  dividing , the 

equation  in  has at most  solutions. Then  is cyclic.  

Proof. We again argue in two steps: reduction to the prime power case using  

and then the prime power case.   

Step 1: Let  be a prime dividing  and  be the largest power of  in . 

Every  of -power order in  has order dividing  (all orders divide , so 

 is a solution to . Let  be a Sylow subgroup of . It provides us with 

 solutions to this equation, so by assumption these are all the solutions. Therefore 

all elements of -power order are in , so  is the only Sylow subgroup. 

The hypothesis on  passes to any of its subgroups, such as its Sylow subgroups. If 

we knew the theorem for groups of prime-power size then we get cyclicity of the 

Sylow subgroups, so  is cyclic by the same argument as in step1 of the proof of 

theorem (3.1.1). 
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Step 2: We now verify . We want to show  is cyclic. If  and  

then  has a nontrivial normal subgroup of order  (such as a subgroup of order  in 

its center). Lifting this subgroup of   back to  gives a normal subgroup  with 

 and [ ] = . We can repeat this with  in place of , and so on, so a 

maximal proper normal subgroup of  has index  in . Let  be such a subgroup, 

so . The equation  has  solutions in , so by hypothesis 

these are the only solutions to this equation in . Therefore any element of  

does not have order dividing , so its order must be , which shows  is 

cyclic.   

 

3.2 Commutativity Properties Based On  

All groups of order  are Abelian ( See the handout on conjugation in a group). 

Cauchy's theorem can be used to show all groups of order  with primes  and 

(e.g.,  are Abelian (and in fact cyclic). The Sylow theorems 

provide further tools the show all groups of a given size are Abelian.  

Theorem 3.2.1 Any group of size 45 is Abelian. 

Proof. Let  be a group have size 45. In , a Sylow subgroup has size 9 and a 

Sylow subgroup has size 5. 

Using ,  

 ,   , and  

 ,    

Therefore  has normal Sylow and Sylow subgroups. Denote them by  and 

 respectively, so  and . Then  is Abelian and  is cyclic (thus 

Abelian). 

The set  = {  }is a subgroup of  since  and  are normal 

subgroups (we really only need one of them to be normal for  to be a subgroup). 

Since  contains  and   as subgroups, Lagrange tells us  is divisible by 

both 9 and 5. Therefore . Since  and  are both Abelian, we will know  is 

Abelian once we show each element of  commutes with each element of .This 

commutativity is corollary (1.2).  

Remark 3.2.1 The reader can check that the same argument shows any group of size 

 with primes  and  is Abelian. Examples include 

 and  . 
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Theorem 3.2.2 Let  and  be primes where  and . Then any 

group of size  is cyclic. 

Proof. Let  , where  and . By Cauchy's theorem,  

has an element of order  and an element of order . Let  and  . 

  These subgroups have size  and  respectively, Sylow and Sylow 

subgroups of . Using the Sylow theorems, we will show  and  are both normal 

subgroups of . It then will follow from corollary 1.6 that elements of  commute 

with elements of . Then, since  and  commute and they have relatively prime 

order, their product  has order . As  ,  is cyclic. 

 By ,  and  . The only choices are  or . 

Since  (by hypothesis) we must have , so  is the only 

Sylow subgroup and is thus normal in . 

 By ,  and . The only choices are  or . 

Since , the congruence condition on  implies . Therefore  is the 

only Sylow subgroup and is thus normal in .   

 

3.3 Normalizers Of Sylow Subgroups 

The normalizers of Sylow subgroups occur in : the number of  Sylow 

subgroups is the index of the normalizer of a Sylow subgroup. We record here 

some additional properties of Sylow normalizers. 

Recall we write  for the set of Sylow subgroups of . It will be 

convenient sometimes to denote the normalizer of a subgroup  as  rather 

than as  to stress the overlying group in which the normalizer is being computed. 

Proposition 3.3.1 Let  . Then  is the unique Sylow subgroup of 

 and  is the largest subgroup of   with this property.  

Proof. Since  ,  for  says any Sylow subgroup of 

 is  for some . By the definition of , . So  is the 

unique Sylow subgroup of .  

 Now suppose  and the only Sylow subgroup of  is . For 

,  is a Sylow subgroup of , so . Thus , so 

.  

Theorem 3.3.1 Let  and  . 

  [Frattini argument] If   and   then . 

  If  then . 

Note  is a Sylow subgroup of , not necessary of .  
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Proof. Pick . Since  and , . Then by  for the 

group  there is an element  such that , so . 

That means ,so .    

 Thus .  

If  then , so  . Thus , so . 

The Frattini argument is very useful in finite group theory (e.g., in the study of 

nilpotent groups). We will apply the second part of theorem (3.3.1) several times in 

the next section. 

Normality is not usually transitive: if  and , it need not follow that 

 (this is illustrated by [ [ ). Theorem (3.3.1) gives a setting 

where something like this is true: a normal Sylow subgroup of a normal subgroup is 

normal subgroup.   

Example 3.3.1 Let  and . There is a unique 

Sylow subgroup of , so it is normal in , and thus normal in . Thus the 

Sylow subgroup of  lies in every Sylow subgroup of  (but is not itself a 

Sylow subgroup of ). 

Corollary 3.3.1 Let  . If  then  and 

[ ] .. In particular  . 

Proof. Since  is a Sylow subgroup of  and ,  is a Sylow subgroup 

of . Then, since , theorem (3.3.1) (with  in place of ) implies 

 . The reverse inclusion is obvious, so . 

Since , the normalizer of  in  is also  (that is, ). 

By  and  applied to  and to , we have  

 = [ ] , 

 = [ ] =[ ] . 

Thus their ratio, which is [ .  

 

3.4 Non-Trivial Normal Subgroup 

The consequences of the Sylow theorems in this section are cases where the size of  

forces  to have a nontrivial normal subgroup (usually, but not always, a normal 

Sylow subgroup). This topic is a popular source of exercises in algebra textbooks, in 

part because it can be used to determine all groups of various sizes up to 

isomorphism. For instance, near the end of this section we will find all groups of size 

105. 

Proposition 3.4.1 If , where  are distinct primes, then  has a 

normal Sylow subgroup. 
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Proof. Read the proof of theorem 3.2.2, where it is shown that . This part of 

the proof did not use the congruence condition   from that theorem, 

so  whether or not that congruence condition holds. 

The following lemma does not involve the Sylow theorems, but will be used in 

conjunction with the Sylow theorems to prove more theorems about the existence of 

normal subgroups.  

Lemma 3.4.1 If  has  subgroups of size , it has  elements of order .  

Proof. In a subgroup of size , all nonidentity elements have order . 

Conversely, any element of order  generates a subgroup of size . By Lagrange, 

distinct subgroups of size  must intersect trivially, so their nonidentity elements are 

disjoint from each other. Therefore each subgroup of size  has its own  

elements of order , not shared by any other subgroup of size . The number of 

elements of order  is therefore .   

Proposition 3.4.2 If  then  has a normal Sylow  or Sylow  

subgroup. 

Proof. By , , so  or 3. Also , so  or 4. We want to show 

that  or . 

Assume , so . Since the Sylow have size 3, lemma 3.4.1 says  

has  elements of order 3. The number of remaining elements is 

12-8=4. A Sylow subgroup has size 4, and thus fills up the remaining elements. 

Therefore  . 

Since  implies , either  or  is 1. In proposition 3.4.2, it need not 

happen that both  and  equal 1 when . For example,  has  

and , while  has  and .  

Theorem 3.4.1  If  then  has a normal subgroup of size 4 or 8. 

Proof. Let  be a Sylow subgroup, so . Consider the left multiplication 

action  .Set  to be the kernel of 1. Then  

   , so  

  embeds into , so [ . That is 4/ . 

This tells us  or 8. Since  is the kernel of 1, .   

Example 3.4.1 Let . The number of Sylow subgroup is 3, so  does not 

have a normal subgroup of size 8 (corollary (1.1)). Theorem (3.4.1) then says  must 

have a normal subgroup of size 4. Indeed, one is  

    {(1),(12)(34),(13)(24),(14)(23)}. 

There are other subgroups of size 4, such as <(1234)>, but they are not normal.  
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Example 3.4.2 Let . This group has size 24 and a normal Sylow 

subgroup. 

Theorem 3.4.2 If  then  has a normal Sylow and Sylow  

subgroups:  and .  

Proof. Pick  of order 2. Since , left multiplication  is 

product of 15 transpositions, so its sign is -1. Therefore the composite sgn 

 is onto, so the kernel is a normal subgroup of  with size 15. Call it 

. Then  is cyclic (theorem (3.2.2)). Its Sylow and Sylow  subgroups are 

normal in  (since  is Abelian), so they are also normal in  by theorem (3.3.2). 

 

Remark 3.4.1 Up to isomorphism there are 4 groups of order 30: , , 

  and . 

Theorem 3.4.3 Every group of size 105 has normal Sylow and Sylow  

subgroups. In other words, every group of size 105 has unique subgroups of size 5 

and 7. 

Proof. We will first prove  or . Then we will refine this to  and 

.  

 By ,  

 ,   or 7 , 

 ,   or 21 , 

 ,   or 15 . 

Could  and ? If so, then  and .Using lemma (3.4.1), 

the number of elements with order 5 is 21.4=84 and the number of elements with 

order 7 is 15.6=90. Since 84+90 > , we have a contradiction, so  or 

. In either case we will show  has subgroup with order 35. 

 Suppose  and let  be the normal Sylow subgroup of . Then 

, so  is a group of size 21. The pullback (i.e., inverse image) of the 

Sylow of  under the natural homomorphism  is a subgroup of   with 

size 7.5=35. 
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 Now suppose  and let  be the normal Sylow subgroup of a group 

. The group  has size 15. Under the natural map , the pullback of a 

Sylow of  is a subgroup of  with order 5.7=35. 

 We have proved, whether  or , that  has a subgroup of order 

35. Such a subgroup has index 105/35=3 in . This is the smallest prime factor of , 

so the subgroup is normal in  (see the handout on group actions). Denote is as . 

Any group of size 35 is cyclic, by theorem (3.2.2), so  is cyclic. In particular, any 

Sylow subgroup of  is a normal subgroup of , so theorem (3.3.1) tells us any 

Sylow subgroup of  is also a normal subgroup of . A Sylow or Sylow  of 

 is also a Sylow or Sylow  of , and therefore  their normality in  implies 

 and .  

Theorem 3.4.4 Any group of size 105 is isomorphic to , where . 

Proof. Let . By theorem (3.4.3) we have . Let  and  

denote the Sylow or Sylow  subgroups of . Let  be a Sylow  

subgroups of . Then the product set  is a subgroup of  with size 21. 

Since ,  is a subgroup of  with size 105, so . It remains to show 

, that is, elements of  commute with elements of .  

 Consider the conjugation action of  on  (this makes sense since . 

It gives a homomorphism . Since  has size 21, this 

homomorphism is trivial, elements of   fix elements of  by conjugation. Thus 

elements of  commute with elements of .  

Corollary 3.4.1 Up to isomorphism there are two groups of size 105. 

Proof. From the handout on applications of Cauchy's theorem, there are two groups 

of size 21 up to isomorphism. One is Abelian (the cyclic group) and one is not. Using 

these for  in theorem (3.4.4) gives two groups of size 105, one being Abelian (in 

fact cyclic) and the other being non-Abelian. 

Theorem 3.4.5 If , where  are distinct primes, then  has a 

normal Sylow subgroup unless , in which case  has either a normal 

Sylow or Sylow subgroup. 

 The size 36 is a genuine exception: here  and  has . 

Proof. Without loss of generality, . By Sylow theorems,  and 

, so  or . If  then the Sylow subgroup is normal. 

Now suppose . Then , so . Since , 
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the congruence forces . As consecutive primes,  and , which 

shows for  that . ( The reader who doesn't care too much about this 

theorem can skip the rest of the proof, which analyzes the remaining case 

.) 

 For the rest of the proof, let . Then  or 4. We will show that 

if  then . Assume  and . Since ,  has no 

subgroup of size  (it would have index 2 and therefore be normal, so a Sylow 

subgroup would be normal in  by theorem (3.3.1), which contradicts ). 

Since ,  is non-Abelian. Our goal is to get a contradiction. We will try to 

count elements of different orders in  and find the total comes out to more than 

elements. That will be our contradiction. Let  be a Sylow subgroup in , so 

[ . Let multiplication of  on  gives a homomorphism 

. Since  the kernel  is nontrivial. Since , 

either  or . Since  does not equal , so . 

 Since , we can make  act on   by conjugation. This a 

homomorphism . If this homomorphism is onto (that is, some 

elements of  conjugates on  in a nontrivial way) then the kernel is a subgroup of 

 with size 18, which  does not have. So the conjugation action of  on  is 

trivial, which means every element of  commutes with the elements of , so 

. Then , so the size of  is one of the numbers in  {3,6,9,12,18,36}. 

Since  is non-Abelian and a group is Abelian when the quotient by its center is 

cyclic, . If  then the product set  is a subgroup of size 

18, a contradiction. So we must have 

, which means . Now we start counting elements with various 

orders. The center is a 3-Sylow subgroup of , so by the conjugacy of 3-Sylow 

subgroups every 3-Sylow subgroup contains . Any two different 3-Sylow 

subgroups have  as their intersection, so we can count the total number of elements 

of 3-power order: .(9-3) = 27. 

 Let  have order 2. The product set  is Abelian of size 6, so  is 

cyclic. A cyclic group has a unique element of order 2, which must be . Therefore 

when  and  are different elements of order 2 in , the groups  and  

have  has their intersection. So each element of order 2 provides us with 2 new 

elements of order 6. Let  be the number of elements of order 2 in , so there are at 
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least  elements of order 6, giving at least  elements in total with order 2 or 6. Since we 

already found 27 elements with 3-power order (including the identity), 

, or . We can get an inequality on  in the other direction: 

. Indeed, no element of order 2 lies in , so some conjugate of an 

element of order 2 is a second element of order 2. so . 

 Since { is even (by MacKay's proof of Cauchy's theorem) and this number is 

 is odd, so . Therefore  has 3 elements of order 2, so that at least 

 elements of order 2 or 6. Adding this to 27 from before gives 

, so each element of  has 3-power order 2 or 6. In particular, the 

Sylow subgroup of  is isomorphic to  (no elements of order 4 in 

). Then different Sylow subgroups meet at most in a group of order 2, which 

gives us 5 elements of order 2 from both subgroups. We saw before that there are 

only 3 elements of order 2. This is contradiction.    

 

Chapter -IV 

Result And Discussion   

4.1 Sylow Numbers Of Subgroups And Quotient Groups. 

How do the numbers  behave when we pass to subgroups and quotient groups?   

Theorem 4.1.1 Let  be a subgroup of . For any , there is a conjugate 

 such that . 

Proof. We give two proofs. The first will use the Sylow theorems for  (and ). The 

second, somewhat longer, will not use the Sylow theorems for . 

 For our first proof, note  is a -subgroup of , so by the Sylow theorems 

for  there is a -Sylow of , say , containing . As  lies in a -Sylow of , 

 for some . Therefore . This intersection is a -

subgroup of , so it has to equal . 

  

For our second proof, note that for any  the intersection  is  

 a -subgroup of . For it to be a -Sylow subgroup of  (our goal) we need the 

index [ ] not to be divisible by . Consider the left multiplication action 

of  on . The set  has size , which is not divisible by . Therefore some left 

coset  has an -orbit with size not divisible by . We are going to show the -

orbit of  has size [ ] so  is a -Sylow subgroup of . 

To count the size of the -orbit of  we compute : 

 = {  
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        = {    

                                        = {  

                                        = . 

By the orbit-stabilizer formula, the size of the -orbit of  is 

 = : .  

Example 4.1.1 Let  of size 12. Let  of size 6. A 2-

Sylow subgroup of  has size 2.One 2-Sylow subgroup of  is  while 

 is trivial,  is a 2-Sylow in .  

Example 4.1.2 For a prime , let  and . One -

Sylow subgroup of  is , which meets  trivially. However, since: 

 =  ,  is a -Sylow subgroup of . 

Remark 4.1.1 Since the second proof of theorem 4.1.1) did not use the Sylow 

theorems for , it means that the existence of Sylow subgroups of a group implies the 

existence of Sylow subgroups of any subgroup. In particular, we can show a finite 

group has a -Sylow subgroup by embedding it in a larger group where it might be 

easier to write down a -Sylow subgroup. 

 For example, every finite group can be embedded in a symmetric group 

(Cayley's theorem). To be precise, the left multiplication action of  on  gives an 

embedding of  into , where . Therefore if one can construct , 

for any prime , a -Sylow subgroup of each symmetric group we obtain the 

existence of a -Sylow subgroup of every finite group.  

Corollary 4.1.1 Let . For any -Sylow  of ,  is a -Sylow of  and 

all -Sylow of  arise in this way. In particular, . 

Proof. By theorem (4.1.1), there is a  such that  is a -Sylow in . Since 

 is normal subgroup of , 

   . 

Therefore  is a -Sylow subgroup of .    

 Let  be a -Sylow subgroup of . Pick a -Sylow of , say , which 

contains . Then  , and  is a -Sylow subgroup of , so . 

 
 There is an extension of corollary (4.1.1) to certain non-normal subgroups. 

Suppose  (perhaps  is not normal in ). If  is a Sylow subgroup of  

then  is a Sylow subgroup of , so ( )  is a Sylow subgroup 

of . It is left to the reader to show every Sylow subgroup of  arises in this way. 

This can be extended to any subgroup which is at the bottom of a chain of subgroups 

increasing up to  with each one normal in the next. Such subgroups are called 
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subnormal. For example, in  the subgroup  satisfies  so 

 is subnormal in  but not normal in . The condition on a subgroup  

that  is a Sylow subgroup of  for any Sylow subgroup  of  is actually 

equivalent to  being subnormal. This was the Kegel-Wielandt conjecture, and its 

proof depends on the classification of finite simple groups. 

 We now show the inequality at the end of corollary (4.1.1) is true for all 

subgroups of a finite group. 

Proposition 4.1.1 Let  be a finite group and  be a subgroup. Choose a prime . 

Distinct -Sylow subgroup of  do not lie in a common -Sylow subgroup of . In 

particular, . 

Proof. Let  and  be distinct -Sylow subgroups of . If they lie in a common -

Sylow subgroup of  then the group <  , > is a -group and it lies in . However 

its size is too large, since it is a -subgroup of  which properly contains the -

Sylow subgroup .  

 If we associate to each -Sylow subgroup of  a -Sylow subgroup of  it 

lies inside of (there is no canonical way to do this if we have choices available) then 

this correspondence from  to  is one to one, so .  

Theorem 4.1.2 Let . For any -Sylow  of ,  is a -Sylow of . The 

group  is a -group (either because every element  has -power order or because 

. Using the inclusions 

   , , 

the first one shows [ ] = [  and the second one shows [ . 

Therefore  is a -Sylow of . 

 Now we show every -Sylow of  has the form  for some -Sylow  of 

 Let  and write  for some subgroup  containing . Then 

[  . Choose , so  too by the 

previous congruence. Then  is a subgroup of . It is also a -Sylow subgroup of 

 by the previous paragraph, so . 

 Corollary (4.1.1) and proposition (4.1.2) tell us the maps  

and  gives by  are surjective. By comparison, although 



Journal of Missan Researches, Vol (12), No (24), 2016 
 

 43 

 for any subgroup , there are no natural maps between 

 and  when  is non-normal in . (The function  

in the proof of theorem (4.1.1) is not natural in any way.) 

 The inequality  can't generally be refined to divisibility. For 

example,  and . As an exercise, decide if  or  

when . 

Corollary 4.1.2 If a group has a unique -Sylow subgroup for some prime  then 

any subgroup and quotient group have a unique -Sylow subgroup. 

Proof. Theorem (4.1.1) and proposition (4.1.2), upper bound on the number of 

-Sylow subgroup in any subgroup or quotient group of the group is 1, and there is at 

least one -Sylow subgroup in any subgroup and quotient group of the group by the 

Sylow theorems. 

 Proposition (4.1.2) gives another proof of corollary (4.1.1) since  is a -

Sylow subgroup of , its size [  is the highest power of  in 

[ . Since  is the highest power of  in , we conclude that  is the 

highest power of  in   so  is a -Sylow subgroup 

of . 

 The proof of the next theorem is a nice application of the preservation of the 

Sylow property when intersecting with a normal subgroup (corollary 4.1.1). 

Theorem 4.1.3 Write , where  is not divisible by 2. If  has a cyclic -

Sylow subgroup then  has a normal subgroup of size . 

Proof. Every -Sylow subgroup of  is cyclic (they are isomorphic to each other), so 

each 2-subgroup of  is cyclic since each one lies in a -Sylow subgroup. 

 We prove our theorem by induction on . First we show that  has a subgroup 

of index 2 (necessarily normal). Consider the action of  on  by left multiplication. 

This is a homomorphism . There is an element of order  in . Left 

multiplication by this on  is a permutation consisting of  disjoint -cycles. Since 

 is odd, this permutation is odd. Thus the composite map sgn  is onto. 

Its kernel is a normal subgroup of 

index 2. Let  be this kernel, so . 

 If  we are done,  is a normal subgroup of  with size . This part 

repeats the case when  from the proof theorem (  4. 2) suppose . The 

intersection  is a -Sylow subgroup of  (Corollary (4.1.1) so it must be 

cyclic). Therefore, by induction,  has a normal subgroup  of size . We will 

show , which will end the proof. Note  is the unique subgroup of  with 
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order , if  is another one then (since ) the set  is a subgroup with 

odd order (its size divides  but its order exceeds . That is too big. For any 

, , so  by the uniqueness of  as a subgroup of 

 with its size.   

Remark 4.1.2 Theorem (4.1.3) is also true if  is odd and 2 is replaced by the 

smallest prime factor of . 

Corollary 4.1.3 If  where  is odd then  contains a normal subgroup of 

size  and all elements of order 2 in  are conjugate to each other. 

Proof. A -Sylow subgroup of  have size 2, any two elements of order 2 generate 

conjugate subgroups by SylowII, and therefore the elements themselves are 

conjugate.   

Example 4.1.3 A group of size 70 has a normal subgroup of size 35. 

Example 4.1.4 For odd , all reflections in  are conjugate and there is a normal 

subgroup of size . Of course this is something we already know by explicit 

calculation is dihedral groups, but corollary (4.1.3) puts this situation into a larger 

context. 

 

4.2 Application Specific Group. 

we call a group simple when it is nontrivial and its only normal subgroups are the 

trivial subgroup and the whole group. For example, a group of prime size is simple 

for the crude reason that it has no subgroups at all besides the trivial subgroup and the 

whole group. An Abelian group of non-prime size is not simple, since it always has a 

proper nontrivial subgroup, which is necessarily normal. Thus any simple group other 

than a group of prime size is non-Abelian. 

 Simple groups can be characterized in terms of group homomorphisms, as 

follows 

Theorem 4.2.1  A nontrivial group  is simple if and only if any nontrivial group 

homomorphism out of  is an embedding. 

Proof. Suppose  is simple. Let  be a homomorphism, with  for 

some . Then the kernel of  is a proper normal subgroup of . Since  is simple, 

its only proper normal subgroup is trivial, so the kernel of  is trivial, which means 

 is an embedding. Conversely, suppose all nontrivial homomorphisms out of  are 

embedding. If  and  then the reduction map  is a homomorphism 

with kernel . The image is not just the identity, so by hypothesis this is an 

embedding. Therefore the kernel is trivial, so  is simple.  

Theorem 4.2.2 The group  is simple.    
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Proof. We want to show the only normal subgroups of  are (1) and . 

There are 5 conjugacy classes in , with representatives and sizes as indicated in the 

following table:  

Rep (1) (12345) (21345) (12) (34) (123) 

Size 1 12 12 15 20 

 

If  has a normal subgroup  then  is a union of conjugacy classes including (1) 

whose total size divides 60. However, no sum of the above numbers includes 1 is a 

factor of 60 except for 1 and 60. Therefore  is trivial or . 

The proof of theorem (4.2.2) required knowledge of the conjugacy classes in . We 

now prove  is simple using much less information: its size and that it has more 

than one -Sylow subgroup. The result will apply to any group with the same two 

properties. 

We will get a contradiction. Our argument will use many of the previous 

consequences we drew from the Sylow theorems (to groups of size 12,15,20 and 30). 

First we show  is not divisible by 5. Assume , so  contains a 

-Sylow subgroup, which is also a -Sylow subgroup of  since . 

Because , Sylow II shows all the -Sylow subgroups of  lie in . Let  be 

the number of -Sylows in  (which we know are all subgroups of ). Since  and 

,  or 6. Because  by hypothesis, =6. Therefore  

contains 6 different subgroups of size 5. Counting elements of  with order 1 or 5, 

lemma (3.4.1) says 

     . 

Since  is a proper factor of 60, . But then, by theorem (3.4.2)  has 

only one -Sylow subgroup. This is a contradiction of =6, so  is not divisible 

by 5. This means : 

      {2,3,4,6,12}. 

If  equals 6,  contains a normal -Sylow subgroup. If  equals 12 then 

proposition (3.4.2) says  contains a normal -Sylow or -Sylow subgroup. A 

normal Sylow subgroup of  is a normal subgroup of  by theorem (3.3.1). Because 

such a normal subgroup of  has size 3 or 4, which is one of the possibilities already 

under consideration for , we are reduced to eliminating the possibility that 

 or 4. 
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If  equals 2,3 or 4, let , so  is a group with size 30,20 or 15. By theorem 

(3.2.2), a group of size 15 is cyclic and thus has a normal -Sylow subgroup. By 

theorem (3.4.1) a group of size 20 has a normal -Sylow subgroup. By theorem 

(3.4.2) a group of size 30 has a normal -Sylow subgroup. Therefore in all cases  

contains a normal -Sylow subgroup, say , with  5. 

Consider the projection . Set . Since  , . Since , 

 is a proper normal subgroup of . Since  sends  onto ,  is divisible by 5. 

But we showed earlier that  contains no proper normal subgroups of size divisible 

by 5. Since all choices for   have been eliminated, there is no such . Thus  is 

simple.  

The next result shows that  is the only simple group of size 60, up to isomorphism. 

(In total, there are 13 groups of size 60 up to isomorphism). The proof will use 

. 

Theorem 4.2.3 Every simple group of size 60 is isomorphic to . 

Proof. Let  be a simple group of size 60. To prove  is isomorphic to , we will 

make  act on a set of 5 objects and then show this action is given by the even 

permutation of the 5 objects. 

We seek an action on cosets. Suppose  has a subgroup  with  (i.e., 

, so the left multiplication action of  on the coset space  give a 

homomorphism: 

    . 

The kernel of  is a normal subgroup of , and therefore is trivial or is  since  is 

simple. If  is in the kernel of  then , so . In particular, the kernel 

of  is a subgroup of  and therefore the kernel cannot be . Thus the kernel of  is 

trivial , so  is an embedding of  into ,  is isomorphic to its image . In 

particular, is a simple group of size 60. Let is prove this image is . 

 If  then  contains an odd permutation. That means the sign 

homomorphism: 

    

is surjective, so its kernel is a normal subgroup of  with index 2. However,  

doesn't have such normal subgroups since it is simple. (Remember,  give an 
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isomorphism of  with )  We conclude that all elements of  have sign 1, so 

. Both groups have size 60, so . 

 We have shown that if  has a subgroup  with index 5 then the left 

multiplication action of  on the coset space  gives an isomorphism of  with . 

The rest of the proof is devoted to showing  has a subgroup with index 5. 

Step 1: For any proper subgroup , [ ] . Thus . Let . 

The left multiplication action of  on  gives a homomorphism . 

Since  is a proper subgroup and  is simple, this homomorphism has trivial kernel. 

(The reason follows as before, when we were only concerned with index 5 

subgroups: the kernel is a subgroup of  and therefore is a proper normal subgroup 

of , which must be trivial since  is simple.) Therefore we have and embedding of 

 into  so . This can happen only when . 

Step 2:  has a subgroup with index 5. We use  for primes 2,3 and 5. They 

tell us that : 

  }, }, , 

if  then  says there is a subgroup of  with index 5 and we're done. 

What should we do now: show the only other possibility, that , leads to a 

contradiction? Instead we will show that if  then there is a second way to 

show  has a subgroup with index 5. 

Assume  By lemma (3.4.1),  has  elements order 3 and 

 elements of order 5. This is a total of 44 elements, which leaves at most 

 elements that can lie in the Sylow subgroups of . Each 

Sylow subgroup of  has size 4 (and thus is Abelian), so if  then we 

have 15 different subgroups of size 4 squeezed into a 16 element subset of . These 

Sylow subgroups cannot all pairwise intersect trivially (otherwise there would be 

 non-identity elements among them). Pick two different Sylows, say  

and , which intersect nontrivially. 

Let . Both  and  are Abelian (they have size 4), so  is a normal in 

each. Therefore the normalizer of  in  contains both  and , so it has size 

properly divisible by 4. The normalizer of  is not all of  since  has no proper 

nontrivial normal subgroups. Since proper subgroups of  have size 1,2,3,4,6  

or 12 the normalizer of  has size 12 and thus [ . 
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Since , we know after the proof that the assumption  in the last 

paragraph does not actually occur.    
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