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ABSTRACT 

In this paper , a new certain class of q-Difference Operator  with 

quasi-subordination is defined and  Fekete-Szego problems  for 

functions belongs   to the class are derived . the results are  presented 

here equip  extensions of these given in some previous  works 

 

1. Introduction 
 Let ℧(p)   denote the class of  functions  in open unit 

disk 

𝒟 = { 𝓏 ∈ ℂ : |𝓏 |      . 
 The multivalent function  ℱ in 𝒟  of the form  

ℱ(𝓏) = 𝓏  + ∑     
 
   𝓏       ,   ∈ℕ={ 1, 2 , 3 …} , 

𝓏 ∈ 𝒟 .     (1) 

Now ,  if  p=1 then  ℧(1) = ℧ ,  denote by  ℱ∗ℏ  

Hadamard  product of the functions  ℱ and  ℏ are  

analytic in 𝒟 .   ℱ form (1) and   

 ℏ(𝓏)=  𝓏 + ∑     
 
    𝓏      

then  

(ℏ ∗ ℱ)( 𝓏) = 𝓏 + ∑          
 
    𝓏      

in [3] , [4] Jackson defined and for(  0< q < 1 )  ,  the  

operator    is called q-derivative of the  function  ℱ 

by    

  ℱ 𝓏  = {

ℱ 𝓏  ℱ  𝓏 

     𝓏
                      𝓏     

ℱ                                𝓏           
      (2) 

By  the equation (2)  it follows  that if  ℱ ∈ ℧(p)  

form  the equation (1), then  

  ℱ 𝓏  =     𝓏
    + ∑              

 
    𝓏        

Where     = 
    

     
 ,              = t  .  

By using q-derivative Jackson  well-defined is  the 

operator       
 : ℧(p)  → ℧(p)   , s∈Ν .  

If  ℱ ∈ ℧(p)   by the equation  (1)  it follows  that  

     
 ℱ 𝓏   = (ℱ∗      

 )( 𝓏    ,   ∈   , 𝓏 ∈ 𝒟 

Where  

     
  𝓏  = 𝓏  + ∑ (       )

 
  

    𝓏      

Moreover  

     
 ℱ 𝓏   𝓏  + ∑ (       )

 
  

        𝓏
      

            
 ℱ 𝓏  = 𝓏  + ∑         

        𝓏
      

For  λ ≥ 0 , with the assist  of the operator      
   well-

define  q-derivative the new  operator        
   

: ℧(p)  

→ ℧(p)   by 

       
    ℱ 𝓏   (1− λ)        

     ℱ 𝓏  + 

λ
𝓏

 
        

   ℱ 𝓏    

       
   ℱ 𝓏       

 ℱ 𝓏            

From   the definition we can see that   if  ℱ ∈ ℧(p)  of  

the form  the equation (1)  , then  

       
    ℱ 𝓏  𝓏  + 

∑ (       )
 
  

    

 
    

        𝓏
    

For real complex numbers  a , b , c   , the  Gaussian-

hypergeometric function is formed  by  

             𝓏  = ∑
        

    

 
    

𝓏   

  
 ,  

the function   (a ,b , c ; 𝓏   defined  by  

  (a ,b , c ; 𝓏  = 𝓏 + ∑
        

    

 
     

𝓏   
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The well known Gaussian-hypergeometric function 

conformable  to  the function 

   (a ,b , c ; 𝓏  , using the convolution  for 

       
    ℱ 𝓏   ,  define the operator         

   
  by  

       
   ℱ 𝓏   =   (a ,b , c ; 𝓏  ∗       

    ℱ 𝓏    

       
   ℱ 𝓏   =𝓏  + 

∑ (       )
 
  

    

 
   

        

    
  

        
𝓏   

  
      (3)                                     

Let 

  = (       )
 
  

    

 
   

        

       
 . 

       
   ℱ 𝓏   =𝓏  + ∑     

  
        𝓏

    

For analytic functions  ℱ  ℏ   , the function  ℱ  is 

subordinate  to ℏ in 𝒟 (see[5]) .  

Can be written  

ℱ 𝓏 ≺ℏ (𝓏)    .    (4) 

If  there  exists an analytic function  ϖ , with|  𝓏  |< 

1 and  ϖ(0) = 0  such that  

ℱ 𝓏   ℏ    (𝓏) ) .    (5)  

If  ℏ is  the univalent function in 𝒟, then  ℱ 𝓏  ≺ℏ 

(𝓏)  is equipollent  to  ℱ    = ℏ(0)    

,   ℱ 𝒟  =ℏ (𝒟) . 

Minda and Ma [6] introduced and studied the classes 

(Ω ) and   ∗  (Ω ) as below  

(Ω ) = { ℱ 𝓏 ∈ ℧ : 1 +  
𝓏ℱ   𝓏 

ℱ  𝓏 
 ≺ Ω (𝓏)}  (6) 

 ∗ (Ω ) = { ℱ 𝓏 ∈ ℧ : 
𝓏ℱ  𝓏 

ℱ 𝓏 
 ≺ Ω (𝓏)} ,   (7) 

Where  the analytic function   is  Ω  (𝓏)   with part 

real positive in 𝒟 , Ω (𝒟)  is like  with respect to real 

axis and the starlike with respect to Ω '(0)  > 0  and   

Ω (0)  = 1 . the class 𝒞(Ω ) and  ∗ (Ω) contain  

several  wellknown subclasses of convex and starlike 

function  is specific case .  

In [5], ℱ  is the function  quasi-subordinate to  ℏ in 𝒟  

, written as next   

ℱ 𝓏 ≺ ℏ (𝓏)   (8) 

If there exist    and  ℬ analytic functions , with 

|ℬ 𝓏 | ≤ 1 , and |  𝓏 | < 1               then   

ℱ 𝓏  ℬ 𝓏 ℏ    𝓏   .    (9) 

"When ℬ 𝓏 =1 , then ℱ 𝓏   ℏ    𝓏   ,  that 

 ℱ 𝓏 ≺ℏ (𝓏)  in 𝒟 .  that if   𝓏  𝓏  , then ℱ 𝓏  

 ℬ 𝓏 ℏ  𝓏   ,  it is called that ℱ is majorized by ℏ 

and written ℱ 𝓏 ≪ ℏ (𝓏)  in  𝒟 . it is obvious  that  

quasi-subordination is a generalization of 

subordination as well as majorization" . see [10] .  

Darus and Mohd [1] introduced the classes   𝒞 (Ω )  

and    
∗(Ω )  as below  

𝒞 (Ω )= { ℱ 𝓏  ∈ ℧ : 
𝓏  ℱ   𝓏 

ℱ  𝓏 
≺ Ω (𝓏) –1 }      (10) 

  
∗(Ω ) = { ℱ 𝓏  ∈ ℧ : 

𝓏 ℱ  𝓏 

ℱ 𝓏 
   ≺ Ω (𝓏) –1 } .  

(11) 

Definition 1.1  let the class        
 

 (𝓋 , b ; Ω  )  

consists of  function  ℱ 𝓏 ∈  ℧(p)   satisfy   

The quasi-subordination   

 

 
(

 (       
   

 ℱ 𝓏  )
 

   𝓋        
   ℱ 𝓏  𝓋 (       

   ℱ 𝓏  )
    ) ≺  Ω (𝓏) – 1    

(12) 

(  ∈   ;  p ∈ Ν ,  p >    ; s ∈    = ℕ ∪ {0} ; b ∈ 𝒞∗ ; 

  𝓋     ). 

Clearly , we have the next relationship :      
  (0 , 1 ; 

Ω  ) =   
∗(Ω ) ;       

  (1 , 1 ; Ω  ) = 𝒞 (Ω )  

It is well known this n-th  coefficient  of the univalent 

function ℱ 𝓏 ∈ ℧  bounded by n  

(see[3]) . bounds for coefficient giving datum  about 

various geometric properties of the function .there are  

many authors having inspected the bounds for 

coefficient Fekete -Szego    for various class [ 7 , 9]  . 

in particular  , authors start to study the problem of  

Fekete -Szego  for various class use quasi-

subordination [ 7 , 11] .  

Lemma 1.2 if     ∈     ,    is the class of analytic 

functions        , then  

|       
 | ≤ {

                          
               
                           

 

2 . Main results.    

let  ℱ 𝓏  = 𝓏        𝓏
          𝓏

    + … ,  Ω 

(𝓏  = 1 +    𝓏     𝓏
  + … , ∅( 𝓏      +    𝓏 + 

   𝓏
         𝓏  =   𝓏 +    𝓏

  +… ,        .  
Theorem2.1   if ℱ(    ∈ ℧(p)   belongs to      

 
 (𝓋 , b 

; Ω  )  , then   a 

 

|    | ≤ 

| | |  |  √   

√     |        
 * 𝓋        

   𝓋           𝓋     +           𝓋           
 |    

    

   (13) 

|    | ≤ 
| | |  |  

 𝓋         
  

| | |  |  

 𝓋         
  (

| | |  |  

 𝓋       
)

 

.   (14) 

  and , For each real  number 𝓂  , 

|     𝓂     
  | ≤  

| | |  |  |  |  √      | | |  |    

( 𝓋           )
 
 ( 𝓋        )

 
 

    

(15) 

Proof.   

If ℱ 𝓏 ∈      
 

 ( , b ; Ω  )  , then there exist analytic 

function   𝓏  and ∅( 𝓏) with 

 |  𝓏  |≤ 1 , ∅( 𝓏) < 1 and ∅(  ) = 0  such that  

 
 ⁄ (

  (       
   

ℱ 𝓏  )
 

   𝓋         
    ℱ 𝓏  𝓋  (       

   ℱ 𝓏   )
    )    

∅( 𝓏      𝓏  – 1) .  (16) 

Since   

 (       
   ℱ 𝓏  )

 

   𝓋         
   ℱ 𝓏  𝓋  (       

   ℱ 𝓏  )
     

√ |        
 [   

  𝓋     𝓋              𝓋     ]             𝓋          
 | 

       𝓏
    

+ [ 2  𝓋               − 2 𝓋             
     𝓏  

+ … ,  

∅( 𝓏      𝓏   – 1) =        𝓏   [        + 

                
    𝓏  +  … , 

  From the equation  (16) it follows that  
     

=
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         √    

√     |        
 [ 𝓋        

   𝓋           𝓋     ]            𝓋           
 |    

      (17) 

     (  
 

 𝓋         
  (

 

 𝓋       
)

 

)          

         +          
             

      
Further ,  

     𝓂     = 
   

( 𝓋         )
 
 ( 𝓋       )

 
 

 [      + 

                 (18) 

Since ∅( 𝓏   is bounded and analytic in 𝒟 ,  in [8] we 

have   

|  | ≤ 1 − |  |
  ≤ 1.  

Using by these  fact and the wellknown this   

inequality |  | ≤ 1 in  (17) and (18)  ,  we get  

|    | ≤ 

| | |  |  √   

√     |        
 [ 𝓋    𝓋            

     𝓋         ]           𝓋           
 |    

 

And  

|     𝓂     
  | ≤  

| | |  |  |  |  √      | | |  |    

( 𝓋         )
 
 ( 𝓋       )

 
 

      

(19) 

Applying Lemma1.2  and the tringle inequality to 

(19) , obtain (15) . the result is severe  for the 

function  

 
 ⁄ (

 (       
   ℱ 𝓏  )

 

   𝓋        
   ℱ 𝓏  𝓋 (       

   ℱ 𝓏  )
    )  (1+  𝓏)(    𝓏        

Or 

 
 ⁄ (

 (       
   ℱ 𝓏  )

 

   𝓋        
   ℱ 𝓏  𝓋 (       

   ℱ 𝓏  )
    )   (1+  𝓏)(    𝓏         

For  𝓂     in (15) , have (14) . the proof of 

theorem2.1 is complete .  

Corollary2.2  if  ℱ 𝓏 ∈ ℧  belongs to    
∗(Ω ) , then  

|  | ≤ 
| | |  |  √  

√     |        
          |   

   

|  | ≤ 
| | |  |  

 
  

| | |  |  

 
   | | |  |   

  . 

|     𝓂     
  |≤  

| | |  |𝓂   |  |  √     | | |  |    

 
 .  

Corollary2.3   if  ℱ 𝓏 ∈ ℧  belongs to  𝒞 (Ω) , then 

|  | ≤ 
| | |  |  √  

√     |         
           |   

 

|  | ≤ 
| | |  |  

 
  

| | |  |  

 
   

| | |  |  

 
    

|     𝓂     
  | ≤  

𝓂| | |  |  |  |  √     | | |  |    

 
 . 

Theorem2.4  ℱ 𝓏 ∈ ℧(p)  satisfies  

 
 ⁄ (

  (       
   ℱ  𝓏  )

 

   𝓋         
   

ℱ 𝓏  𝓋 (       
   

ℱ  𝓏  )
    ) ≪ Ω (𝓏) – 1   , 

Then  the following inequalities  are hold    

|    | ≤ 

| | |  |  √   

√     |        
 [ 𝓋      

  𝓋             𝓋     ]           𝓋           
 |    

 

|    | ≤ 
| | |  |  

 𝓋         

  
| | |  |  

 𝓋         

  (
| | |  |  

 𝓋       

)
 
. 

  and , For each real  number 𝓂  , 

|     𝓂     
  | ≤  

| | |  |  |  |  √      | | |  |    

( 𝓋         )
 
 ( 𝓋       )

 
 

 

Proof.,   the result follows  by taking    𝓏  𝓏 in 

the proof of Theorem2.1 . 

Theorem2.5  ℱ 𝓏 ∈ ℧(p)  belongs to        
 

 (𝓋 , b ; 

Ω  )   , then for each real number   𝓂   ,   b > 0  , and  

              are  the real numbers  . 

|     𝓂     
  | ≤{

                   𝓂      
                   𝓂     

                     𝓂     
   

(20) 

Further , if    𝓂       , then  

|     𝓂     
  |+   |    |

 
 ≤      .   (21) 

If    𝓂     , then  

|     𝓂     
  |+   |    |

 
 ≤      .       (22) 

For each real number 𝓂 and b > 0   ,  

|     𝓂     
  |≤{

                    𝓂      
                    𝓂     

                      𝓂     
     

(23) 

Further , if    𝓂       , then  

|     𝓂     
  |+   |    |

 
 ≤       .     (24) 

If     𝓂     , then  

|     𝓂     
  |+   |    |

 
 ≤       .     (25) 

Where  

   
    

     𝓋     
  (

   

     𝓋   
)

 

 , 

     
  |  |    

         

 (     𝓋   )
 
(     𝓋    )

 

   |  |    
   

  ,  

    
  |  |    

         

(     𝓋   )
 
(     𝓋     )

 
   |  |    

   

      

     
  |  |    

     

(     𝓋   )
 
(     𝓋     )

 

   |  |    
   

    

Proof.   we assume that  b > 0   . from (15)  , have  

|     𝓂     
  |  ≤           | |} . 

If 𝓂        then       . so  , by applying 

Lemma1.2 , we have the first inequality in (20) .  

If 𝓂        then      . applying  Lemma1.2  , we 

get  the last inequality in (20) . 

When      𝓂       , then  | |      so applying 

Lemma1.2 , we obtain the middle inequality in (20) .  

If   𝓂            𝓂     , the result is severe  for the 

function  

 
 ⁄ (

  (       
   ℱ 𝓏  )

 

   𝓋        
   ℱ 𝓏  𝓋 (       

   ℱ 𝓏  )
    )    ∅( 𝓏     𝓏    – 1)  . 

If     𝓂        the result is severe  for the function 

   ⁄ (
 (       

   ℱ 𝓏  )
 

   𝓋        
   ℱ 𝓏  𝓋 (       

   ℱ 𝓏  )
    )    ∅( 𝓏     𝓏    – 1)  . 

If  𝓂       , the result is severe  for the function  

 
 

𝓋
(

 𝒟        
   ℱ 𝓏 

𝒟        
   ℱ 𝓏 

      )    ∅( 𝓏    (
𝓏  𝓏  𝓋   

  𝓋𝓏 
)  – 1)  ,   𝓋        

If  𝓂       , the result is sharp for the function 

   ⁄ (
 (       

   ℱ 𝓏  )
 

   𝓋        
   ℱ 𝓏  𝓋 (       

   ℱ 𝓏  )
    )    

∅( 𝓏    ( 
𝓏  𝓏  𝓋   

  𝓋𝓏 
)  – 1)  . 

Moreover, (21) and (22) are established by an 

application of Lemma1.2.  
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Applying Lemma1.2,   we can prove (23) and (25) for 

b > 0   .  the proof of  theorem2.5  is complete .   

Corollary2.7    ℱ 𝓏 ∈ ℧ belong to   
∗(Ω ) , then for  

each  number 𝓂  
|   
𝓂   

  | ≤

{
 
 

 
 

       

 
 |  |  √            𝓂   | | |  |   

  

√     |        
          |   

                𝓂      

 |  |  √  

√     |       
          |   

                                𝓂     

 |  |  √         𝓂    |  |   
    

√     |       
          |  

                               𝓂     

 

If         𝓂       , then  

|   𝓂   
  | +

   𝓂         
          

    
   

 
|  |

  ≤ 

|  |  √  

√     |       
          |   

 , 

If         𝓂       , then  

 

|   𝓂   
  | +

   𝓂         
          

    
   

 
|  |

  ≤ 

|  |  √  

√     |       
          |  
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 التابعية شبه باستخدام  q-Difference المؤثر من معينة فرعية لفئة سيكو فيكت مشكمة

 جمعة سممان الرحمن ، عبد طه ياسين القادر عبد

 ، العراق قسم الرياضيات ، كمية التربية لمعموم الصرفة ، جامعة الانبار ، رمادي

 

 الممخص
.  الفئيية إليي  تنتميي  التيي  لمييدوا  سيييكو فيكييت مشيياك  و  التابعييية شييبو ميي   q-Difference الميير ر ميي  معينيية  جديييد  فئيية تحديييد تييم ، البحيي  ىيي ا في 

 .  السابقة الأعما  بعض ف   الممحقات ى ه لتجييز   ىنا المعروضة النتائج

 


