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Abstract: In this paper, we present a new complex double integral transform namely "Complex Double Sadik Transform",
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1. Introduction

Partial differential equations are critical in
mathematical physics, The heat, wave, Laplace,
Poisson, telegraphy and Kelin-Gordan equations are
examples of fundamental equations in mathematical
physics, that occur in a variety of branches of
physcis, and

including applied mathematics

engineering, [1] .

Lots of researchers have presented many papers in
double integral transform and their applications in
partial differential equations and their applications
in engineering, physics and other fields of life,[1-
41,[7].
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The researchers Emad A. and Eman A. Mansour
2022 double SEE
transform,[3]. In addition to, the researchers Saed
M. Turq and Emad A. Kuffi

double of the Emad-Falih transformation and its

presented in integral

presented in 2022

properties with some important applications,[7].

The aim of this paper is to find the solution of linear
partial differential equations by using (applying) a
transformation

new complex double integral

(Complex Double Sadik transform).
Definition 1.1. [5] Sadik transform:

The Sadik integral transform of g(t) is defined as:
1
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1 (= .
Salg(0)] = F0%, ) = — fo gD~ dt

Where v is a complex variable, a is any non zero

real number, and g is any real number.

Definition 1.2. [6] The Complex Sadik Transform
(CST) denoted by the operator S5{.}, the transform

form is as follows:
1 r® -
$5[9(0] = FG“p) =5 | 9@ " de
0

Where s is a complex variable, a is a any nonzero

real number, and £ is any real number.

Definition 1.3. A New Complex Double Integral
Transform denoted by the operator D¢{.}, the

transform form is as follows:
D[f (x, )] = F (u,v)

1 [o0] [o0] . « «
=—— f(x, £)e {0 gy,
(uv)ﬁ_fo -[0

Where u,v are a complex variables, a is any non

zero real number, and g is any real number

2. A New Complex Double Integral Transform
Properties

In this Section, we introduce the new Complex
Double Integral Transform of some famous

functions:

1 Letf(x,t)=1,then

1 ©re .
c _ —i(u%x+v%t)
De[1] = (uv)ﬁfo fo le dtdx
1 (0] [ee]

= le gy . — 1e~vtqt
ub J, vh J,

= Sa[1] - Sa[1]
—i —i

= uatB  patp

_ -1

- (uv)‘”ﬁ

2 Let f(x,t)=x"t™, where n,m are

positive integer numbers, then

D¢[x"t™] = #I f xtMme t v ) grqy
w)b J, ),
= uiﬁ : xMe gy viﬁfm tme~v gt
0 0

= Salx™] - sale”]
= (—i)nHW' (=

(_l-)n+m+2n! m!

una+(a+[3) . vma+(a+ﬁ’)

|
ym+1 :
l)m vma+(a+ﬁ)

3 Let f(x,t) = e™*Pt where a, b are real

numbers,then

Dc[eax+bt] — ( 1)ﬂ foo foo eax+bte—i(u“x+v”t)dtdx’
uv b o

1 (@ L 1 (@ .
- _j e Xy _f ebte—w tdt
uf ) vP Jy
= Sg[e™] - s¢[e™],
-1 a ' u ]—1 b + v®
B (o R ) R B [ S R o
1 (a+ iu*)(b + iv*")
 (u)f | (w2 + a?) (2 + b?)

4 Let f(x,t) = e~ @+ then

B 1
" (w)f
— %j‘ e—uxe—iu"xdx . %f e—bte—iv“tdt

o o
= Sle™] - s;[e™]
-1 -a . u® -1y -b . v*
3 [(uu T (—a)z)] R [y R T o)
1 (a - iu")(b - iv")

Dc[e—(ax+bt)] J' J' e—(ax+bt)e—i(u“x+1l"t)dtdx
()

5 Let f(x,t) = e'(@¥+b8) then
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Dc[ei(ax+bt)] 1 J»°° J»°° ei(ux+bt)e—i(u“x+v”t)dtdx
(uv)# (I
— l e—ix(u”’—a)dx . i e—it(v“—b)dt
uf vh Jy
- i# ~ix(u*-a) i#e—it(v”—b)
uf -i(u® - a) o VP =i(v® - b) .
_1 ! 0-1 ! 0-1
T ub—i(u® - a) [ ]vﬁ —i(v® - b) [ ]
B -i —i
" uB(u® - a) vE(v® - b)
B -1
" (uw)P(u® - a)(v* - b)
6 Let f(x,t) = e {(@*¥+bD) then
Dc[e—i(ux+bt)] - 1 jw jw e—i(ux+bt)e—i(u"‘xw“t)dtdxl
w)fly
— lj. e—ix(u"+a)dx . if e—it(v”+b)dt
uf ), vh ) '
- l 1 e—ix(u“+a) l 1 e—it(v"+b)
uf -i(u® + a) o VP =i(v" +b) .
1 1 -1 1 1 e
T uB-i(u® +a) [ ]vl" —-i(w* + b) 0-1
B —-i —i
T ubut + a) vB(v* + b)’
-1

- (uv)P(u® + a)(v* + b)’

7 Let f(x,t) = sin(ax + bt), then

1 e :
D¢[sin(ax + bt)] = Wj j sin(ax + bt)e @ O didy
0 0
gllaxsbt) _ griax+ht)

20

o roo [hi(ax+bt) _ ,-i(ax+bt)
— 1 e e ] e—i(u”xw”t)dtdx
w)f by h 2

_ Zli[Dc [ei@ D] — Dc[e—i(ax+bt)]]’

, we know sin(ax + bt) =

_ 1 -1 -1
T2 I(uv)”(u“ -a)(v* - b) * ()P (u® + a)(v* + b)]
1 -1(u® + a)(v* + b) -1(u® - a)(v* - b) }

T2 (uv)f(ue — a?)(v2e - b%) * (uv)P(u2® - a?)(v2® - b2)
. av® + bu®
N l[(uv)l‘(uz" - a?) (v - b?)

8 Let f(x,t) = cos(ax + bt), then

D[cos(ax + bt)] = Wf f cos(ax + bt)e W+ O gy
o o
el@ibt) | g-iax+he)

2
ei(ux+ht) + e—i(ax+bt)

2

, we know cos(ax + bt) =

“wrl [

_ %[Dc[ei(aﬁbt)] + Dc[e—i(ux+bt)]]
S A —
2 |(uv)f(ue - a)w* - b)  (uv)f(u® + a)(v* + b)
1 -1w*+a)@" +b) -1(u* - a)(v* - b)
= 2 )P~ )~ 1) ()P — ) (e w}
_ —(u™v" + ab)
" )P - ) - )

} e*i(uanv"t)dtdx

"2

9 Let f(x,t) = sinh(ax + bt), then

00

1 ® i(4% 4+
D¢[sinh(ax + bt)] = ) f j sinh(ax + bt)e @+ gy
o Jo
© oo [,(ax+bt) _ ,—(ax+bt)
- 1 f j € e e—i(u“x+v”t)dtdx
wo)f Jy )y 2

- % [Dt[e(ux+bt)] _ Dc[e—(ux+bt)]]
1
(uv)f
1
(uv)f

(a + iu®)(b + iv*)
(u2® + a?)(v2® + b2)
(a - iu®(b - iv*")
(u?® + a?)(v2® + b2)
. av® + bu®
B l[(uv)l’(uz“ +a?)(v?e + b?)

1
)

10 Let f(x,t) = cosh(ax + bt), then

1 0 00 o
D[cosh(ax + bt)] = Wj j cosh(ax + bt)e i@ ¥+ dedy
o Jo

elax+ht) 4 o-(ax+ht)
, we know cosh(ax + bt) = >

“wrl |

— %[Dc[e(aﬂbt)] + Dc[e—(ax+bt)]]

(ax+bt) —(ax+bt)
L} e—i(u”x+v"t)dtdx
2

[ 1 (a+ius)b+iv?) |

_ 1| (uw)f |2 + a?)(v* + b?) |

2[ 1 (a - iu*)(b - iv*) J
(uv)B | (u?® + a?)(v?@ + b?)

B ab — u*v®
T (uv)P(u + a2)(v2® + b2)

3. Summarization
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The new complex double integral transform for

some basic functions in the following table:

Table 1: The new complex double integral

transform for some basic functions

Function Complex Double Sadik transform
f(x,t) De[f (x,1)]
-1
1 (uv)“"'ﬁ

x™"t™, m,n €z

ax+bt

sin(ax + bt)

cos(ax + bt)

sinh(ax + bt)

cosh(ax + bt)

(_L-)n+m+2n! m!

una+(a+B) . 1Jmoz+(oz+[§')

1
(uv)?

(a + iu®)(b + iv¥)
(u2® + a2)(v2@ + p2)

. av® + bu®
' [(uv)ﬁ(uz"‘ —q?)(v2e — bz)]

—(u*v* + ab)
)P (w?@ — a?) (2% — b?)

. av® + bu®
: (uv)B (u2® + a2)(v2® + b2)

ab — u*v®
(uv)B (U2 + a?)(v2® + b2)

4. Theorem and proof

c fxt) — 1 . f(x 1) —i(u"x+vt)
P [ ox ]_(uv)l‘_[) _L o ¢ dtdz,

_ 1 ® -iv"t 1 maf(x’t) —iu%x
_Wfo e Wfo e " dx]dt,

——————— e

Integration by parts

o of (x, t
Let{=e¢"™"dy = f‘()x )dx

d{ = —iute ™ *dxn = f(x,t)

- ifm o it i eji:alf(x’ t)|o ' dt
T W)l WF\ e f Flx e w5 dx
0

B LJ“’ e ey + ﬂfm flx, t)e ¥ dx| dt
W) Jy L T

-l f ’ e (0, Ot + i | — f ’ f ’ f(x e " Ddedx
uf |(v)f ) (uv)f (]
1
= —u—ﬂF”(O, v) + wF(u,v).
0%f(x,t) 1 (*ft) 0. a
c - —i(ux+v"t)
D [ ox? (uv)f J; J; ox? ¢ did,
1 1 ("&#f(xt) .
- -t —iu“x
= (v)”J; e [(u)ﬂJ; o2 e " *dx]dt,
= Imegraﬁ:n-hy parts -
it ¥f(x,1)
Let{=e"*dy = o dx
a af(x, 1)
dl = —iu®e (g -
4 iu‘e xn 0
1 ™ 1 L Of (0" f“’ﬁf(x,t) Ca
[ -t |_ "~ | p-iu®x a —iux
(v)ng; e w? (e ax + iu A R e dx || dt,
1 ™ 1 L af(xe)” iu"f"" of(x,t) .,
- -t | ,-iu®x _ —iu' xd dt,
(v)ﬂJ; @’ e L S S PR

1 (® . 1900 iu"f“’ﬂf(x,t) »
- —ivtr_ _ —iux
(v)ng; e [(u)l‘ % +u" NP e " dx]dt,
h_l;eE";ion by pan__/
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of (x, t) 2f(x,t) 1 (™ df(x0)
_ —m x c 4 _ 1(u“x+v“t)
Let{ = dn = 0 D o |~ Gy f fo o dtdx
d{ = —iue ™ *dxy = f(x,t) 1 s (x, t)
© - —iutxr_ —iv%t
o Rt e ) ¢ (v)f*f T
(v)ﬂ 0 (u)B ax lntegranonby parts
i —iu®x i i —iu®x . hg t
+u—B(e fx, t)| +iu f f(x,te dx) dt Let{ = et dy = 2(; ) 4t
? i f(xt
- Lf gt [ L 0f(0.8) 0 = —iveetdey = TEY
O O ot )
" [ —iu%x = LJ.OO —iux L —we (1) i J'w At e
+u7(—f(0, t) + iu fo flx,t)e dx)] dt, T wh, € P\ 8t o i , et e’ dt | dx,
00 0 @ a o
L f [ 1L U0 ) L,; f s L,; e @O wﬁ f fxt) ’“’a'dtld
(V)” (wf o (O ®) o 1, v ot
@ “>Z _ 1 f g L Y0 v f LG
f(O t) + J; f(x, t)e ™ *dx| dt, = wr A - (U)B ot +— 7 ___af_ o d_t_djf,
1 1 © a 6[(0, t) il 1 foo it ] Integration by parts
=-—f—| et -—|—| et iy of (x,t
W (v)ﬂfo w | wwp) & 09 Letg = ey - LD

d{ = —iv*e ™tdty = f(x,t)
1 f e_l.u,,x[ 1 af(x 0)

+(iu®)? |—

- —%W— iFf(o V) + (9)2F (u, v). T @f WF ot
in yenergi_lw . N N +%<e‘i""‘f(x, B, + v fo fx, t)e“'""‘dt)]dx
letab = o nfl'")”u" axn(_z'v)+(iu“)z# =Lfm s 1 9f(x0)
n c B B ot
[6 f(fl t) = (iu")"F*(u,v) —l[ab+'--+ (iu“)"‘zw+ (U™ 1Fe (0, v)|. iS‘t) ’ (V)m
ox dx +V7<—f(x,0)+iv“ f f(x,t)e-i""‘dt) dx,
n-kpc
Ia f@ t)]_(l g, ”)‘_[Z( yeyet in(‘; v) _wa _iuaz[ 1 9f(x,0)
“wrh ¢ ey e
9 1 (9 B a)zf 0 “”dt]d
DC[ f(ax’ t)] - Ff f fgx D etwtsrogeay, oI fx e "
AT T Lo EW .
= WJ(; e_i"nx[WJ' at' e—ivﬂtdt]dx - (v)ﬂ (u)ﬂ A ot VB (u)ﬁ o !
1 (° e .
@ —i(u®x+v®t)
Let ‘-: ity = df‘(t:; t) +(iv")* oy f j f(x,t)e dtdx],
® 1 0F°(u,0) iv® . 2ec
- (u)[} —m“ [( )p( —iv"‘tf(x' t)|: + ivaj f(x, t)e—iv"tdt> dx = v/' at ——F (u 0) + (w )ZF (ll U)
. b [P 1 (CTI P
1 _iuty f(x 0) e W+ ) g d
= W fo e o f f(x.te” dt] dx dtox (m,)ﬁf fo dtdx tdx

1

_V_ﬂ + "

wp f ’ f eZ f(x, e W Oy |

1 (® .
Wf e 3 f(x, 0)dx

1 ? —iu®x 1 a f(x t) —w"
(u)j e [(v)ﬁf 3tox tdt]dx,

—— e ——— —

lntegratmn by parts
aZ
fy)
otox
e af (xt)
LP it
d{ = -ivte "tdty P

— L ? —iutx |_— | p-ivt af(x‘ t)
b e
— L ” —iu®x 1 —iv® af(x t)
" Tl e
- _l L ? —iux af(x' 0)

1]5 (H)BJ' € ox
= 1;18 OF gz 0 +iv [ FC(O v) + iuF(u,v)|,

C
__LF@mo) i 1FC(O ) + i2u e F (u, v)

1 indRC
= _v_ﬂF (u,0) + iv*F°(u,v)
Let{ = e ™t dpy =

° CU (0, t) . .
+ iv® f Me‘"’ ‘dt)] dx,
0 b Ox

J af(x t) et dt

iv®
o dx,

0

(uv)ﬂ 6x
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In general
N CCT5) - [P @,0) 7 w0) o 8"F(,0)
D [ T } = (iv")"F*(u,v) b e 6t"’2 + (iv") Yo
T (1 s ; )+ (™)™ 1F(u, 0)]
0"kF°(u, 0)
- aQ\nRc _ a\k-1
or = (iv")"F(u,v) [Z (iv") TN

D [azm] o105 gy,

f o 8Ef(xt)
oxdt 0

(uv)ﬁ oxdt
—w”t 1

o 92 f(xt) -
(u)ﬂf iu® *dx ]dt

Bxi)t
Integranon by parts

Let{ = e dp = aaf)gtt) dx

d{ = —iute " *dxy = af;:t)

N I R gy ] [07)]
(v)ﬂ -[0 it [W(e iux o

OR f

+ iu® fw Me“"‘m"dx)] dt,

e I ey af(xt) o af(xt _iy®
(v)ﬂ -[0 it [(u)/i e ux o . uB X o i xdx] dt
_ _ip® 1 af(Ot) " oo Bf(xt) iy
‘Wfo vt _W o uﬂf iu' xdx] dt
- _J[Wfo et afe(::t) [(uv)l‘ fo : afe():t) e_i(uamut)dtdx]‘
= :ﬁaFéf”) [ —F‘(u 0) + iv®F¢(u, v)]
—:—BOFC;;”) it —F(u, 0) + i2uv"F(u, v).
Tabel(2): Summarization
Function Complex Double Sadik transform
fxt) DE[f (x, )] = F(u,v)
af (x,t) 1 . o
R uBF 0,v) + iu*F¢(u, v)
%f (x,t) 1 0F°(0,v) w® . R
oz _u_ﬁT__F 0,v) + (iu*)?F°(u,v)
a"f(xt) , " kFe(0,v)
7 (lu“)”FC(u,v) Zk 1(lua)k lT
af (x,t) 1 . goc
T vﬁF (u,0) + iv*F¢(u,v)

% —%% - %Fc(u, 0) + (iv%)?F°¢(u, v)
% (v)"F(w,v) = —% | Xk=1 (vt %
% —%w - iFC(O v) + i2u*v*F°(u, v)
7620];(;:) - uiﬁw - %Fc(u, 0) + I2u“v*F°(u, v)

Theorem 4.1. Let F¢(u,v) is the complex new
of flx,t)(F¢(u,v) =

transform
D¢[f (x,t)]), then

integral

¢ [ @] _ e aynge _ 1y o ayk-1 k(o)

D [—Bx" ] = (luM)"F(u,v) =5 [Zk=1 (iu") T )
[ (xb) . o eoak—1 0" FFCw0)

D [ P ] = (iv*)"F°(u,v) — [Ek=1 (iv®) pre ] 2)

Proof. Firstly, We want prove (1) by mathematical

induction
1 forn=1
1-kgpc
[aféxx t) — ( ua)lFC(u 'U) __[z (l a)k 1%

1
= uF(u,v) - u—BF”(O, V)
Thus, true forn = 1
2 Assume true for n = m that mean
= ((u®)™F°(u, v)

b [am f(x,t)

ax™

dxm— T a,om-k

3 wewanttoprove (1)forn=m+1
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0'"+1f(x t) [amf(x, t) D¢ a'"+1f(x t) amf(x t)]
Tgamtl 6x oxm Coaem | at otm
e [P D) L@ o mfx ) 1 amF(w,0)
= xm ] W o = W [ | T g
™ kFe(0,v 1 9™F°(0,v 0™ F(u,0)|| 1 0™F°(u,0)
= iu® | (iu®)™F*(u, v) ——[Z (fu®)k-1 xm(" ) -7 ax('" ) = iv® | (iv")™F¢ (u, v) ——[Z (iv®)k-1 YT ~ o
amkpe(0,v)] 1 9™FC(0, v amkpew, 0)] 1 9™F(w, 0)

— (i@ \m+1gc _ s a\k ! — (jp?ym+igc _ s\ k
= (fu")™1F (u, v) o7 LZI (iu®) Py T o (iv")™1F¢ (u, v) o8 kzl (iv*") amk UB am

amKFe(u,0)  AMFC(u,0)

amkFe(0,v)  AMF(0, v)]

m m
1 1
— (i +1 _ 2 o ak —_(; +1 _ E - ayk
= ()™ 1F (u, v) 7 Ll (iu®) Py + o = (iv®)™HF¢ (u, v) 7 Ll (iv®)

otm-k atm
m-k m-kpc
= (iua)"Hch(u’ 'U) _ z ( a)ka aFmEO 1}) - (iva)m+1Fr(u‘ 1)) _ Z (l u)ka a::m(:*(l 0)

m+1

, , o™ k=DF (u, 0)
i an-t-De 0, ) = (i)™ (u,v) - - Z (i1 —
= (i)™ 1F(u,v) - — z (iu®)k-1 =1

T e

m+1 m+1

am+1 kFc 0 v am+1 kFc u, 0
- (iu")"‘“F‘(u, v) _ z (l a)k 1 xm+1(k ), — (wa)m+1F (u v) _ ,8 Z (w“)" -1 tm+1(k )
ot [y
=D [W =D [ o
So Theorem is true forn € N So Theorem is true forn € N

Finally, We want prove (2) by mathematical 5. Example

Induction Example 5.1. Consider the following partial
1 forn=1 differential equation
c = 3)
PfEO] eoir O7FE (1, 0) Ure = Unx (
D[~ —(w)F(u.v)——IZ( yo B
. h conditions
= iv*F°(u,v) — —BFC(u, 0)
v u(x,0) = sinx, us(x,0) = 2
Thus, true forn = 1 u(0,t) = 2t,u,(0,t) = cost
2 Assume true for n = m that mean Solution:
O™ f (x,t) we take Double complex Sadik transform in
DC[ — = (iv*)™F°(u,v) )
ot Equation (3)
™ *F¢(u,0)
- ak—-1
v [Z (l ) atm= ook Dc[utt] = Dc[uxx]
3  We want to prove (2) forn =m + 1 we obtain



MJPS, VOL.(10), NO. (1), 2023

_viﬁaF gtt’o)—%Fc(u,o)ﬂivo‘)ch(um) functional, integral and partial differential
1 0F°(0,v) i equations. Int. J. Appl. Comput. Math, 2, 223-241.
=————2——F°0,v)
uf  ox uf

T u)F ) [2] Eltayeb, H., and Kilicgman, A., 2010. On double

‘ . sumudu transform and double laplace transform.
()R, v) + ()2 (1, ) = T 4 ey, 0) - OO0 W )
(W - 2P () = 300 4 pe(y, 0) - S EOD_ Bopeg, )

Malaysian Journal of Mathematical Sciences, 4(1),

17-30,
substitute F€(u, 0), F€(0, v), 2% ang 220 _ _
0x ot [3] Kuffi, E. A., and Mansour, E. A., 2022, Solving
obtain partial differential equations using the new integral
(2% — v2)Fe(u,v) = -2 w1 1 -t W' -2 transform "double see integral transform". Journal
T pBuetB T B uB(u2e — 1) uBvB(v2e —1) ub p2etf ] ]
e aveen 2 it it 2ive Of physics: Conference Series, 2322(1), 1-5.

(e ~ V) n) = - uw)fu ()P (u2® - 1) * (uv)B(v?e - 1) * (uv)Pv2e

o _ pa\pe(y ) 22 ot W 4] Patil, D. P., 2020, Dualities between double
(w ~ v ) = (uv)fv2e  (uv)Pus ¥ ()b - 1)  (uv)f(u2e - 1) [4]

integral  transforms.  International ~ Advanced

2i tu* 1 ] ; iv* 1 1 ]
() lv2e  u|  (uw)flv*e-1 ule-1
Zi(uZa _ vZa) iva(uZa _ 1JZ(Jz)

wyvae P -De* -1  Technology IARJSET, 7(6), 17-30,

(u?® - v2)Fe(u,v) =
Research Journal in Science, Engineering and
(u?® - V2 )F¢(u,v) =

Division by u*® — v*¢, we get [5] Shaikh, S. L., 2018, Introducing a new integral
Fo(u, ) = 2i transform: Sadik transform. American International
' (uv)fv2ay® Journal of Research in Science, Technology,

iv® Engineering Mathematics, 22(1), 100 — 102.
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