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Abstract--- In this paper, we present the idea in fuzzy V-B-idea/in V-B- BH algebra, we state and gives some
propositions and examples which explain the relationships between these notions and the other types of

fuzzy ideal s in BH algebra.
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INTRODUCTION

Y.Imaj and K.Isekj formulated the idea of a
BCK-algebra and BCl-algebras a present of the
concept of set-theoretic  difference and
propositional calculus in 1966[6]. In 1998 Y. B.
Jun, E. ‘H. Roh and ‘H .S. Kim presented the
notion of BH-algebra and the notions of ideal
[9].In 2002 , j.neggers and ‘Hee Sjk Kim
introduced the notions of B-algebra[5].In
2015,H.H. Abass and L. S. Mahdi introduced the
notions in V-B-BH-algebra and the notions of V-
B-ideal of V-B-BH-algebra[4].
On the other hand, we shall
development in fuzzy sense.
The notions of fuzzy subset presented by L.A.
Zadeh In 1965as a method for representing
uncertainty in real
physical world [7]. In 2006,C.H. Parkstudied the
interval-valued Fuzzy ideal in BH-algebras[1].
In this paper, we present the notions in fuzzy V-
B-ideal in VV-B-BH algebra.
I. PRELIMINARIES
In this section, we present some concepts about a
B-algebra, such as BCK-algebra, BCl-algebra,
BH-algebra and V-B-BH algebra (BC A-part,
homomorphism, ideal ,V-B-ideal ) in BH-algebra
with some theorems, propositions and examples.
Also, we review some fuzzy preliminaries about
fuzzy set, level set fuzzy set, fuzzy singleton,
fuzzy ideal ,(image and preimage) of fuzzy set
under function , and some other concepts that we
need in our work.

mention the
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Definition (1.1):[5]

A B-algebra is a nonempty set ¥ with a constant
o and a binary operation "®" satisfying the
following axioms:

i. amwa=o

ii.h amwo=a

iii. E®O®E= 1@ (E®(® ),
foreveryad,c,g €.

Definition (1.2) :[6]

A BCl-algebra is an algebra (y,®,¢) , where y is
a honempty set, "®" is a binary operation and ¢ is
a constant , satisfying the following axioms:
L(A®OB(A®Y)B®E D) =

e, for every 3, c g € 1,

i. (A®(A®O)®E = o,

foreverya,c € 1.

lii. A®a = o, foreverya € 1.

iv.a®C =o0and ¢ ®a = o

implya = ¢ for everya, ¢ € .

Definition (1.3) :[6]
A BCK-algebra is a BCl-algebra satisfying the
axiom: o ®a= o foralla € .

Definition (1.4) :[9]

A BH-algebra is a nonempty set iy with a
constant o and a binary operation"®" satisfying
the following conditions:

i. A® A = o, foreveryde).

ii.h. a®C=o0and c®a =o
implya = ¢, foreveryd, ce.

iii. A®o = ¢, forevery dep.
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Remark (1.5):[8]

Let XandY be BH — algebras. A mapping
N: XY is called a  homomotphism if
NHEY)=020) ®2(7) foralln,y €X.
Ahomomotphism(2 is called a epimofphism if
it is injectjve. The set {x € X:0Q (%) =0} is
called the kernel of 12, denoted by Ker(f), and
the set {Q(¢):x € X} is called image of £,
denoted byIm(£2). Notice that 2(0) = 0', for
all homomofphismf2, and Q7 Y(¥V)={x€
X:0 () =y, ,forsomey € Y}

Definition (1.6) :[9]

Let | be a nonempty subset of a BH-algebra .
Then I is said to be ideal of yif it satisfies:

i. o€l

ii. a®¢€landc€limplya€l.
Definition (1.7): [4]
A V-B-BH-algebra is defined to be a BH-algebra
Yin which there exists a proper subset V of y,
such that:

i. 0eV,|V|=2

ii. Visa B-algebra.
Definition (1.8): [4]
A nonempty subset | of a V-B-BH algebra i is

said to be V-B-ideal of i related to V if it
satisfies:

i. oel
ii. a®¢ el and ¢cel=ael, for every aeV.

Definition (1.9) [7]:

Let ybe a non-empty set. A fuzzy set A in
Y(a fuzzy subset of ) is a function from
yinto the real interval [0 ,1] .

Definition (1.10) :[7]
Let A and sbe two fuzzy sets in i, then:
i. A = B if and only if

A@)=s(a),Va<€y.
ii. Acw if and only if
AQ@) B (3),Va<€ .
iii. Acw if and only if A(d) <
B (3), for everyda €1 where A is

called a proper fuzzy subset of »
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Definition (1.11) :[2]
Let A and sbe two fuzzy sets in 1, then
i. (A NnB)(x)=min{A (x),s(x)},

for everyx € 1.
ii. (A usB)(x)=max{A (x),s(x)},
for everyx € 1.

A Nsand A Us
are fuzzy sets in .

In general, if {A, , € € y } is a family of

fuzzy sets in ¥, then :

eCyAc(d) = inf{A.(3), € € v},
for every 4 € Y and

eeyBe(d) = sup{A.(3), e € v},
foreveryd € ¢

which are also fuzzy sets in .

Definition (1.12) :[7]

Let A be a fuzzy set in . For t € [0,1]. The
set A;,={a€ Y,A(@)>t} iscalleda level
subset of A.

Definition (1.13) :[1]

A fuzzy subset ‘A of a BH-algebra v is said
to be a fuzzy ideal if and only if:
i. Foranya € y,A (o) = A(d).

ii. Foranya, ¢ € y,A (3) = min{A (a®<)

A (O}

Definition (1.14):[3]

Let A and sbe any two sets, A® be any fuzzy
setin A and

N : A— gbe any function. If 271(¢) =
{a€A|2(a) =¢} for ¢€B, then the fuzzy set
B® in B which is defined by

B® (&)=
sup{A®(3)| x € 271 ()} if 07t (y)=0
{(_) otherwise
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for every ¢€m, is said to be image of A®
under 2and denoted by 2(A®).

Definition (1.15):[3]

Let 4 and B be any two sets, 2: 4— gbe any
function andB® be any fuzzy set in 2(A4). The
fuzzy set A® in A defined by A®®H) =
B®(%))for every &€y is called the
preimage of B® under £ and is denoted by
NYB®).

I1. THE MAIN FUZZY RESULTS

In this section, we present the concept of a
fuzzy V-B-ideal of a V-B-BH algebra. For
our discussion, we relate this idea with other
species of fuzzy ideals of a BH-algebra. Also,
we stated and proved some theorems and
examples about these concepts.

Definition (2.1):

A fuzzy subset A of a VV-B-BH-algebra yis
said to be a fuzzy V — B — idealif and only
if:

i Ao) = A@),
for everya €.
ii. A(dQ) = minfA(a®<¢),A(8)},
foreveryda €V,c €.
Example(2.2) :

Consider the V-B-BH-algebra ={0,1,2,3}

with binary operation "®" defined as follows.

® 0 1 2 3
0 0 2 1 3
1 1 0 2 1
2 2 1 0 2
3 3 2 1 0

where V={0,1,2}. The fuzzy subset A of i) which

is defined by:
0.5 a=o
A(3)=10 .4 a=1,2
0.3 a=3
is a fuzzy V-B-ideal of .

Proposition (2.3):
Let i be a V-B-BH-algebra. Then every fuzzy
ideal of yis a fuzzy V-B-ideal of y.

Layth Salah Mahdi

Proof:

Let A be a fuzzy ideal of 1. To prove that A is a
fuzzy V-B-ideal of .
=1.A(0)>A(3), for every a€p[Since A is a fuzzy
ideal of y. By definition(1.13) (i)]
ii. Let a€ V, ceyp=a€y[Since V ]
=S3E€yP 2A Q) >
min{ A(@ ® ¢),A(¢)}[Since A is a fuzzy ideal. By
definition(1.13)(ii)]

Therefore, A is a fuzzy V-B-ideal of .

Remark (2.4):

The converse of the proposition (2.3) may not
be true in general as the following example
shows.

Example (2.5) :

The fuzzy V-B-ideal A of ¥ in example(2.2) is
not a fuzzy ideal of v, since A (3) = 9.3 < min
{AGB®1),A(1)}=A(1)=04

Proposition (2.6) :

Let ¢ be a V-B-BH-algebra and let A be a fuzzy
V-B-ideal of ¥ such that A@®¢) <
min{A (3), A (¢)} for every agV,¢ € . Then
Ais a fuzzy ideal of .

Proof :

Let'Abea fuzzy V— B —ideal of .
To prove that A is a fuzzy ideal of .
i. Let a€y=~A(0)=A(a)for every a€y. [By
definition (2.1)(i)]
ii. Let a, ¢€.
Then we have two cases.
Casel: Ifa€ V=A@R)
> min{A (3 ® ¢),A (&)}
[By definition (2.1)(ii)]
Case2 : If agV =A@ ® )
< min{A(3) ,A(¢)}
=A@ ®E) < AQ@) and A(A ® ©)
<A@ =AG@®0
min{A (a ® ¢),A (&)}
=A (3) = min{A (@ ® ¢),A (&)}
=Aisa fuzzy ideal of .
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Theorem (2.7):
Let i be a V-B-BH-algebra. Then A is a fuzzy

V-B
-ideal

,for every t€fo, VA ()], 4 € ¥.

of y if and only if A; is a V-B-ideal of

Proof:

Let A be a fuzzy V-B-ideal of ¢ and

A ()]

To prove that A, is a V-B-ideal of .

t€fo

i. Since A(p) >A(3d), for every a€y=A(g) > t
=0€A; .

ii. Let 3€ V and a ®C€A;,, C€4A;.
SA@®O=2tA (0>t

= minfAEA® ),A®)}>t.

But A (3)>min{A (a ® ¢),A (&)} [Since A is a
fuzzy V-B-ideal ]

=A(3) >t =a€A=A,is a V-B-ideal of .
Conversely,

To prove that A is a fuzzy V-B-ideal of ¢

copA @]

=A; is a V-B-ideal of ¢

i. Lett€fo

=0€A;=A(0) >t =A(0) >A(3),for every a€.
oA ()]

ii. Let a€V, ¢€ypand t= min{A(@®¢),A(¢)}

=A@ ® O)=>tand A (O)=>t

=>ad®C €Arandy € A,=4a € A[Since A; is
a V-B-ideal of y]

=A(3) >t =A(E) >min{A(E@ ®¢), A(¢)}

=Ais a fuzzy V-B-ideal of .

[Since t€[o

Proposition (2.8):

Let{ A.(a),e € y}be a family of fuzzy V-B-
ideals of a V-B-BH-algebra 1. Then £ ,A.(3) is
a fuzzy V-B-ideal of .
Proof :

Let {Ac(3),e € Yy} be a family of fuzzy V-B-
ideals of .
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i. Letaey.

eLyAc (@)= Inf{ Ao), £ € v}
>inf{Ac(d),e € v}

[Since Ac is a fuzzy V-B-ideal,for every € €
y. By definition (2.1)(i)]

eCyAe(@=clyAe (0) 28yA(D)

Ii. Let3a€ V and ¢€y

eCyAc(@) = Inf{Af0), e € v}

> in f{MIn{A(E®¢),A(C)}, € € v

= min{ inf{ Ac (Aa®¢), € € v }, Inf{ A (),
e€v}}

=min{ £, A @ADC), &yA(O)}

=elyAe(d)

> min.£,A. (308, .£,A. ()

=¢&yAc is afuzzy V-B-ideal of 1.

Theorem (2.9):

Let{ A.(3), € € v} be chain of fuzzy V-B-ideals

of a V-B-BH-algebray. Then U A, is a fuzzy

gey

V-B-ideal of .

Proof :

Let {A.: € € vy } be a chain of fuzzy V-B-
ideals of y.

i. Leta€y.

U Aco)=sup{ Ac (o). € v}

g€y

> sup{A¢ (¢), € € y }By definition (2.1)(i)]

>

gey

Ua.@=U a,

g€y

(0)

g€y

A, (d)for every a€.

ii. Leta€ V, cey.
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UA. () = sup{ Ac(@).e€ v} > supf

sey
min{A, (®YAc (O} e € v}

[By definition (2.1)(ii)]

But { A. , €€ y}isachainthen there exists
o<€ysuch that

sup{ mMin{Ac(d ®¢), Ac(©)} e€y } =
min{A,(@EA®¢), Ai(©)}

=min{sup{A (@ ®¢),e€ vy }, sup{Ac (©),
€€ v}}

U A(@) >

cey

min{fA;& ®¢)

A (@) }=min{sup{A.(a
sup{A¢ (€), € € v}

®C¢),e€y }

=min{ U A, G®),UnA, ©3

cey cey

min{ UaA.@ ®9U

g€y

-Ua.@ >

ey
Ac(©)}
U A, is a fuzzy V-B-ideal of .

ey
Theorem (2.10):
Let A be a nonempty subset of aV-B-BH-

gey

algebrayand let sbe a fuzzy set in ydefined by
@0 Serwise

where p; > p, in[0, 1] and A=y, = {a€ P|s(d)
=8(9)}.Then sis a fuzzy V-B-ideal of yif and
only if A is a V-B-ideal of .

Proof :

Let s be a fuzzyV — B — ideal of .

I 8(0) =p,=0 € A[Since s(0)=n(a)for
every a€y]

ii. Leta€ Vanda® ¢,c€ A
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=8(d) = min{s (A® &), (O)} = p, [By

definition (2.1)(ii)]

=8 (@) =p,

=ada€ A=AisaV —B-—ideals of .

Conversely,

Let AbeaV — B —ideal of .

i.Sinceo € A =s(0) = p,=

B(2), for every a € 1.

ii. Leta€ V and¢ € .

Then we have four cases.

Casel:If ¢ €Aanda ®C € A

[By definition (1.6)(ii)]

=s(a) = ,01:,>B(é)

> min{s (3 ®C),s (¢)}.

Case2: If ¢ € Aand a®c¢ & A

=8(€)=p,ands(@®E) = P,

=min{s(@ ®¢),8(A)} = p,=1(3)

> min{s (3 ®C),s (¢)}.

Case3:If ¢¢€ Aand a®C € A
=) = pands@® ) = P,
=min{s(d ®¢),s(¢)} = pzzm(é)

> min{s (3 ®C),s ()}

Case4: If cg¢Aand a® ¢ € A

=)= p,ands(@®C) = P,

=min{s (@ ®E),s ()} = P,=s ()

> min{s (A®C),s (O)}.
=sisa fuzzyV— B —ideals of .

=a€ A

Proposition (2.11):
Let 2: (), ®,0) ~ (£, 4,0 ) bea

V — B — BH — epimorphism.If Ais
a fuzzy V— B —ideal of Y, then 02(A)
is a fuzzyf) (V—B) —ideal of ¢.
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Proof :
Let'Abea fuzzyV— B —ideals of .

i. Let¢ € &suchthat¢ = 2(3).

for some a € .
(2 (A)(0") = sup{A (3) A €2 (0)}
= A(0)>A@)

[By definition (2.1)(i)]
= (2A)R@Q) = (LA)NO
=(2 A)() 2@ WO
i. Letcl€ (V),¢2 € §,

there existsal € Vand a2 €y

such that
¢l1=0(3)) and ¢, = 2 (3y)
=(00A) (&) =
sup{A (3)/ 4 € 07 (&)}
(2@W)E) = A &)
> min{ A (3; ®3a,),A (3,)}
[By definition (2.1)(ii)]
= min{(2 (A)(2 Q1 ®3d2)),
(2 (A)(@Ez) }
= min{(2 (A)(2 (@) ®" 2 (),

(2 (A)N(2@E2)}
= min{(2 (A)(&®' &),
(2(A)(¢2)}
=2 A)(¢)
= min{(2 (A)(&®' &), (2 (A) (&)}
=0(A)is a fuzzy
) (V—B) —ideal of €.
Theorem (2.12):
Let 0: (¥, ®,0) > (§,®",e)beaV —B
—BH — epimorphism, and let s be a fuzzy
V — B —ideal of ¢ such that 2 *(V—B)is a
B — algebra.Then 2 *(s)is a fuzzy 0 1 (V

—B) —ideal of .
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Proof :

i. Leta € Y.SinceN(d) € &

and s is a fuzzy V — B —ideals of ¢,
(271 ®)(0) = 3(2(0))

= B(O') > 3(2@Q))

= Q' ®)(D)

i. Letd € QY V), ¢ € .

2 ®)E) = (@)

[ By definition (1.15)]

> min{ s (2(2) g2(8) ), 8(2(9))}
[By definition(3.1)(ii)]
=min{s (2 (@ ®C)),s (2 (€)}
=min{Q ' (B)(3A ® &), N1 (B)( &)}
=0"1®)(4) = min{Q *(s)
(A® O, 2 (O}

then 2 1(8) is a

fuzzy 2 1(V — B) —ideal of .
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