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Abstract

In this paper, the equations for the inverse and direct kinematics problems of a

3—RRR'S spatial parallel mechanism (revolute - revolute - revolute -spherical ) of six
degrees of freedom with two actuated joints and four passive joints in each of three
parallel branches have been studied .

The number of solutions of the inverse kinematics problem is shown to be not
more than 64 ,and the solution of the direct kinematics problem has been shown to
reducible to a 16th order polynomial .This implies that for a given set of actuated angles

, this 3—RRR'S parallel mechanism can be assembled in at most 16 different
configurations .Further numerical computations were performed to check the algebra
and a numerical examples were solved to demonstrate the procedure .Finally a
workspace analysis and visualization scheme is also presented .
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Introduction

A parallel robot is a closed loop mechanism in which the mobile platform is connected
to the base by at least two serial kinematic chains (legs).For the past few years ,since parallel
robotic systems can offer high stiffness since the load is usually carried in compression-
traction mode only ,high load capability since the payload is carried by several links in
parallel ,a quick dynamic response and a good position accuracy due to non-cumulative join
error , they have received considerable research attention in the robotic field .Among the
many aspects of parallel robotic systems, forward position analysis has been studied
extensively but remains a challenging problem for researchers [1]. Forward position analysis
is to determine the position and orientation of the moving platform provided that a set of
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actuated joint variables is specified .Because a parallel robot usually has a limited workspace ,
trajectory planning and application development become difficult.

A six degrees of freedom parallel manipulator was introduced by Stewart in 1965 and
since then has been commonly known as the "Stewart-Gough platform "[2].An atlas of
parallel robots was composed by Merlet and can be found in the web site
[http://www.inria.ft/prisme/personal/merlet/merlet eng.html].Several researchers have
analyzed the direct kinematics of Stewart-Gough platform .Kim and Tsai [3] studied the
kinematics of 3-RPS parallel manipulator using the method of prescribed positions .Song and
Kwon [4] solved the kinematics of parallel mechanism using the tetrahedron configuration.
Hopkins and Williams [5] designed a 6-PSU parallel mechanism .Yang and his colleague
have studied the design and kinematic analysis of modular reconfigurable parallel robots like
3-RRRS using the iteration method and used analytical algorithm to determine the workspace
boundary [6] .The limitation of these methods is due to their dependent on the estimation of
the initial configuration .Hence the solutions of the forward kinematics are generally
calculated and preferred by numerical methods . For example ,Tahmasebi [7] studied a Novel
Tip Tilt Piston parallel manipulator ,Ben-Horin, Shoham and Djerassi [8] analyzed a planarly
actuated parallel robot .All these methods without initial estimation

In this paper the equations for the direct and inverse position kinematics for

3— RRR™S mechanism -see Fig.(1)-have been developed and solutions have been obtained It
is shown that ,at most ,sixty-four solutions exist for the inverse position kinematics problem,
while the direct position kinematics solution has been shown to be reducible to a sixteenth
order polynomial equation .

Notation
0,,,03; - the actively controlled joint angles are the two perpendicular revolutes at Oi.
0,:: the passivelly controlled joint angle.
mjz,my3,m;3: the length of the sides of the moving triangle P;P, P,P; and P;P;.
XoYeZ,:  the fixed coordinate frame has its origin Og at the centroid of the base
triangle O,;0,0;.,Xg axis points outward from the plane paper .
Zo1,Z02,Z03: the unit vectors along the passive revolute O;,0, and Oj; respectively .
a; : the angle made by the normal of the Zoi axis with the Zg axis (positive in the
clockwise sense) .
A: degree of freedom of the task space.
n: total number of links .
J :number of joints .
fi : degrees of relative motion permitted by joint i.
q; : the position vector of P; relative to O,.

Description of the Mechanism

The mechanism consists of two platforms connected to each other by three serial
chains as shown in Fig. (1,2).One of the platforms is fixed to the ground while the other one is
free .Each of the three serial chains has a total a six degrees of freedom, two of which are
actively controlled . All the three serial chains are connected to the top platform by passive
spherical joints at P;,P,and P;, respectively . Each chain is connected to the bottom platform
at 0,,0,, and O; respectively, by a passive revolute joint .Each of these three chains has two
actively controlled revolutes at A;,B,A;,B,, and Aj3,B;, respectively ,whose axes are
perpendicular. Revolute axes at A; and O, are parallel and so are the revolute axes at A,,0O,
and A3,0;. The angle of rotation about the Xg axis which is needed to align the Zg axis with
Zoi 1s (270-a1) .This fixes the position and orientation of X,;Y,;Z,; relative to the base frame



XgYgZg . The overall mobility of this mechanism can be evaluated by applying the Kutzbach
criterion [9]:
=1
DF.O= z(n—j—1)+]zﬁ =6(8-9-1)+3(2+1+3)=-12+18=6
i=1
therefore the mechanism is 6 D.O.F.
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Fig. (2) Location of the base coordinate system.

Inverse Position kinematics

The inverse position kinematics problem for this structure can be stated as :Given the
position and orientation of the moving platform P;P,P; with respect to the base platform
0,0,0; ,find the intermediate actuator angles .

Since the position and orientation of a moving body in space can be uniquely
determined by specifying the position of three noncollinear points embedded in the moving
body , we can restate the inverse position kinematics problem as follows :Given : The position
of the points P;, P, and P; in the base coordinate frame X,Y,Z,, Find :The intermediate
actuator angles 6y1,6,1,65,,615,04,,603,,0,5,6,5 and ;3.




Using standard , serial chain techniques ,the vector from O, to P; can be written in the
form :

P, =L*R,1q, + p, Jori=1.23 @
where [ ¢ Rw.] is the coordinate transformation matrix of X,,;Y,;Z,; frame with respect to
X,Y,Z, frame and is given by :

1 0 0
R, =|0 =—sina; cosq;
0 —cosa; —sing;
P, 18 the vector from O, to O; and is given by Lo =10 (po)y (o)1

Detailed expressions for all of the three limbs are given below . The notation and
conventions used here are those of Husain and Waldron [10] .they are consistent with
Hartenberg and Denavit [11] notation ,but the inhomogeneous matrix from which has separate
matrices for the notation and the position of the origin is preferred [12].The first subscript
refers to the position of a revolute in the chain ,and the second subscript refers to the chain
itself .

q; =Uyi Sy + Uy UgiSo; + U U JU3 U, (2)
where
cos@; —sing; O 1 0 0
U;j=|sing; cosf; 0 J=0 0 -1
o 0 1 01 O

Si=[ai 001" Sp=[b; 001"  Sp=[L 00]" j=1,2,3
combining Eq.(1),with Eq.(2 ) ,we get :

1 1

U] 18R 1 (P p1 = P01) — 11 =U 21821 +U21JU31JS3, G)
1 1

U1, ] [gRoz] (Pp2=Po2) =812 =U282 +U2JU3,JS3; 4)
1 1

U] 18R] (Pp3 = P03) =813 =U23823 +U3JU33JS33 (5)

The numbers of solutions obtained are as follows:
Equation (3) gives:2 solutions for &,,,2 solutions for 6,; and 1 solution for 65,

Equation (4) gives:2 solutions for 912 ,2 solutions for 0, ,and 1 solution for 03,,

Equation (5) gives:2 solutions for 8,,,2 solutions for 6,3 ,and 1 solution for 653

Hence , the number of solutions to the inverse kinematics problem is not greater than 64 ,
although all of these solutions may not be physically realizable .

Direct Position Kinematics

The direct position kinematics problem is much more involved .It can be stated as:
Given the actuator angles for all of the actively controlled joints ,find the position and
orientation of the moving platform P;P,P; with respect to the base platform O;0,0; .

From the previous discussion of inverse position kinematics it is obvious that the
direct position kinematics problem can be re-stated as :

GIVEN: The actuator angles 6,,,0,,,0,,,60,,,0,, and 6,,, FIND: The joint angle
6,1,0,,,0,5.
Expansion of Eq.(1 ) with the help of Eq.( 2) gives the vector from O, to P; as :




B b, + 0,50,
P, = P,cO,+0,s0,+R,| _ (6)
Pscb,, + 0,356, + Ry,
where
P =a; +aycOy +azclyc05;
Q11 =—ays6y) —a3s6y1c63,
P, =—aysa150, —azsa;s6,1c63
Q1 =—a1say —azsacly; —azsacycls
Ry =azcays031 + pyy,
Pi3 =—aycays6y —azca 505105
Q13 =—ajcay —azcaicby —azcayclycbs,
Ry3 =—azsays0s; + py;
Similarly , the vector from O, to P; is
PO, + 0,50,
Py = PycO, +0ys60,, + Ry, (7)
PO, +0,,50,, + R,

where
P, =b, +b,c0,, +bsc0,,c0,,
Q, =-bys0y, —bys0yc0y
Py, ==b,sa,50y, —bysa,50,,c0;,
0, =-bsa,-b,sa,cl,, —bysa,c0,,cl,
Ry, =byca,s0y, + p,,
P, =-b,ca,s0,, —b,ca,s0,,c0,,
0,, =-bca, -b,ca,cl,, —b,ca,ch,,cl,,
Ry ==bysa,s0y, + p,,
and the vector from O, to P;1is
P5CO; +0,,50,,
Py =|P,CO; + 05,56, + Ry ®)
P CO; +03350,; + Ry,

where
P31 = ll +12C023 +I3C023C033

031 = 155053 ~ 135053033
P32 = —12S0!3S923 —I3S0!3S923C€33

Q32 = —llsa3 —1250!30023 —I3SCZ3C023C033
Ry =l3cazs0s3 + p3),
P33 =—lecazsOy3 —licazsOy3c0s;
Q33 = —llca3 —126'0!30923 —13061306236'033
R33 = —l3s035033 + ps3;

All of these P's ,Q's and R's can be considered to be known for the direct kinematics
problem.

For the formulation of the direct kinematics equations ,we use geometric constraint
that triangle P;P,P; embedded in the moving platform is invariant ,i.e.,



‘p,n _ppz‘z :|Ple|2 :mlzz 9)
‘ppz _pp3‘2 :|P2P3|2 :m223 (10)
‘ppl_p[ﬁ‘z :|P1P3|2 :m123 (11 )

Using Egs.(6),(7),and (8) we can simplify Egs.(9),(10) and (11) giving Eqgs.(12), (13),
and (14),respectively, which are stated below :

Aicy iy + Ayey Sy, + Aysy iy + Aysy Sy, + Aseyy + Agsy + Aje, + Ags, + A4, =0 (2)
Bic\,c\5 + Bycp,S,5 + Bys,cp5 + Bys,yS;; + Bseyy, + Besy, + Bocyy + Bys;; + By =0 (13)where
Ay =-2PPy =2

Tic\ 5 +They sy +Tysyc5 +Tysy 8,5 + Tiey + Tgs, +Tocy + Tgs s +T, =0 (14)
Ay =-2P1071 —2P 502 —2P 3073
Az =-2P5 1011 2P 015 —2P3013
Ay =-2011021 =2012022 —2013073
As =2P5(R1p —Ry)+2P3(Ry3 - Ry3)
Ag =2017(R1p —Ry) +2013(R13 — Ry3)
A7 ==2P5 (R —Rpy)—2P33(Ry3 — Ry3)
=207 (Rj2 = Ry2)—2023(Ry3 —Ry3)

2 52 52 p2  p2 . p2 2 2 2
Ag = P71+ P3 + P53+ Py + Py + Py3 + (R, —Rpp)™ +(Ry3 —Rp3)™ —my

AN
o
|

By =—-2Py P3| —2Py P3; —2P53 P33

By =-2P1031 2P 03 —2P5303;3

B3 =-2P510;51 —2P53027 —2P33023

By =-20731031 —202,032 —2073033

Bs =2Py(Ryy —R33) +2P3(Ro3 — R33)

Bg =207 (Ryy —R32) +2073(Ry3 —R33)

B7 ==2P3;(Ryp — R33) = 2P33(Rp3 — R33)

B8 =-203,(Ry —R33)—2033(Ry3 — R33)

By = P3j + P + P33 + P§ + P + Py +(Ryy = R32)” +(Ry3 — R33)* —m3s

and

Ty ==2P1P3) —2Pp Py —2P 3 P53

Ty, =-2P1031 —2P3,035, —2P3053

T3 ==2P51 01 —2P3 015 —2P33013

Ty =-2011031 —201203 —2013033

T5 =2P5 (R —R33) +2P3(Ry3 — R33)

T =201 (Ry2 = R33) +2013(R3 — R33)

T; =-2P5 (R, —R3) = 2Py (Ry3 — Ps3)

Ty = 205 (R, = Ryy) =205 (Ry5 — Ryy)

Ty =Fi+ Ra+ By + B 4 Py 4 Py 4 (Ry = Reo)” +(Ris =Reg)” =iy o vations
we can substitute the following expression for the cosines and sines of the angle :

2
1-x; . 2x;
- sin 6,; =——

0.
cos O, = where  x, = tan —- Jor i=1,23
2 1
1+ x; 1+ x; 2



Eqgs.(12 ),(13 ) and ( 14 ) can be rewritten as:

Vixs +Vyxy +V3 =0
Ex3 +Eyx;+E; =0
Fix; +Fyx; +F; =0
where
Vi=Mxt+Myx + M,
E| =Hx3 +Hyx, + H,
Fy = Nyxt + Nyx; + Ny
and
M| = 4y — As — A7 + Ag
My =2(-A43 + 4¢)
M; =—A; + 45 — A7 + Ag
My =2(43 - 4;)
Ms =44,
Mg =2(4; + 4g)
M7 =—A41—A5+ A7 + Ay
Mg =2(4; + 4¢)
Mg =41+ A5+ A7+ Ay

(15)
(16)
a7

V2 =M4x12+M5x1 +M6
E2 =H4x%+H5x2 +H6

Fz =N4)C12 +N5x1 +N6

H{=By—-Bs—-B;+By
Hy =2(-B3 +Bg)
Hy=-B+Bs—-B;+By
Hy=2(Bg - B,)
Hs=4B,

Hg =2(B, + Byg)

H7 =-By—Bs+B7 + By
Hg =2(B3 +Byg)

Hg =B +Bs+B; +By

V3 =M7x12+M8x1 +Mg
E3 =H7)C§+HSXZ +H9

F3 =N7)C12 +N8.X1 +N9

N =T\-T5 -T7 +Ty
Ny =2(-T5 +Ts)

Ny =-T1+T5-T7 +1y
N4y =213 -T>)

Ns =47,

N¢ =21, +13)

N7 =-11-T5+T; +Ty
Ng =2(T5 +T¢)

No =T +T5+T7 +Ty

We can eliminate x; from Egs. (15) and (16) using Bezout's method [9,10] and the
resulting equation will contain only x; and x; ;as follows :

* Step 1- Elimination of x;3:
Multiplying eq.(15 ) by F;and eq.(16 ) by E; and subtracting we obtain :

(FE; —FLE )x3 +(FIE; —F3E) =0 (18 )

Multiplying eq.( 15 ) by F3and eq.( 16 ) by E; and subtracting then dividing by x3 we obtain :
(F3E| —FE3)x; +(F3E) —F,E3) =0 (19 )

therefore :

F1E2_F2E1 F1E3_F3El =0 (20 )
FSEI_EE3 F3E2 _F2E3
Or in expanded form:
(EEZ _FZEI )(F3E2 _F2E3)_[(FIE3 _F3E1 )(F3E] _EE3)] =0 ( 21 )
Expanding equation ( 21 ) and substituting the expressions for £, E» E3 F,F> ,and F’ results
in the following equation :

0,x3 +0,x3 +03x3 +O04x, +05 =0 (22 )
Where :
O, = G,x; +G,x; + G,x{ +G,x, + G
0, = Gx! +G.x; + Gex] +Gox, + Gy,
0, = G11x14 + Glle3 + G13x12 +Gux + G5
0, = G16x14 + G17x13 + G18x12 +Gox, + Gy

_ 4 3 2
Os =Gy x; +Gpx) +Gyx) +Gpx +Gys

* Step 2- Elimination of x;:
Multiplying equation (22 )by ¥; and eq.( 15) by 0O,x3 ,and subtracting ,we obtain :
(0211 =02)x3 +(O3F, =OF3)x3 + 04V, + 05V, =0 (23 )



Multiplying equation ( 20) by ¥x, +7, and equation (15 ) by O,x3 +0,x3, and subtracting

,we get :
(O3V, =0 V3)x3 + (0,1, + 05V, —0,V5)x2 +(O5V, +0,V,)x, + 05V, =0 (24)
Multiplying equation ( 15 ) by x, ,we obtain :

Vixs +Vyx3 +V3x, =0 (25 )
We can think of equations (23) ,( 24),(25) ,and (15) as four linear equations in three
unknowns x3 , x3,and x,.Vanishing of their eliminant yields [7]:

O,V =0V, O3V =0,V5 ong 05V

O3V, =05 OV, +05V, =0,V OsV, +0,V, OsV, o (26 )
14 v, Vs 0
0 4] v, Vs

Expansion of equation ( 26 ) results in :

— OV (O3, =03 (V5 =ViV3)=VVy (=0,V5 + 03V, + O, 1))

+V2 04V, +OsV)]+ (0,1, = OV,)[05V, (V3 =ViV3)

+V3 (=015 + 03V, +0,) =V, (047, + 05V, V3 1+ 0,V

[V1V3 (=015 + O3V, + 0, ) +V, V5 (031, —=0V3)+ 051V, ]

—(O31, =0 V)V (037, =OV3) =V, (O4V, + 05V V5 + 05V V5 1=0 (27 )
If we substitute the expressions for V;, V5, V3,0,,0,0304and Os into eq.( 27 ) ,and

expand ,we obtain :

Dx° + D,x> + Dyx\* + Dyx° + o, +Dx; +Dx,+D,; =0 (26 )

Detailed expressions for the Oi's and Di's are not given here due to space limitation

and for further information please contact the author .

After solving for x; ,x; and x; can be computed from Eqgs.(16 ) and ( 17 ) ,respectively
.Each of these equations is quadratic , and yields two solutions for x, and x; into Eq.(15)
reveals that only one of the four possible combinations of solutions satisfies the
equation.Hence we have a total of sixteen valid solutions for x; ,x, and x;.

The positions of points P;, P, and P; relative to the fixed frame are now given by Egs.
(6),(7) and (8) ,respectively .This is sufficient for formulating the transformation from the
moving to the fixed reference frame .

General Algorithm for Inverse and Direct Position Kinematics
The algorithm begins in both cases by taking as input the dimensions of a mechanism
and the topology of the limbs :
Inverse case:-Input the geometry of the mechanism ;
Finding a two solutions for 6y, using eqs.3,4,5
While ¢, 1,2
For -90<¢, <490
Calculate ¢, ,,.,.

end
end
Direct case: Input the geometry of the mechanism ;
Calculate eqs. 12,13 ,14;15,16,17;
Finding the variables of Gi; Di;
Finding X;; using eq.(26)
Finding 6,; ..,

While 6, = real solutions



If 6 girer = 61 imers then :
Finding 6;;, 6,, from eqs.(15,17) to check the results;
End
Else
End
End.

When following the program it can be observed that it is not only simple but also
hasn’t got a complex subroutine as well as it doesn’t need initial trial and error values this
program gives accurate results compared with Yang,G [6] who studied the 3-RRRS and used
the iteration method ,which leads to non accurate results because of the initial guess besides
the long period where the desired solutions can be obtained in 3 to 4 iterations .

Numerical Example
Inverse Position Kinematics Problem
The dimensions of the mechanism were chosen to be :
a; =30°, a, =270°, a3 =150°
ay = ay = asz :b1: b2: b3: 11: 12 = 13:1.0
Let the coordinates of the members of the mechanism in the base coordinate frame be
0,=(0,-0.5,-0.866) , 0,=(0,1.0,0) , 03=(0,-0.5,0.866)
P;=(2.0824802, -1.6662539, 0.0379879), P,=(2.3824802, 1.4240243, 0.8566386) ,
P;=(2.0824802, -0.4620121, 0.8002285)
These coordinate of P;,P,,and P; do satisfy the constraint that
mj> =mz3 =mj3 = 2.8860364.
Solving Eq.( 3 ) ;we get the following set of solutions for 6;, ,0,; and 03, stated below :
03= (+60°,+150°)
9]]: ( +500,-28.250) when 93]: +600
No real solution for 6;; was obtained when 03=+150°
921: -63.20 when 911: +500 and 93]: +600
6 ,=+65.0° when 6;,=-28.25° and 0;,= +60°
This is a total of 2 real solutions for 6;; ,0>; and 65 ; .
Solving Eq.( 4 ) ;we get the following set of solutions for 4, ,0,, and 03, stated below :
03,= (+58.94° +148.94°)
0= ( +300,-10.20) when ;= +58.94°
No real solution for 0;; was obtained when 03,=+148.94°
0 ,=-33.37° when 6;,=+30° and 03,= +58.94°
022: +32.920 when 912: -10.20 and 032: +58.940
This is a total of 2 real solutions for 8;, ,0,, and 03, .
Solving Eq.( 5 ) ; we get the following set of solutions for 8,3 ,0,3 and 033 stated below :
035= (+60°,+150°)
0;5= (+50° ,-28.25° ) when 6033= +60°
No real solution for 6;3 was obtained when 033=+150°
023: —63.20 when 913: +500 and 933: +600
0 ,;=+65.0° when 6;;=-28.25° and 0;;= +60°
This is a total of 2 real solutions for 6;3 ,6>3 and 653 .
Hence- for the inverse kinematics problem of this particular example- we have a total of 12
real solutions from the maximum possible 64 solutions.
Direct Position Kinematics Problem
As an example of solution of a direct kinematics problem , we shall take the same
dimensions as were taken in the inverse kinematics problem ,and also for the angles of the




actuated joints we shall take one of the solutions obtained from the inverse kinematics
problem so as to verify our result .

Hence we select: 6,;,=-632° , 65, =+60.0°
0y, =-33.37° | 63, =+58.94°
0y; =—632° , 633 =+60.0°
The polynomial equation obtained for x; is :
1.0e+16*(=0.0862.X,'® —0.7272.x,'% - 2.1309.x,'* -3.5645x,"% —6.2507.x,"?

~9.0553X,'1 —9.5646.x,'° —8.5934x,° —6.3117X,® - 2.4643X,” +0.6082.x,°

+1.204X,° +0.5128X,% +0.0322X,> —0.0439.X,2 —0.0145X, —0.0015) = 0

The solutions of this equation are presented in Table 1.The angles in this table are in
degrees and the lengths in meter .The final mechanism configuration obtained from this
simulation is presented in Figure ( 3) .

Hence for this particular problem , we get 8 real solutions. All the solutions were
checked by back-substitution into Eqgs. ( 15) ,(16 ) ,and (17 ) .They are all valid .This shows
that there are no spurious solutions and the minimum order of the polynomial Eq.(28) is
sixteen .Also we can clearly verify that one of the real solutions obtained for direct kinematics
problem (No. 7) does match with the solution obtained to the inverse kinematics problem
,which was expected .

Table -1- output results from eq-26

X 011 012 013
1 -4.1337 -152.80 -169.59 -152.75
2 -2.7893 -140.55 -91.82 -32.43
3 0.5409 + 1.2536 1
4 0.5409 - 1.25361 | ~mmmmmmeee | mmmmmmee | mmmmeeeo
5 0.1730+1.11641 | —————=== | ===~ | mmmm—
6 0.1730-1.11641 | ——=——=== | =mmmmee= | —mm—
7 0.4666 50.02 30.00 49989
8 0.3422 37.78 -47.76 -70.32
9 -0.6382 -65.09 -53.80 -131.96
10 | -0.6313 -64.52 30.78 -15.84
11 ] -0.4473 +0.29231 | === | memeemm | mmmmee-
12 1 -0.4473-0.29231 | === | === | oo
13| -0.4485+0.28721 | - | memmem | -
14 | -0.4485-0.28721 | ======—= | mmmmeem | mmmeeem
15 ] -0.3467 -19.12 -170.37 -86.92
16 | -0.3412 -37.67 -85.79 29.20

Validation Example:
For the validity of this work ,if the example of Husain and Waldron [10] is modified to

be 3—RRR'S spatial mechanism with a dimensions according to the first limb as well as the
other tow limbs are similar to it in the dimensions and angles as follows :
ar = a = a3 :b1: b2: b3: 11: 12 = 1321.0
a;=30°, @, =270°, a5 =150°

The coordinates of the members of the mechanism in the base coordinate frame be
0,=(0,-0.866,-1.5) , 0,=(0,1.732,0) , 03=(0,-0.866,+1.5)



P=(1.4763806, 0.8419763, -0.073787), P,=(1.4763806, -0.3571248, 0.7660444) ,
P;=(1.4763806, -0.4848515, -0.6922573)

According to this changes in the coordinate of P;,P,,and P; ,the side lengths of moving
plate must be : mpy =my3 =mj3z =
1.463934986 .

Inverse Position Kinematics
Solving Egs.( 3,4,5 ) ;we get the following set of solutions for 6;; ,60,; and 83; stated below :

03= (+50°,+130°)

0= (+36.06°,-73.48°) when 05=+50°

No real solution for 6;; was obtained when 63;=+130°
6,=+30° when 6,=-73.48° and 0;=+50°
0 ,=-30° when 6;=36.06° and 8= +50°
This is a total of 6 real solutions for 8;; ,6,; and 03 .

Hence- for the inverse kinematics problem of this particular example- we have a total of 12
real solutions from the maximum possible 64 solutions.
Direct Position Kinematics

we shall take the same dimensions as were taken in the inverse kinematics
problem ,and also for the angles of the actuated joints we shall take one of the solutions
obtained from the inverse kinematics problem so as to verify our result .

Hence we select: 6,, =—63.2° , 6, =+60.0°
Therefore one of the solutions is 6, =-73.9047° , 6,, =-73.9047°,6,; = —73.9046°
Or in other word it is exactly the same results of Husain and Wldron [10].

Fig.(3) The resulting 3 — RRR*S mechanism using MATLAB
Workspace Visualization

Geometrical description of workspace

The complete workspace of a 6-DOF parallel robot is embedded in a 6-Dim. manifold
which cannot be represented in a 3-Dim. space .Hence ,the workspace determined here is the
reachable workspace ,i.e., the region of the 3-D cartesian space that can be reached by the
mobile platform with a given orientation of the platform [6,13] .

Since the pose of each leg is:

ppi :[gRoi ]qz + p()i forl = 192’3 (1)
Where each leg is considered as an independent serial chain .For a given mobile platform
orientation, the platform position can be derived by translating point through a fixed vector (g;
).In other word ,the reachable workspace of the mobile platform determined by leg i is a



fixed translation of point Pi's workspace .However ,the motion of 3-leg parallel robot is
constrained by its three legs such that the position of the mobile platform must satisfy the
three inverse kinematic equations ,i,e.,eq.(2),simultaneously. The reachable workspace of the
mobile platform is ,therefore ,the intersection of the individual ones determined by each of the
three legs

Workspace visualization scheme

For each of the three legs ,substituting eq.(2) into eq.(1),the individual workspace can be
theoretically generated through infinitely varying the three joint displacements within their
joint limitations .For simplicity ,the 3-Dim parametric surface plotting function provided by
the MATLAB software is directly employed to generate each of the individual workspaces.
However ,this 3-Dim plotting function only takes two parametric variables (6;; ,03; )at a time
and the resulting plot is 3-Dim surface .We ,therefore ,evenly discretize the working range of
one joint variable into many intermediate values ;then for each of them ,with the other two
joint variable to generate a 3-D surface .Plotting all of these surfaces together ,a 3-D
workspace can be visualized .Finally ,plotting the three individual workspaces in the same
graph, the intersection of the three workspaces can be obtained ,which is the actual reachable
workspace of the mobile platform .In addition ,the 2-Dim view provided by MATLAB can
be used to investigate the internal structure of the workspace .

Fig.(4-c) workspace of second leg alone Fig.(4-d) workspace of third leg alone



Fig.(4-e) 3-Dim workspace of three legs together
Visualization example :

In this example ,we employ the workspace visualization scheme developed above to
graphically represent the workspace of the parallel robot given in the previous example. The
workspace visualization results are shown in Fig .(4-a,b,c,d,e).

Fig.(a ,e) show the intersection part of the platform generated by the three legs .This 3-D
workspace can be graphically studied by plotting it in different MATLAB function ,and
observing it from different view points and angles .In order to understand it better ,the
individual workspace generated by leg 1,2,3 is shown in Fig.(b,c,d) respectively .

In the planes parallel to the xy plane are shown in Fig. (a).With the help of the graphs ,
further study to the internal structure of the workspace , can be easily identified the working
regions (intersection areas )in the composite workspaces based on the plotting density of the
graphs.

Conclusion
The number of solutions of the inverse kinematics problem is shown to be not more
than 64 ,and the solution of the direct kinematics problem has been shown to reducible to a

16th order polynomial .This implies that for a given set of actuated angles , this 3— RRR™S
parallel mechanism can be assembled in at most 16 different configurations .

Further numerical computations were performed to check the algebra and a numerical
examples were solved to demonstrate the procedure . It have been shown that the mechanism
have a translational and rotational motion and this verify that the mechanism is a 6 -D.O.F. In
spite of, the solution method is independent on the iteration technique, the solution results
has been achieved simply where the initial configuration is not important, but all the
equations of motion are trigonometric functions, thus the results are very sensitive for the
input values .

It can be seen from these figures that the workspaces generated by each leg is a part of
a half solid torus. There is a void in the lower part of the intersection of these three half
toruses indicating that the platform has poor motion capability in the lower z coordinates .
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