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Abstract

The present study focus and define a new kind of covering dimension and show some relations with other
concepts using the (N —open ) sets in topological space. The current paper obtain some properties and characterization

of this covering dimension.
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1-Introduction:

The dimension theory begin with "dimension
function" which is a role d defined on the class of
topological spaces such as d(X) is an integer or o

,with the properties that d(X)=d(Y) if X and Y are

homeomorphic and d(R") =n for each positive integer

n. The dimension functions take topological spaces to
the set {-1,0,1,...}.The dimension functions
ind , Ind ,dim investigation by A.R. Pears 1975 [2].

We define a new type of covering dimension and
clear some of relations to other concepts using the N-
open sets in topological space and recall the definitions
of (dim). Then we introduce the dimension functions,
N —dim using N —open sets. Follows by studing
some relation between them. some results relating these
concepts are proved .

2-N —OPEN SETS

Al Omari A. and Noorani M. in [1] introduce new

class of set called N —open sets.

Prove that the family of all N —open establishes a

topology. Moreover, they obtain a characterization and
preserving theorems of compact spaces.

Definition 2.1[1]: A subset A of a space X is said to
be N —open if for every x e A,there exists an open
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subsetU, < X containing x such that U —A is a
finite set. The complement of a N —open subset is said

to be N —closed and denoted by A" .
The family of all N —open subsets of a space (X, 7) is

denoted by 7" .
Clearly every open is N —open but the converse is not
true, see the following example.

Example2.2.: Let X ={a,b,c},z ={{a}, X, ¢} .The

N —open sets are:

¢, X {a} {ol{a,c},{a,b}, {c}{b,c}. Thenfa,b} is an
N —open set, but it is not an open.

Theorem 2.3[1]: Let (X,7)be a topological space,
then (X,z")is a topological space.

Corollary2.4[1]: Let (X,7r) be a topological space.
Then The intersection of an open set and N —open set
is N —open .

Proposition2.5[3]: Let X be a space ,Y < X if B is
an N —open set inX, then BMNY isan N—open in

Y.
Proposition2.6[4]: Let X be a space ,Y be an
N —open setof X ,if Aisan N —open setinY , then

Aisan N —open in X.
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Definition2.7: A space X is called N —normal space
if for every disjoint closed sets F,F, there exist
disjoint N —open sets V,,V, suchthat F, cV,,F cV, .
Definition2.8: A space X iscalled N”—normal space
if for every disjoint N —closedsets F,,F, there exist
disjoint open sets V,,V, such that F cV, , F, cV,.

Remark2.9:1t is clear that N=*-normal space is
normal, and every normal space is N —normal space .

Example 2.10: This example shows that a

N —normal space is not need to be normal in . Let
X ={a,b,c,d,e},
r={p,X,{a},{c,d},{a,c,d},{a,b,d,e},{d},{a,d}}. The
N —open sets are (every sub sets of X ) . It is clear

that X is N —normal space but is not normal. In
Fact the closed sets {c},{b,e}cannot be separated by

opensetsin X.

Remark 2.11: Example 2.2 shows that a normal space

is not N"—normal in general . It is clear that X is
normal space since there exist no disjoint closed sets .
Hence it is N —normalsince every normal space is
N —normalon the other hand , X is not

N —normal since there are no disjoint open sets
which separate the N —closedsets {b},{c}.

Proposition 2.12: A space X is N —normalspace if
for every closed set F in X and open set U such that
F < X there exists an N —openset W such that
FcW QWN cU.

Proof: It is clear that F,U° are disjoint closed set in
X . Thus since X is N —normal space then there
exist disjoint N —open sets W,V such that F W,

— —N

U°cV  then FcWcW Ve =VicU.
Conversely, let F,F, be disjoint closed sets in X .
Then F, is open set , F, c F,. Thus there exists an

N —openset W such that F,cW cW' < F¢. Then
F,cW,F,cW' W W" are disjoint N —open sets .

Sothat X is N —normal space .

By the same technique we can prove the following
Proposition .
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Proposition2.13: A space X is N —normal space if
and only if for every N —closedset F in X and
N —open set U such that F cU , there exists an open

set W suchthat FcW cW ' cU.

Theorem 2.14: Let X be a topological space, Then the
following statements are equivalent:

(@ X is N"—normal .

(b) Each point — finite N —open covering of X is
shrinkable .

(c) Each finite N —open covering of X has locally

finite closed refinement.

Proof:(a) —(b) Let {G;}  be a point — finite

N —open covering of N™—normal space X and let
A be well — ordered . We shall construct a shrinkable
of {G,} by transfinite induction . Let x be an

element of A and suppose that for each A< u . We
have an open set U, such that U; <G, for each
A<p, U, U,UU_G,=X.Let x beapointin X
. Then since {G,} is point finite , there exists a
largest 2. , say , of A suchthat xeGy.If 2> x4 then

xeU;»,Gy, whilst if X< u then
XGU],SZUJ_ CU;K#UZ.' Hence
Ui U UU | Gy =X. Thus G, contains the

complement of U,,U,UU_G, since X s

N” —normal ,there exists an open set U, such that

X\UjuUaUU | Gr)cU, cUu Gy Thus

UycG, and u._uu UzsuGi=X . The
construction of a shrinking of {G,} is completed by
transfinite induction .

(b) —(c) Let {G,:ae A} be a finite N —open
covering of X, then {G, :ax € A} is a point — finite
open covering of X therefore, there exists {U_ : a € A}
an open family of covering of X, such that U, cG,

for each @ e . Therefore {U.:aen} is a locally
finite closed refinement of {G, : & € A}.

(c) —(a) Let X be a space such that each finite
N —open covering of X which has a locally finite
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closed refinement and let A,B be disjoint N —closed
sets of X . The covering {X\A, X\B} of X has a
locally finite closed refinement F . Let E be the union
of the members of F disjoint from A and let G be the
union of the members of F disjoint from B, then E
and G are closed sets and EUG=X. Thus if
U=X\EW=X\C, then UW are disjoint open
sets AcU, BcW . Hence X is N"—normal space .

3- On N - Covering Dimension ( N-dim):

Definition 3.1[2]:The order of a family {A,}  of
subsets , not all empty , of some set is the largest
integer n for which exists a subset 4 of A with n+1

elements such that (M A, is notempty, oris « if there

Aeu
is no such largest integer. A family of empty subset has
order —1.

Definition 3.2 [2]: Let X be a topological space , then
dimX=-1 ifand only if X =¢, and if n is a positive
integer or 0 then we say that dim X <n if and only if
every finite open cover of X has an open refinement of
order <n oris « if there is no such integer .

This suggests the following definition:

Definition 3.3: Let X be a topological space , then
N—-dimX=-1 if and only if X =¢, and if n is a
positive integer or 0 then we say that N —dim X <n if
and only if every finite open cover of Xhas an
N —open refinement of order <nor is « if there is no

such integer .

Remark 3.4: Since each open set is N —open, then it

follows that N —dim X <dim X.
Theorem 3.5: Let X be a topological space. If X has
a base of sets which are both N —open and N —closed

, then N—-dimX=0. For a T, —space the converse is

true .
Proof: Suppose X has a base of sets which are both

N —open and N —closed. Let {U,}*, be a finite open
covering of X . It has an N —open refinement W, if
W eW then W c U, for some i. Let each W in W be
associated with one of the sets U, containing it and let
V, be the union of those members of W thus associated
with U,. Thus Vi is N —open set, and hence {Vil},
forms a disjoint N —open refinement of {U,}*,. Then
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N —dim X =0. Conversely suppose X isa T, —space

such that N—dimX=0. Let xe X and G be an
opensetin X suchthat xeG. Then {x} is closed and

{G, X —{x}} is a finite of open cover of X . So it has an
N —open refinement of order 0. Let C, be the union
of N—open sets in G and C, be the union of the
N—-open sets in X-—-{x}. Then C/NC,=¢,
c,Uc,=X and C,C, are N-open , and
N —closed setin X. Thus xeC, =C, <G and C, is
N —open and N —closed setin X and hence X hasa
base of sets which are both N —open and N —closed

sets.
It is known that if X is a topological space with
dim X =0 then X is normal .

Theorem3.6:Let X be atopological space. If

N —dimX =0,then X isa N —normal.

Proof : Let C,,C, be disjoint closed sets in X , then
{X\C, X \C,} is a finite open covering of X . Since
N —dimX =0 then it has N —open refinement of

order Osay C. Let H be the union of it such that
N —open disjoint from C, and let G be the union of it

such that N —open disjoint from C,. Then H, G are
N—-open sets , HUG=X, HNG=¢ so that
Hc X\C,GcX\C,. Thus C,cH° =G and
C,cG°=H and since HNG=¢, then X is
N —normal space .

Remark 3.7: Let X ={a,b,c},z={g, X, {a}{c},{ac}}.
In this example show that dimX=N-dimX=0.
Since X is the open cover of X and it is the only open
refinement of it , then dimX=0 and since

N —dimX <dimX , X #¢, then
dimX=N-dimX=0.
The following example shows that dimX=

N —dimX=1.

Example 3.8:Let X ={a,b,c,d}and let a base for a
topology of X consisting of the sets{a},{d},{b,d}and
{c,d}.Then {a} {b,d}{c,d}} is an open and N —open
refinement for every open covering of X. So that

dimX<1and N—-dimX <1 .But X is non empty ,
not normal and not N —normal[since {a,c},{b} are

disjoint closed sets but there is no disjoint open or
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N —open sets G,H such that {a,c}cH ,{b}=G] so

that dimX>0, N-dimX>0 Hence
dimX=N-dimX=1.

The following example shows that
dim X =N —-dim X in general:

Example3.9: Suppose

Xm:{(x,y)eRz:y:mx,meZ*,y>0,x>O}, and

k
let X ={0} U(ulxm). Let a_ be the point of
m=

intersection of the line y=mx with the circumference
of the unit open disc D with center 0, a, ¢ D . Denote
the topology of X, by T,, take a base for a point
xeX,, x+a, tobe the family of open intervals
containing x but not a,, and the base for a, is X, .

k
Let T be the topology on X generated by UT, and
m=1

the base at 0 family D. It is clear that X is not
normal space , since {0}, D° are disjoint closed sets but

there exist no disjoint open sets separate them . the
finite open cover of X are X or {X,:m=1,....k}UD
, and hence {X,:m=1....k}UD is a finite open
refinement for every open cover of X which is of order
<1 and since X is not normal , then dimX>0and
hence dimX=1.Now let {G,} be a finite an open

cover of X, if one member G, =X then {X} is a
finite refinement of N —open setsand N—-dimX =0 ,
otherwise at last one G, > D call it G,, > D. Moreover
for each m, at least one G, say G,, > X, because the
only open set containing a,, is X,,. There is no loss of
generality if we suppose that G,is an open interval
when  A#Ae,A4...4,,...4 eah X \{a,}is a
collection of open intervals: DU{ [a,,),...,[a,,) }
is an N —open refinement, since each [ai,oo) is
N —open set for each i and since this N —open

refinement are disjoint, then N —dimX=0. Thus
dimX =N —-dimX.
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Figure Shows dim X # N —dim X

Theorem 3.10: If A is both open and closed subset of
X then N—-dimA<N—-dimX.

Proof : Suppose that N —dimX <n. Let {U,,.....,U, }

be an open covering of A . Then for each i
,U, = ANV, where V, is an open set in X . The finite

open covering {V,,...,.V,, X \ A} of X hasan N —open
refinement W of order <n. Let V={W N A\W eW}.
Then Vis an N —open refinement of {U,,.....,U, } of
order <n . Thus N—-dimA<n.

Theorem 3.11[2]:If X is normal space, the following
statements are equivalents :

(@) dimX<n

(b) For each family of closed sets {C,,...,C,,} and each
family of open set {U,,..,U,,} such that C, cU,

there exists a family {V,,...,V, ,} of open sets such that
J— n+l
C.cV,cV, cU, foreach i and Nb(V,)=¢.
i=1

(c) for each family of closed sets {C,,...,C, }and each
open family of open sets {U,,..,U,} such that each
C,cU, there exists families {V,,.,V,} and
{W,,... W, } of open sets such that
C cV, c\7i cW, cU, for each i and the order of the

family {W1 IV Wi IV, } does not exceed n—1.
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Theorem 3.12:If X is N"—normal the
following statements are equivalents :

@ N-dimX<n

(b) For each family of closed sets {C,,...,C,,,} and each
family of open set {U,,..,U,,} such that C, cU,

there exists a family {V,,..,V_,} of open sets such that

110rny

space

C, <V, <V, cU, foreach i and ?ﬂjb(\/i)zqﬁ.

(c) for each family of closed sets {C,,...,C, }and each
open family of open sets {U,,..,U,} such that each
C,cU, there exists families {V,,.,V,} and
{W,...W,}  of open sets such that
C, cV,cV,cW, cU, for each i and the order of the

family {W:/V,,... W /V, | does not exceed n—1.

Proof:(a)—(b) Suppose that N -dimX<n. Let
C,,...C,,, beclosed sets and let U,,...,U_ , be open sets

n+l
such that each C, —U,. Since N —dim X <n, the open
covering of X consisting of sets of the form
{H,,...H,,}, where H,=U, or H,=X\C, for each

i , has a finite N —open refinement {Wl,...,Wq} of

n+l

order not exceeding n . Since X is N”—normal , there
is a closed covering {Kl,...,Kq} such that each

K, cW. foreach r=1..,q .Let N, denote the set of
integers i such that C, W, =¢ for r=1..,q , we
can find open sets V, for i in N, such that
K, <V, Vi cW. and Vi cV, if i<j. Now for
each i=1..,n+1, let V, :LrJ{\/ir\ieNr}' Then V, is

open, and C,cV,, forif xeC, and xeK, , then
ieN, sothat, xeV, <V, . Furthermore if ieN,
so that C,NW. =¢ , then W_ is not contained in
X\C, so that W.cU, . Thus if ieN,, then

V, cU;so that , since Vi=UVi\ie N,} , it follows

that V, c U,. Finally suppose that x e ?rjlb(\/i). Since
b(V;) cU{b(V,)\ieN, } , it follows that for each i
there e>;ists r, such that xeb(v, ). And if i= j,
then r,#r, for if r=r =r then xeV; and xeV

but xeVi and xe\7,-r, which is contradiction ,
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since either or Vi cV, . Foreach i, xeV, so that

xe K, .But {K,} isacoveringof X and
so there exists r. different from each of the r, such

that xeK,_ cW,_. Since xeVi, , it follows that

n+l

for i=1..,n+1,so0 that xe(W, . Since

i=0

the order of {W3} does not exceed n.

n+l

b)) =¢.

(b)—(¢) Since each N” —normal space is normal ,
then (b)—(c) by Proposition 3.12 .

(¢)—(a) Since each N" —normal space is normal . then

we get N —dim X <n by Proposition 3.12. And since
N —dimX <dim X, hence N—-dimX<n.

xeW,

Hence

Theorem (Uryshon's Lemma) 3.13[5]:For every pair
A B of disjoint closed subsets of normal space X
there exist a continuous function f:X — 1 such that
f(x)=0 for xeA and f(x)=1 for xeB , where
I =[0]].

Proposition 3.14[2]:If X is normal space, the
following statements about X are quivalents:

(@) dimX<n.

(b) for each family of n+1 pairs of closed sets
{(E,F),...(E,,,F.,) } where E,NF, =¢ foreach i,

there exist n+1 continuous function
f,: X >[-11],i=1,...n+1 such that for each i |,
f(x)=1 if xeE, f(XX)=-1 if xeF and

N10=¢.

(c) for each family of n-+1 pairs of closed sets
{(E,,F),....(E,..,F..,) } where E,NF =¢ foreach i,
there exists a family {C,,..,C,,} of closed sets such

n+l

that each C, separated E, and F, in and C, =¢ .
i=1

Theorem 3.15:1f X is N"—normal space, the
following statements about X are equivalents:

(@ N—-dimX<n.

(b) for each family of n+1 pairs of closed sets
{ (E,F),...(E,,,F.,) } where E,NF, =¢ for each i,
there exist n+1 continuous function

f,: X —>[-11],i=1...n+1 such that for each i ,
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xeF and

f(x)=1 if
n+l

01 fiil(o) = ¢
(c) for each family of n+1 pairs of closed sets

{ (E,F),...(E,,,F.,) } where E,NF, =¢ foreach i,
there exists a family {C,,...,C,,} of closed sets such

n+l

that each C, separated E, and F, in and NC, =¢ .
i=1

xekE,

fo)=-1 if

Proof :(a)—(b) If X is N"—normal space such that
N-dimX<n, and let {(E,F)..,(E,F,,) tbe a
family of pairs of disjoint closed sets. By theorem 2.13

there exist open sets V,,...,V_, and W,,...,W,_, such that

— n+l
E,cV,.cVicW,c X\F and NWi/V,)=¢ By
i=1
Urysohn's Lemma, for each i there exists a continuous
function f,: X —[-11] such that f(x)=1 if xeV,
and f(x)=—-1 if x¢W,. We note that
f10)cW,\V, cW, \V,.. Thus we have n+1
continuous functions f : X —[-11] such that f (x)=1
n+l
if xeE,, f(x)=-1if xeF and N f*(0)=4.
i=1
(b)—(c) Since each N™—normal is normal , then
(b)—(c)by Proposition 3.14 .
(¢)—(a)Since each N” —normal space is normal, then

we get dimX<n by Proposition 3.14 . And since
N —dimX <dimX. Hence N—-dimX <n.

Lemma 3.16[4]:1f X is a normal ,let A be a closed
sub space of X and let the continuous function

f,, f,: A—> S"be uniformly homotopic. If f has an
extension g,:X —S", then f, has an extension
g,: X —>S".

Theorem 3.17[4]:1f X is a normal , then dimX<n
iff for each closed set A of X, each continuous
function f : A— S" has an extension g: X — S".
Theorem3.18: If X is N —normal, then
N —dimX <n iff for each closed set A of X, each
continuous function f:A—S" has an extension
g: X —>S".

Proof :Let X be a N"—normal space such that
N —dimX <n, let A be a closed subspace of X and
let f:A—S" be given continuous function. We

regard S" as the boundary of the cube Q™ in R™
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where Q"= {teR™ \ |t|<1 fori=1..,n+1}.If
xeA let () =(f,00),.. T (X)) and for
i=1..,n+1 let E ={xeA\f(x) =1} :

F ={xe A\ f(x)=-1} . Then E,F are disjoint sets,
closed in A and hence in X , and AzﬁL_Jj(Ei UF ).By
Theorem 3.15 there exist contin;ous function
n X —>[-11] , i=1..,n+1, such that r(x)=1 if
XeE, n()=-1 if xeF and ﬁni‘1(0)=¢- Let

n:X —> Q™ by given by 7(X) = (17.(X)s-... 7,,4(X)) . I
xe A, then either xeE, for some i so that

n(x)=f(x)=1 or , xeF, for some j,
n;(x)=f;(x)=-1. It follows that we can define

continuous functions W : A—S" and h: Axl —S" by
putting W(x) =n(x) if xeA and
h(x,t) = L-t)¥P(X) +tF (x) if (x,t)e Axl. If xeA
and s,tel, then [h(x,s) —h(x,t)| =
ls—t| [¥(x) - f(x)|. Since [¥(x)—f(x)|<2vn-1 if

xe A , it follows that h is a uniform homotopy
n+l

between ¥ and f . Since N7,*(0)=¢, it follows that
i=1

7(x) c Q"™ \{0}so that ¥ has an extension to X
since S" is a retract of Q" \{0}. It now follows from
lemma 3.16 that f

Conversely since each N —normal space is normal.
Then dimX<n from Theorem 3.17 since
N —dimX <dimX.Hence N-dimX<n.

has an extension g:X —S".

Proposition 3.19[2]: If X is a normal, let A be a
closed sub space of X and let f:A—>S" be a
continuous function . Then there exist an open set U
and a continuous g:U —S" such that AcU and

gl A=f.

Proposition 3.20[2]: Let A be a closed set of normal
space X such that dim C<n for each closed C of X
which is disjoint from A. Then each continuous

function f:A—S" has an extension g:X —S"
.Then each continuous function f:A—S" has an

extension g: X —S".
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Theorem 3.21:Let A be a closed set of a N* —normal
space X such that N—-dimC<n for each closed C
of X which is disjoint from A. Then each continuous

function f: A— S" has an extension g: X — S".

Proof : Since X is N"—normal by proposition 3.19
there exists an open set U such that AcU and a
mapping 77:U — S" which extends f , and there exists

an open set V such that AcV <V cU. The set

V \V is closed in X\V and N-—dim(X\V)<n

since X \V is a closed set of X disjoint form A.
Hence by Proposition 2.20 and theorem 3.18 there

exists a continuous function W¥: X \V — S" such that
Y| VIV =p V\V. Let g:X —>S" be define as
follows :
X xeV
90 =17
Y(x) xe X \V

The definition is meaningful and the continuous
function g is the required extension of f .

Theorem 3.22:Let X bea N” —normal space and let
A Dbe closed of X suchthat N—dimA<n if B isa

closed set of X and #:B—S" is continuous, then
there exist an open set Vsuch that B<V and a
continuous function ¥: AUV — S" such that W¥|B =7

Proof: By proposition 3.19 there exists an open set U
such that B<U and a continuous function g:U — S"

such that g| B =7 .There exist an open set V such that

BcVcVcU. If V does not meet A, then let
¥:AUV 5> S" be a mapping such that lI’| A is a
constant and ¥| A=g|V . If V meet A , then
g| ANV h:A—S"
N-dimA<n. Let W:AUV —S" be the unique
mapping such that ¥| A=h and ¥| V = g| V. In both

cases W is the required extension .

Theorem 3.23: Let A be a closed set of N —normal
space X . If N—dimA<n and if N—dimC<n for
each closed C of X which does not meet A, then
dimX<n.

Proof: Let B be a closed set of X and let f:B— S"
be a continuous function . It follows from Theorem
3.22 that f has an extension g:AUB—S" . By

has an extension since
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hypothesis if C is a closed set of X disjoint from
AUB then N —dimC<n, so that by Theorem 3.21 ,

g has an extension h:X —S". Then h is an
extension of f . Thus dim X <n by Theorem 3.17
Theorem3.24: Let X bea N™—normal space and has
a countable cover {A }” where each A is closed and
N —dim A <n foreach i ,then N—dimX<n.
Proof: Let C be aclosed setof X andlet f:C —S"
be a continuous function .By Theorem 3.22 those is an
open V, such that C cV, and there is an extension
hl:\71UAl —S" of f .Next there is an open set
V, 3\71U A and there is a continuous function
hz:\TZUAZ — S" extending h (also f ) .Repeating
this procedure we get an extension h. of h, |,
h:V;UA —S" Putting g, =h|, for each i, then
we get a continuous function g,:V, »S",g,:V, »S"
,... such that gFQ,—‘vi forevery i< j and g, has an
extension over X (because A is a cover of X) . So
there is a function g: X — S" such that g= g‘vi for

each i this is continuous because each V, is open .

Hence gextends f then N —dim X <n by Theorem
3.18.
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