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ABSTRACT

This paper presents the development and implementation of a new
numerical algorithm for solving nonlinear optimization problems. The
algorithm is implemented inexact line searches. Powell restarting restart
criterion is applied to al the above versons and give dramatic saving in
computational efficiency. The results obtained both theoretically and
experimentally indicate that in genera the new agorithm is superior an
standard agorithms using seven nonlinear test-functions with (20) differs
dimensions.

1. Introduction

Conjugate gradient methods (CG) are iterative methods, which
generate a sequence of approximations to minimize a function f(x). The

basis of all CG- methods is to determine new directions of search using
information relation only to gradient of a quadratic objective function, in
such a way that successive search directions are conjugate with respect to
the matrix A of that quadratic form .At each stage ithe direction d,is

obtained by combining linearly the gradient at x,,- g, and the previous
conjugate directions d,,d,,d,,d,,.......... ,d._,, where the coefficients of the
linear combination is chosen in such a way that d, is conjugate to all
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previous directions .There fore, the direction vector d, is computed
recursively by therule:

d =-G,, +hid (1)
Where b, is the conjugate coefficient and it has several values which are
introduced from several others as follows:

b, =y'G,,/dy, (Hestenes - Stiefd ,[6] )U
|
bi :GiT+lGi+l/GiTGi (FIetCher - Reeves ’[5] )I, (2)
b, =Gy, IG/ G, (Polak - Ribiere ,[7] ) Y
b, =-G.G,.,/d'G, (Dixon ,[4] ) !3

Where y, =G,,, - G
We can define the classical CG a gorithm as follows Beale [3].
Algorithm
Step (1)-Set %, ,e,n
Step (2)-For i =1, d, =- G,
Step (3)-Compute x,,, =x; +1 .d,
Where | ; is obtained from aline search procedure.
Step (4)-Check for convergenceiif |G,,,| £ e , then stop.

Step (5)-Compute the new direction
d, =-G,, +b,d,

Where b, isthe conjugac coefficient.

Step (6)-Check for restarting criterion if d\,G,,, f-0.8G/,G,, .then set
i=0 and go to step(2) else go to step (3) .

The CG-method is developed in order to overcome the difficulties of
the zigzagging method that is very slow in [2].

In order to improve the local rates of convergence and the efficiency
of the classical CG method, several established algorithms are discussed by
Dixon’s [4] as gradient prediction method, Nazareth’s [8] three- term
formula & Nazareth and Nocedal’s [9] multi step method. They have all
shown that such algorithms are able to generate conjugate directions for a
quadratic function without performing exact searches, they will satisfy the
quadratic termination property by using an error vector. Other important
algorithm of this type, developed by Sloboda [11] and Al-Assady and Al-
Bayati [1], They satify the quadratic termination property without the use of
error vector, some modifications where developed by severa authors such
as Touati & Story [13] for a such type of agorithms.
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2. Development of a New CG —algorithm for the quadratic function:

In this section a new general way for the (CG —F/R) type methods is
presented.

This new approach has the property of the quadratic termination even
if the line search is not exact, Where G. ,, is the gradient of the quadratic

i+l
functionat x,,, =x; +1,d, [12] and let

. G'G,
G.=G + T Y --(3)

Then the following Lemma is hold.

Lemma (1)

For the quadratic function the term G/, ,which is defined in (3) is
equivalent to that the gradient G, is obtained by Hestenes and Stiefel [6].

Pr oof:

LetwedefineG, =Ax, -b and d, =-G, ...(49)
The biorthogonalization process of Hestenes and Stiefel is defined as
follows:
Xy =% +1,d;

Wheres |, =-G/d, /d] Ad, for exact line searchesand A isasymmetric
positive definite matrix. Thus
Gi+l :Gi +I iAdi (4b)
and

di,y= _Gi+l+&di
di yi
Now in order to prove that G,,, which is obtained by H/S with exact line
searches algorithm is identical to the term G,,, , which is defined in eq.(1)
asfollows:

From the definition |, =-G,d, /d;" Ad, then rewriting eg. (4) , we
get
G'd,
Gu =G - —Ad,
d; Ad,

Now multiplying and dividing the second term of the eg. (4) by | , it
becomes as
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]
. d

G, =G, - (f | Ad
d’l Ad,

From the definition we have y, =G, - G, =1 ,Ad, then replacing vy;
instead of | ; Ad; in the above equation, then we get:

G'd,
Gnu=G-——Y,

Thus this equation is identical to the equation which isdefined in eg. (1) as.
G'G,
d'y,
Thus the set of vectors G, G, ,G, ,....ccue...... ,G, and orthogond as in H/S

method in quadratic function. From the above argument we have the
following two corollaries:

Gi*+l =G, + Yi o

Corollary (1)

The term G,,, which is defined in eqg. (3) is used to obtained by the
following form:
* _ . T l*
(G:rl E;|) G|+l di* (5)
di (Gi+l - Gi)
Is paralel to that search direction given by H/S agorithm for quadratic
function.

diy =G, +

Corollary (2)

The search direction which is defined in eq. (5) is descent direction
even if for non-quadratic functioni.e d,,G/,, p 0.

Pr oof:

Rewrite the direction in eg. (5)
di*+1 =- Gi*+1 + bi*di*
Multiplying this direction by G/, then we have:
2

di*+lGi*+l =- Gi*+lGi*+l + bi* di*Gi*+l and then di*+lGi*+l =- ||Gi*+l ’
This result is true, because we have d;G;,, =0, it is easy to prove
this result, such as follows we have,
.o G/ G,
G.. =G +diTyi Yi .-.(6)
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So vy, =G/,-G,. Now multiply eq.(6) by d,then we obtain the
d'G,
T G|Ty|

followingresult:  d'G/, =d'G, +

2
From eq (4a) d/G . =-G +de y, =0

The New Algorithm
Step (1)-Set d, =- G, =-G,
Step (2)-For i =1,23,............... Compute x.,, = x, +1,d;
Where | ; is obtained from the line search procedure.
Step (3)-Check for convergenceif |G,,,| £ e, then stop. Otherwise go to

step (4) .
Step (4)-Compute G,,, as defined in eg. (3).
Step (5)-Compute the error -term ¢, =0

.
C..=C ted, e =I(- @
y; d,
Xn+l = Xn +Cn
for the purpose of conjugacy condition
Step (6)-Compute the new direction
di*+1 =- Gi*+1 + bi*di*
Where
b’ =y'G ,/d"y, (Hestenes - Stiefel ,1952) U
* * *° * I
bi :GiT+lGi+l/GiTGi (FIaCher - Ree\/es ’1964)|, (7)
b, =Gy, /GG, (Polack - Ribiere 1969) {
b’ =-GG,,/d’G (Dixon ,1975) b

Step (7)-Check for restarting criterionin [10] d.,G.,, f-0.8G',G,,,then

set i=0 and go to step(1) else go to step (2) .

This algorithm is identical to the original CG-methods in quadratic
function, because of the ortho geniality property and the lemma (1)is holds.
For general function this algorithm is reduced to the P/R algorithm even it
inexact searches can used as we have that in Corollary (2).
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3. Numerical Resultsand Conclusions:

Several standard test functions are minimized to compare the new
algorithm with standard CG-agorithms (see appendix) with different
dimensions (2,4,8,10,20,40,60,............ ,400) . All the results are obtained
using double precision on the (Pentium (4) computer) using programs
written in FORTRAN.

The compression performance of the algorithm are evaluated by
considering both the total no. of function evaluations and the total no. of
iterations. The stopping criterion is taken to be:

|9.a| p1*120°°

The line search routine employed is the cubic fitting technique,
which uses function and gradient values.

We evaluate for all the algorithms the number of calls of the function
evaluations (NOF) , and the number of iterations (NOI). Overall totals are
also given for NOF & NOI with each agorithm.

Table (1) contains the numerical results for the new algorithm with
(DX) formula & the standard CG-algorithm with the same formula. In this
table we see that the new algorithm is more efficient than the standard CG-
algorithm, thisis obtained from the NOF & NOI of both algorithms.

Table (2) contains the numerical results for the new algorithm with
(P/R) formula & the standard CG-algorithm with the same formula. In this
table we see that the new algorithm is more efficient than the standard CG-
algorithm, thisis obtained from the NOF & NOI of both algorithms.
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Table(1)

Comparative performance of the two algorithmsfor group of test
function by using b : (DX)

Test function N CG-dgorithm New-algorithm
NOI (NOF) NOI (NOF)

DIXON 2 15 (33) 9 (22
NON-DIAGONL 2 35 (80) | 10 (48
DIXON 4 16 (349 | 16 (34)
CANTRAL 4 26 (a75) | 23 (140)
MIELE 4 304 (734) | 43 (129)
CuBIC 4 115 (238) | 20 (51)
DIXON 10 27 (57) | 27 (57)
NON-DIAGONL 10 29 (78) | 24 (73)
CANTRAL 20 29 (210) | 23 (140)
NON-DIAGONL 40 35 (91 | 28 (80)
CANTRAL 40 32 (248) | 23 (140)
CUBIC 40 125 (258) | 20 (51)
WOLFE 40 55 (111) | 55 (111)
NON-DIAGONL 100 118 (259) | 25 (70)
CuBIC 100 134 (276) | 20 (51
WOLFE 100 59 (119) | 60 (121)
NON-DIAGONAL | 200 26 (70) | 321 (662)
CANTRAL 400 35 (287) | 25 (168)
WOLFE 400 86 (A73) | 132 (265)
CuBIC 400 143 (294) | 20 (51)
TOTAL 1444 (3825) | 924 (2521)

Percentage performance of the new algorithm against the standard
CG agorithm

Tools Standard -CG NEW
NOI 100 63.98
NOF 100 65.90
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Table(2)

Comparative performance of the two algorithmsfor group of test
function by using b : (P/R)

Test function N CG-agorithm New-agorithm
NOI (NOF) NOI (NOF)

CUBIC 2 15 (36) | 12 (33)
NON-DIAGONL 2 11 (33 | 10 (31
DIXON 2 |5 (14 | 5 (13)
DIXON 4 17 (36) | 17 (36)
CANTRAL 4 |20 (101 | 20 (104)
MIELE 4 | 304 (706) | 146 (333)
POWELL 4 168 (394) | 67 (151)
CANTRAL 40 | 21 112 | 21 (116)
CUBIC 40 | 14 (36) | 12 (33)
NON-DIAGONL | 60 | 22 (61 | 19 (54)
WOLFE 80 | 49 (99) | 49 (99)
WOLFE 100 | 49 (99) | 49 (99)
NON-DIAGONL | 100 | 22 (60) | 24 (62)
CUBIC 100 | 14 (36) | 12 (33)
MIELE 100 | 635 (1397) | 369 (845)
POWELL 100 | 339 (736) | 76 (171)
CANTRAL 200 | 21 (112 | 21 (112)
CANTRAL 400 | 21 (112 | 21 (116)
CUBIC 400 | 14 (36) | 12 (32
MIELE 400 | 223 (907) | 478 (1093)
TOTAL 1984 (5011) | 1440 (3567)

Percentage performance of the new algorithm against the standard
CG-agorithm

Tools Standard -CG NEW
NOI 100 7258
NOF 100 71.18

4. Conclusion: This paper contains a new form for the gradient estimations
with the use of inexact line search and error-terms. The new agorithm
satisfies the quadratic termination property with ELS and it is very
promising for the general functions.
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Appendix

1.Cubic function:
f(x) =100(x, - x)* +(L- %)*
Sarting point:(- 1.2,1,- 1.21,......)"

2.Non - diagonal function:
n/2

f(x)=a @00(x - x*)? +(L- %)?)

i=1

Sarting point:(- 1,...cccccueeevereennes )’

3.Generalized Cantreal function:
f — n°/4 3 2 100 6 4 8 .
() =a (EeXp(X4.3) - X5.2)" +100(X4_ 5 - X4i.1) " +((@tAN(X4 4 - X4)))" + X a3
i=1

Sarting point: (1,2,2,2)"

4.Generalized powell function:
f(x) = é (X4 - 10X4i-2)2 +5(X4.q - X4i)2 +(Xgiz - 2X4i-1)4 +10(X41.9 = Xy )*
Sarting point: (31L,0L.....cccueveveverunne. )

5.Generalized Miele function:

f(X) = exp(xl - Xz) +1OO(X2 - X3)6 + ((tan(xs - X4)))4 + X81 + Xi-l

Sarting point: (1,2,2,2)"

6.Dixon function:
S

FO) =@ %)% +(1- %) +a (% - X;.4)
i=2

Sarting point:(- 1,......... )

7.\Welfe function:

n-1
F(X) = (% (3 %, /2)+2% - D7+ A (%1% (3= X /2)+ 2%y - D% +(Xyy - X, (3%, /2) - 1)?
i=1

Sarting point:(- 1,............ )
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