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1- Introduction

The nonlinear nature of most physical phenomena
such as random vibrations and nonlinear oscillation
necessitates that mathematical models have
nonlinearity in order to be closer to reality and to give
more accurate explanations that linear models
additional to the fact that these models clearly show
the characteristics of this nonlinear nature and the
most important nonlinear characteristics are.

1. Jump phenomena that are evident in your burial in
Duffing equations.

x(t) + bx(t) + cx(t) +dx3(¢t) =

Fcosvt ..(1.1)

where b,c,d are real constants, factor, b x(t) is the
damping force, Fcos(vt) be the external force and
cx(t)+dx3 (t) is the restoring force

2. Reliability between wave amplitude and
frequency which is clearly shown by the Doffing
equation

3. The presence of the limit cycle behavior and This
behavior is characterized by the following Vander -
Pol equation

x(t) —d.[1—x2(®)].x(t) + c.x(t) = 0 ...(1.2)
A local linear approximation method used to
approximate nonlinear differential equations to linear
differential equation near the fixed point of the
system gives almost better than the straight segment
approximation method, especially if the solution is
cyclic to clarify the approximate method of local
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This paper concerned with studding a stability conditions of the

proposed non-linear autoregressive time series model Known as Pareto
Autoregressive model, acronym
dynamical method Known as local linearization approximation method
was used to obtain the stability condition of a non-zero singular point of
Pareto AR (p) model. In addition, we obtain the orbital stability
condition of a limit cycle in terms of model parameters when the Pareto
AR (1) possesses a limit cycle with period g > 1.

is defined by Pareto AR (p). A

linearity, we consider the non — linear differential
equation, which is the following Vander- Pol
equation
i+ (x2—1).%x +x=0..(13)
By setting x =y and y =x% equation (1.3) will
become a system consisting of the following two
differential equations

x=y ..(14a)

y=0-x%).y-x .. (1.4b)
System (1.4a) , (1.4b) is called a two — dimensional
system the state space and the solution is the vector
(x,y)T which is called the path trajectory.
Taking the first and second terms of Tylor expansion
of (1.4) around the origin we get
" ] ]
X=X0+[5 + 5]
V=Y 00 +| 5 + o] (A -xD.y - 2)
Note that both X and Y are functions of x and y ,
thatis X = X(x,y)and Y =Y(x,y) ,and X (0,0) =
0, Y(0,0) = 0, then the system becomes
x=y
y=(-1-2xy) +(1-x?)
Or in Matrix form

A I Y R

L(x,y) U


http://tjps.tu.edu.iq/index.php/j
http://dx.doi.org/10.25130/tjps.25.2020.095
mailto:adamant.aldoury96@gmail.com

Tikrit Journal of Pure Science Vol. 25 (5) 2020

Then a local linearization approximation of the
system (1.3) near the fixed point gives
X
}’]

X x x 0 1
ol < ]
y y yl o 1-1 1
That is mean

x=y ,y=—x+y ...(1.5)

And then we get

X —x+x=0 .. (1.6)

In fact, the origin point is not the only fixed point of
the system (1,2) thus, Chen has stated that the method
of approximation to local linearity can be applied to
non — Zero fixed points. [1]

The local linearization technique can be applied to
approximate a nonlinear autoregressive time series
model to a linear one and then obtaining the stability
conditions of a model in terms of its parameters.
Many researchers were used this technique such as
Ozaki T. in 1982 and in 1985 used this dynamical
technique in studding the exponential autoregressive
model.[2],[3], in 2007 Mohammad and Salim In
studding logistic Autoregressive model.[4], In 2010
Mohammed and Ghannam used this technique in
studding Cauchy autoregressive model.[5], Salim and
Esmaeel and Jasim in 2011 used the same method In
studding stability of amplitude dependent exponential
autoregressive model.[6], in 2012 Salim and Younis
in studding the stability of a non-linear autoregressive
models with trigonometric function.[7], Salim and
Abdullah in 2014 studied the stability conditions of a
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polynomial model with hyperbolic cosine function.
[8], , Mohammad and Ghaffar in 2016 in studying
stability of conditional variance GARCH maodels.[9],
Mohammad and Mudhir in 2020 used the local
linearization technique in studding the stability
condition of exponentiaBl GARCH model by a
dynamical approach [10] .

2- Preliminaries

Pareto probability distribution function depend into
two parameters, the first one is the minimum value of
a random variable X denoted by x, and called the
scale parameter, the second parameter a be the shape
parameter and the cumulative distribution function
(c.d.f) of Pareto distribution given by

F(X,a,x,) = 1—(%”) @ X=Xy, %p>0,a>
0 ...(2.1D)

The probability density function ( p.d.f ) of Pareto
distribution is

fiX,a,x,) = T X2 X Xy >0,a>0
Figure (2.1) represents the graph of the cumulative
distribution function of the Pareto distribution with
the values of a. . [11],[12]

The smooth jump from 0 to 1 in the graph of
cumulative distribution function characterized the
nonlinear behavior of this function , then it's useful
to define and suggest the Pareto autoregressive
model which is one of nonlinear time series

a xf

pareto c.d.f for a different values of a

0.1r-

—%—a=1 H

a=0.5

90 100

Fig 2.1: graph of Pareto c.d.f with different values of a

Definition 2.1
Let {x,} be a discrete time series then the Pareto AR
(p) model is defined as follows :

Xe = X0 e+ Bl = G2 Koo+
Zt ) Zt~lldN(0,0'Zz ) e (2.2)
Where {z.;} be a white noise process, a and x,, are

shape and scale parameters, {a;} and {B;},l=
1,2,3, ....p are constants.
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Definition 2.2

Let T be a finite positive integer. A k-dimensional
vector Y* is called periodic point with period T
if Y'=fT(Y)andY" # f/(Y) for 1<j<T
Here Y* is a fixed point of f7, we say that Y* is a
periodic point with period T for some T>1. And the
ordered set {Y*, f(Y*), f2(Y*), ..., fT"1(Y")} is called
a T-cycle. We say that Y, is eventually periodic if
there is a positive integer n such that Y* = f"(Yp)
is periodic. We say that Y, is asymptotically periodic
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if there exists periodic point Y* for which
If"(Yo) = fT(¥Y)II -0 asn—>o . [1]
Definition 2.3

A singular point r of a model

Xr = f(Xr-1,Xr—2,...,Xr_p) Where f is linear or
nonlinear function is defined to be a point for which
every trajectory of the model beginning sufficiently
closed to the singular point rapproaches to it either
forT—> coor T » —oo . If it approaches to a singular
point for T — oo, then its stable singular point, and if

it approaches to a singular point for T -» —oo , then
its unstable singular point.[13], [14]

Definition 2.4

A limit cycle of a model

Xr = f(Xr-1,X7r-2,..., Xr_p) Where f is nonlinear
function is defined as an closed isolated trajectory
VY1, Y141 Y742 5+ s YT+q= YT . (2.3)

Where the period g > 1 be a smallest positive
integer such that yr,,= yr . Closed means that if the

initial value (yy,y2 .y3 ,-... , yp) belongs to the limit

CyCIe’ then(y1+kq'y2+kq' :yl)+kq) = (Y1' Y2 .¥3
sy yp) forany k € Z*. By lsolated we mean that
every trajectory being sufficiently closed to the limit
cycle approaches to it for T > coor T » —oco Ifit
approaches to the limit cycle for T — oo , then the
limit cycle is , but if it approaches to the limit cycle
for T — —oo , then the limit cycle is unstable. [13],
[14]

3- Stability condition Pareto AR(p) model

In this paragraph we study stability for the time series
model (2.2)

Whereas, the function [1—(%)“] has the

following properties

1-limy,  op F(Xeo1,0,%5) =1

2-limy, 3 F(xe-q,a,x7,) =0

The characteristic equation of the model (2.2)
represent the transition between the two Scheme
Y (e, + B) when x,_; > x, and ¥7_ a; when
Xt—g > F o

To study the stability conditions of (2,2 ) by using a
local linearization technique , we first  find the
nonzero singular point of the model by putting
x._g =1  for s=012,..,p in (2,2) and
suppressing a white noise process Z, , we get

r=sr, ot - (B2))] -
13, w= 3, A, pi()®
1_( P (g + ,b’l)):'zg)ﬂﬁz (x_m)a

r

1-(2P, (@+B) _ (xm) a
-3 B r
(., (@+p)-1 (x_m) a
B T \r
(=P, (ar+ BD)-1 1 m
Let k= ———— then ka==" andwe

22;:1 By
get
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= Xm
T = .. (3.1)

Then the non-zero singular point for Pareto AR (p)
model exists and real if k > 0, that is
(Shy (art )1

75, ..(3.2)
PROPOSITION 3.1
Pareto AR (p) model defined in (2, 2) is
asymptotically stable if all the roots of characteristic
equation

> 0

P =3 AT =0 lies inside the unit circle,
where
hy=a;+p(1—k)+akd]_ B ..(3.3)
h; = a; + (1 — k)p; for j =1,23,.....p
. (34)
Proof:

Closed to the nonzero singular point of the model we
consider the variation difference equation in the
neighborhood of r by setting x,_g = r + r,_g , where
r._s be the radius of a neighborhood such that
|rig]* =0 for n>2 ,5s=0,12,..,p in Pareto
AR(p) model (2.2) after the white noise be
suppressed we get

= T fo e (1= ()4

Te—)  ..(3.5) .
By using Maclaurin expansion of (1 +Ttr;1) we
(Y ()
1 a m —a —a

-(E) =1 () o (+22)
=1 () (-2 cam )
But 72, > 0 then
- () = () ()
=1—k<1—"“ 1): 1 -k (1-271) - phen

%— Xm

Xm

- (m)a — e (MR Wres) . (3.6)

And by substltutlng (3.6) in equatlon (3.5) we get

_ p _ ak gi/Ert_l
T+T = Zi=1[ai+ﬁi 1 k+(7xm )](r+
Te—1)

Brak ¥k r,
4= 30 f— piko+ (B o+
Te—1)
r+r= Y ar+ X an + X B+
25;1 Bire—i —

P BakVkr_qr
S Bikr = By Bk + 55
P Bk Ve
Xm
But |r,_41:—; | = 0 then
r+n=r[¥ i a+QA-kX_ 5]+

Zp_ B ak¥Vk re_qr
% + Zl o+ B (1 =) ]r_y

k
m xm + Zz L+ (1= k)BT,

T
t = Xm
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=l + @A - kB + ak¥]_ Bilreq +

Y, e+ (-, ..(37)

which is a linear difference equation of order p
the form

in

Tt == hlrt_l + hzrt_z + s hprt_p .. (3.8)
where

h=a,+B(1—k)+akY]_ B

h; = a; + (1 — k)p; for j=1,23....p

And the non-zero singular point of the Pareto AR (p)
model is stable if all the roots

of characteristic equation given
Zil hj A7~/ =0 lies inside unit circle
In the following proposition we find the stability
condition of a limit cycle when

Pareto AR (1) possess a limit cycle of period g > 1
PROPOSITION 3.2

If the following Pareto AR (1) model possess a limit
cycle of period g > 1

by AP —

a
xe=[ay+ 51— (;—ml) )| xeer+2e .39
Then the model (3.9) is orbital stable if
|1'[J 1[0:1 + B (1 —(1-a) (xt ) )] | <1 ..(3.10)
Proof:
Let  X¢, Xpy1, Xegs s Xerqg = X D€ @ limit cycle of

period g > 1, near each point of a limit cycle
x, suppose rg be the radius of a neighborhood
whose center is the point x, such that »* — 0 for
n> 2 andfors=t¢tt+1,..,t+q, by replacing
xs in (3.10) by x,+4r, for s=t,t—1 after
suppressing a white noise process we get

xt+rt:[“1+51(1_( )](xt1+
T—1) ... (3.11)
By using Maclaurin expansion of 1 — (

Xt— 1+ Te— 1)

Xt—1+Tt— )
t—-1 t—1

=1- (ﬁ)_a (1) (1 + %)'“
=1- (;i_r_nl)a (1 _%) , then

By substituting (3.12) in equation (3.11) we get

(3.12)

X+ 1 = . .
[0(1 ;‘ B, (1— (9&_1) + (xi_r:) ‘;Tt:l)] (-1 +
-1

Xm

a
X+ Tt = QqXe—q + aqTeoq + Brxe—1 (1 — (xt-1) +
a

(%) Xt—1 a a
+B17—1 (1 - (xi_ml) + (%) %)

a
X+ 1= (°<1+ B.(1— (_1) )xt—l +
BiXt-1 (xtml)a

arg_q

R R

art—q

Xt—1
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a
+oy7iq + Pi7i-1 — B1Ti-1 (x ml) +
a
Bl (xt_ ) Xt—1

But 72, —» 0 then
Xm

a
n =0 (;_1) atioq + Bitio1 — BiTi1 (xt 1) +
11 "
Xm

e = [al +5(1-10-a) (E) )] Tt-1
(3.13)

equation (3.13) is difference equation of variable
coefficients of the first order and it’s difficult to solve
exactly but we discuss the convergence of the
Tt
Tt+q
the difference equation (3.13) is stable (limy_e 7: =

0)if|

a th—l

equation (3.13) to zero by checking the ratio

Tt

<1
q

a
Let T(xXe—1) = a1+ By (1 —(1-a (%) )'
then we can write

Tty = T
Consequently

Tt+

Tt4q = T(xt+q—1)7't+q—1 =
T(xt+q—1)T(xt+q—2)Tt+q—2 =
T(xt+q—1)T(xt+q—2)T(xt+q—3)rt+q—3

And after q iteration we get
T't+q = T(xt+q ]) T't y then
rt+q

IHJ 2 T(Xerq-p)]

Flnally the difference equation (3.13) is stable if
[T, TCteeqp) | < 1

Finally, the limit cycle (if it exists) of Pareto AR (1)
model is orbitally stable if

Mafe + 8 (1= -0 (Z2))] [ <1
Example 3.1
Consider the following Pareto AR (3) model that
obtained by modelling the monthly mean Ozone data
for the years (1990- 2019)

=S [o + BiL = ED)] xmi + 20 (B115)
Where the parameter’s values are given by

a, = 1.571292 , B, = —0.178009
= —0.582187, B, = —0.337623
az = 0.066526 , B; = 0.082280
o =217.035 , a=0.772381

By using (3.2) we calculate k=0.8715 >0 , then the
nonzero singular point exists and equal to 259.2701
and by applying equations (3.3) and (3.4) we obtain
that h, = 1.2567 , h, = -0.6256 , h; = 0.0771 , and
the root of the characteristic equation
A3 —1.125674% + 0.62564 — 0.0771 =0 are
A =0.17777,2, = 053946 + 0.37772i,1; =
0.53946 — 0.37772i

Since [1,] =10.17777| < 1 and

[2,] = |25] = /(053946)% + (0.37771)2 =
V04337 = 0.6586 <1
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Then the Model (3.15) is asymptotically stable. Fig
(3.1) shows the convergence of trajectories that
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starting from different initial values to a nonzero
singular point of the model.
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Trajectory plot of pareto AR(3) with initial values

X: 67
Y:259.3

259

258 -

257 -

256

255 L r r r r
[0]

90 100

Fig. 3.1: Trajectory plot of Model (3.15)

References

[1] Tong, H.," Nonlinear Time Series. A Dynamical
System Approach”, Oxford University Press, New
York, 1990

[2] Ozaki, T, "The Statistical Analysis of Perturbed
Limit Cycle Processes Using Nonlinear Time Series
Models”, Journal of Time Series Analysis, Vol.3,
NO.1, PP (29-41), 1982

[3] Ozaki, T., "Nonlinear Time Series Models and
Dynamical Systems", Handbook of Statistics, Vol. 5,
Hannan, E. J. and Krishnailah, P.R. and Rao, M. M.,
Elsevier Science Publishers R V., PP (25- 83), 1985.
[4] Mohammad A.A., Salim A.J, "Stability of
Logistic Autoregressive Model ", Qatar university of
Science journal, Vol (27), PP (17-28), 2007.

[5] Mohammad, A. A., Gannam, A. K., "Stability of
Cauchy autoregressive model”, Zanco journal of Pure
and Applied Sci. — Sallahaddin University — Hawler
(special Issue), 2010.

[6] Salim A. J., Esmaeel k., Jasim H. T., "A study of
the stability of an amplitude-dependent exponential
autoregressive model with application", Iragi Journal
of Statistical Science, The Fourth Scientific
Conference of the College of Computer Science &
Mathematics pp (52-62),2011.

[7] Salim, AJ., Youns, A. S." A Study of the
Stability of a Non-Linear Autoregressive Models",
Australian J. Basic Appl. Sci. 6 (13), pp (159-166),
2012.

97

[8] Salim, A. G. J., Abdullah, A. S. Y., " Studying the
Stability of a Non-linear Autoregressive Model
(Polynomial with Hyperbolic Cosine Function)”, AL-
Rafidain Journal of Computer Sciences and
Mathematics, 11(1), pp (81-91), 2014.

[9] Mohammad A. A., Ghaffar M. K., "A study on
stability of conditional variance for GARCH models
with application”, Tikrit journal of pure science, (4)
21,2016.

[10] Mohammad, A. A. and Mudhir, A.
A."Dynamical approach in studying stability
condition of exponential (GARCH) model ", journal
of king saud university-science, issue 32, pp(272-

278),2020.
[11]] NORMANL SOHNSONM. “continuous
univariate distributions”, university of North

Carolina, second Edition, Vol (1), pp (573-620),
1995.

[12] Namah, M.W., “Estimating parameters Gumbel
Pareto distribution”, DIYALA JOURNAL FOR
PURE SCIENCES, 14(2), pp(53-60),2018.

[13] Ozaki, T.," Non-linear time series models for
non-linear random vibrations", Journal of Applied
Probability, 17(1), pp (84-93), 1980.

[14] Haggan, V., & Ozaki, T., "Modelling nonlinear
random vibrations using an amplitude-dependent
autoregressive time series model”, Biometrika, 68(1),
pp (189-196), 1981.



Tikrit Journal of Pure Science Vol. 25 (5) 2020 I JP S

A s pareto gigadl duhiicd gyl Js>
A dlue e a2 pubie B ¢ en sl Al
el ¢ coSi ¢ S daala ¢ Slualbilly ciswlsd] psle LS Slusll] aud
uadld)
S i)l 7 3gaty ansally 2l Jad il A i) Al Dbl 2 3sas bl Jagpd duls & Djsll o3a e il
e sydaal) el aphiad dag yd Alagy Laall Ludadll Cainl) daph sladin) L (Pareto AR(p)) =+ blais) cipms p as)ll e (SN

Go I DU gl e claleal Uy sl BN (ladd) JhaY) Lagyd sagl I Alcal atlaled Les o5l oz 3seil 4jial
Sq > 1 5l dyes Llal 4SSl Als i (Pareto AR (1)) oY) 4l

98



