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ABSTRACT

The purpose of this paper is to sudy the rings in which every maximal
(essential) right ideal is a left GP- ideal. Such rings will be called right MGP- rings
(EGP- rings). We give the basic properties of such rings and their connection with
strongly p - regular rings, fully left idempotent rings, and S- weakly regular rings.

1. Introduction:

In this paper, all rings are assumed to be associative ring with identity. An ideal
| of aring R is said to be right (left) pure ided if for every al | there exists bl |
suchthat a=ab (a=ba). This concept wasintroduced by Fieldhouse [3],[4].

Recall that:

1- Riscalled reduced if R has no non-zero nilpotent element.

2- According to Cohn [2], a ring R is called reversble if ab=0 implies ba=0,
fora,bl R. It iseasy to see that R is reversible if and only if right (left) annihilator of
a inRistwo sided ideal [2].

3- Aring Rissaid to be aright (left) Kasch ring if every maximal right (left) ideal is a
right (left) annihilator [8].

4- According to [5], aring R is called strongly p - regular if for every x1 R, there
exists apositive integer n such that x"R = x*"R.

5- A ring R is called right (left) quasi-duo if every maxima right (left) ideal of R is
two sided ideal [1].

6- AringRissaid to be ERT if every essential right ideal istwo-sided [1].

2- Maximal Generalized Pure Rings (MGP- rings)

In this section, some basic properties of MGP- rings are given. Also the relations
between such rings and strongly p - regular, weakly p - regular rings are given.

Following [10], an ideal | of aring R is said to be right (Ieft) GP- ideal if for every
al |, thereexists bl | and apositiveinteger n suchthat a" =a"b (a" =ba").

Definition 2.1.[10]: A ring R is called a right (left) MGP- rings if and only if every
maximal right (left) idedl isleft (right) GP- ided.

59



Raida D. Mahammod and Shahla M. Khalil

Theorem 2.2: Let R be aring with 1(@") I r(a), for any al R and a positive integer
n. If Risaright MGP- ring, then the Jacobson radical of Riszero (J(R) = (0)) .

Proof: Let 0t al J(R).If aR+r(a)! R, then there exists a maximal right ideal M

containing aR+r(a). Since R is right MGP- ring, then M is left GP- ided, so there
exists bl M and a postive integer n such that a" =ba", (1- b)a”" =0 hence
(1- b)T (@™ i r(@i M. So 11 M, a contradiction. Therefore aR+r(a) = R, and
so ar+d=1forsomerl R and d r(a), thisimpliesthat a=a’r . Since al J(R),
then there exists an invertible dement v in R such that (1- ar)v=1, so (a- a’r)v=a
yields a=0. Thisprovesthat J(R) =0. #

Theorem 2.3: Let M beamaximal right ideal of R. Then R is MGP- ring if and only
if for every al M, M +1(a") = R for some positive integer n.

Proof: Let M be a maximal right ideal of R and al M, since R is MGP- ring, then
M is a left GP- ideal so there exists bl M such that a" =ba" for some positive
integer n. Thisimpliesthat (1- b)1 I(a"). Therefore R=M +I(a").

Conversely, assumethat M +1(a") =R for every al M and a positive integer n, then
t+s=1 for some tT M and si I(a"). So ta" +sa" =a" and this implies a" =ta".
Whence R isMGP- ring. #

Lemma 2.4.[6]: Every strongly p - regular is p - regular ring.

Recall that, R is said to be W.R.D (weakly right duo), if for each al R there exists a
positive integer n suchthat a"R = Ra"R.

Theorem 2.5.[7]: Let R be W.R.D ring. Then the following are equivaent:

1- Risap-regular.

2- Everyideal of Risaleft GP- idedl.

Theorem 2.6: If R is a right Kasch ring and reversible, then the following statements
are equivalent:

1- Risastrongly p - regular ring.

2- Risaright MGP- ring.

Proof: () P (2):

Assume that R is strongly p - regular ring then by Lemma 2.4 and Theorem 2.5,
Risaright MGP- ring.

QP @:

Assume that R is a right MGP- ring. Let M be any maximal right ideal of R.
Since Ris aright Kasch ring, then M =r(a") for some al R and a positive integer n.
For any xI M, we have a"x=0, and so a"Rx=0. This implies that
Rxi r(a") =M, which proves tha M is a two sided ided of R. We claim that
b"R+r(b")=R. If not, there is a maxima right ideal N of R such that
b"R+r(b") I N. Since R is MGP- ring, then N isaleft GP- idea and b"T N. Then
there exists yl N such that b"=yb". Hence (1-y)b"=0 and 0
(L- )T 1(0") =r(") I N (because R is reversible). Thus 11 N, a contradiction.
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Therefore b"R+r(b") = R. In particular b"u+v =1 for some ul R and vi r(b"), so
b" =b*'u. ThusR isstrongly p - regular. #

Theorem 2.7: Let R be a right Kasch ring and reversible. If R is a right MGP- ring.
Then for each completely primeidea P of R, P = lfépr(x).

Proof: By Theorem 2.6, Risastrongly p - regular ring. Let Q = l[épr(x) and show that

Q=P.If xI Q, then x1 r(y) for some yi P, thus yx=01 P and hence xI P.
Therefore Qi P.

On the other hand, by the Lemma 2.4, P is p - regular ided, thus for each
x1 P, thereexists ul P and a positive integer n such that x" = x"ux", which implies
that x"(1- ux")=01 P. Then x"T I(1- ux")=r(1- ux") (because R is reversible
ring). Since (1- ux")i P for otherwise 11 P, which is impossible. Thus x"T Q, so
that Pl Q,whence Q=P.#

Following [9], aring R is called right (Ieft) weakly p - regular if, for every x1 R there
exists a positive integer n such that x"T x"Rx"R (x"T Rx"Rx"). R is weakly p -
regular if it is both right and left weakly p - regular.

The next result gives us a sufficient condition for MGP- ring to be weakly p -
regular ring.

Theorem 2.8: Let R be a semi prime ring with each non-zero right ideal contains anon-
zero two sided ideal. If Risan MGP- ring, thenit isweakly p - regular ring.

Proof: Assumethat 0t al R such that a® =0, then by assumption there is a non-zero
two sided ideal of R with I | aR. We claim that I(a)C 1 * (0), for if la=0 then
Iil(@a and we ae done If lat 0, then lai ICl(@)?! (0) Now,
(ICl@@)*1 I(a)l I I(a)aR=(0). Since R is semi prime ring, then | Cl(a) = (0)
which is a contradiction, consequently R is reduced. We show that RX"R+r(x") = R
for any x| R and a positive integer n. Suppose that there exists yI R such that
Ry"R+r(y")* R. Then there exists a maxima right ideal M of R containing
Ry"R+r(y"). Since Risaright MGP- ring, then M isaleft GP- ideal. So there exists
al M and a postive integer m such that (y")™=a(y")™ implies
- a)T 1I((y")™ =r((y")™ =r(y")I M. Hence 1- a)T M and so 11 M implies
that M =R which is a contradiction. Therefore RX"R+r(x") =R for any x1 R. In
particular cx"d +u =1 for some ul r(x") and ¢,di R, hence x" = x"cx"d. So Risa
right weakly p - regular ring. Since R is reduced it is adso can be easily verified that R is
weakly p - regular ring. #

Theorem 2.9.[6]:Let R be duo ring. Then R is p - regular if and only if R is strongly
p - regular.

Lemma 2.10.[13]:If Risleft or right quasi- duo and J(R) = (0) .Then R isreduced ring.

Proposition 2.11.[6]: Let R be W.R.D. Then the following statement are equivalent:
1- Risaweakly p - regular ring.
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2- Risastrongly p - regular ring.
The following theorem extends Theorem 2.6.

Proposition 2.12: Let R be a right duo ring. Then the following statements are
equivaent:

1- Risastrongly p - regular ring.

2- Risap - regular ring.

3- Risaright weakly p - regular ring.

4- Risaright MGP- ringand J(R) isnil.

Proof: (1) P (2) : Follows from Theorem 2.9.

(2) b (3): Obvious.

(3) b (4): Follows from Proposition 2.11 and Theorem 2.5. Thus every maximal

right ideal is GP- ideal. Now, we show that J(R) isnil.

Let rT J(R). Then r"R=r"Rr"R for some positive integer n, and so r"(1- s)=0
for some s Rr"R. But since r1 J(R), (1- s) isinvertible and thus we have r" =0,
showing that J(R) isnil.

(49 b (:Assume (4), thenfrom Theorems 2.5 and 2.9, Risstrongly p - regular. #

Lemma 2.13.[10]: Let R be areduced ring. Then every GP- ideal is pure ideal.
By the Proposition 2.12, Lemmas 2.10 and 2.13, we have the following theorem.

Theorem 2.14: Let R be aright quasi-duo and J(R) = 0. Then the following statements
are equivalent:
1- Risasrongly p - regular ring.
2- Risap - regular ring.
3- Risaright (left) weakly p - regular ring.
4- Risawesakly p - regular ring.
5- Risaright MGP- ring.
6- Every maximal right ideal isaleft pure.
3- EGP-rings

In this section, we introduce a new essential GP- ideals which are caled
EGP- rings. We give some of their basic properties, as well as a connection between
EGP- ringsand S- weakly regular rings, strongly regular rings.
Definition 3.1: A ring R is said to be right EGP- rings, if every essential right ideal of R
isaleft GP- idedls.

Recall that [11], a ring R is a right (left) S- weakly regular if for each al R,
al aRa’R (al Ra’Ra). A ring Riscalled S- weakly regular ring if it is both right
and left S- weakly regular ring.

We start this section by recalling the following propositions:

Proposition 3.2.[12]: A ring Ris S- weakly regular ring if and only if R is a reduced
weakly regular ring.

Proposition 3.3.[10]: Let R beaduo ring. Then Risregular if and only if every ideal |
of Risleft pure.
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Now, the following result is given:

Theorem 3.4: Let R be aring with aR = Ra. Then R is a reduced, right EGP- ring if
and only if Risan S- weakly regular ring.

Proof: Assume that R is a reduced right EGP- ring. Let al R and | = Ra’R+r(a).
We claim that | is an essentia right ideal of R. Suppose this is not true, then there
exists a non-zero ideal J of Rsuchthat | CJ=(0). Then (Ra"R)J I 131 1CJ =(0).
Since a’Ri Ra’R, then a’RCJ=(0). But (a’R)Ji a’RCJ =(0) implies
J =(0), acontradiction; hence | isan essential right ideal. Since R is right EGP- ring,
then | is aleft GP- ided, for every al | there exists bl | and a positive integer n
such that a" =ba". Since bl | and | =Ra’R+r(a), then b=ca’d+h for some
c,dl R and hi r(a) hence a" =ba" =ca’da" +ha". Since R is reduced then
r(a=l(@)=1(@"). So a"=ca’da"+0 implies that (1- ca’d)a”" =0 and
(1- ca’d)T 1(@") =r(a") =r(a) hence a=aca’d. Therefore R is an S- weakly
regular ring.

Conversely, assume that R isan S- weakly regular ring. Then by Proposition

3.2, Ris reduced weakly regular ring. Let al R and aR = aRaR = aRRa = aRa since
(aR=Ra). So R isregular and by Proposition 3.3, RisEGP- ring. #

Lemma 3.5.[9]: Let R beawesakly regular ring. Then J(R) = (0) .

However, we have the following proposition:

Proposition 3.6: Let R be a right duo ring. Then the following statements are
equivaent:

1- Risastrongly regular ring.

2- Risaregular ring.

3- Risaright weakly regular ring.

4- Risan S- weakly regular ring.

5- Risaright EGP- ringand I(a") I r(a) for every al R and apositiveinteger n.

Proof: () P (2) b (3): They are obvious.

(3) b (4): Assume(3), then by Lemmas 3.5, 2.10 and Proposition 3.2, Risan

S- weakly regular ring.

(4) b (5): It followsfrom Theorem 3.4.

(5P (1): Assume that R is right EGP- ring. For any al T, let T=aR+r(a) bea
right ideal, by a similar method of the proof used in Theorem 3.4, T is an essential
ideal. Since R is aright EGP- ring, then T is a left GP- ideal. For every al T, there
exits bl T and a postive integer n such that a" =ba", which implies
(1- b)T (@i r(@l T,so1l T and T =R. Therefore aR+r(a) = R.

In particular ar +d =1 forsome ri R and di r(a). Then a=a? . ThusR is strongly
regular ring. #

Definition 3.7.[8]: A ring R is called fully right (left) idempotent if every right (left)
ideal of R isidempotent.

Theorem 3.8: If RisERT, then the following condition are equivalent:
1- Risafully left idempotent ring.
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2- Risaright EGP- ring.

Proof: () P (2): Assume (1), and let E be an essential right ideal of R then it is an
ided of R (since R is ERT). Since R is afully left idempotent ring, then for any x1 E,
Rx = (Rx)? which implies that x = ax for some al RxRi E. Therefore x1 Ex for
each xI E. So E isléft pureimplies E isaleft GP- ideal. Thus R is EGP- ring.

(2P (D: Assume (2), for any al R, set L =Ra"R+I(Ra"R), and let K bea
complement right idea of R such that LA K is an essentia right idea of R. Now,
KRa'"RI KCRa"Ri KCL=(0) impliess that KI I(Ra"R). Whence
K1 KCL=(0). Thisshowsthat L isan essentia right ideal of R whichis an ideal of
R, by hypothesis R is a right EGP- ring. Therefore L is left GP- idea and al L
impliesthat a" = da" for some d1 L and apostiveinteger n.If d =u+v, ul Ra"R
and vl I(Ra"R), then a"=ua"+va"=ua"l Ra"Ra" which implies that
a"1 (Ra")?; whence Ra" = (Ra")?. Therefore R is afully left idempotent ring. #
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