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Abstract 
 
           A two sampl test about distribution of censored data is proposed. The regularity 
conditions used for deriving asymptotic distribution of the test statistis are based mainly 
on assumptions about smoothness of the underlying distribution functions. 
 

  المستخلص 
  
واشـتقاق  ،  لعينتين ) censored data( المراقبة في هذا البحث تم اقتراح اختبار جديد لتوزيع البيانات
للعمليات التصادفية ) weak convergence(التقارب  التوزيع التقاربي لاحصائية الاختبار التي تعتمد على فرضيات

اذ تـتم مقارنـة   ) المعياري(يقترب من التوزيع الطبيعي القياسي اذ تم برهنة ان التوزيع الخاص باحصائية الاختبار      
 يمثل كما تم اعتماد مثال تطبيقي. المجدولة لاختبار الفرضية المطلوبة    )  Z(  القيمة المحسوبة للاختبار مع قيمة 

  .رة الاخرى ظ لتوضيح هذا الاختبار ومقارنته مع الاختبارات المناتجربة
 

Introduction:-   
 

In many situations when the lifetime of the items is under the study, the true lifetimes 
may not be directly observable, and we have to deal with some kind of censoring.  

Suppose we have two independent random samples o
n

oo XXX ,......,, 21 and 
o
m

o yyy ,......, 0
21 with continuous distribution function Fo(x) and Go(y) respectively. For the first 

sample, the censoring lifetime U1, U2, … Un independent of 00
1 ,....., nXX  is independent of 

identically distributed (iid) random variables with a continuous distribution function H1(u) 
and we observe the pairs (Xi,δ i ), i=1, …., n where   
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i.e δ i =1 if and only if Xi is uncensored. Similarly for the second sample the censoring times 
V1,V2,…Vm are independent of 00

1 ,..... mYY and they are iid random variables with a continuous 
distribution function H2(u). We observe the pairs  ),( iiy ∈ , i=1,…,m, where  

)(),,( 00
iiiiii VyIVyMiny ≤=∈=  

The aim of this paper is to present a test of the hypothesis Fo=Go, against Fo=Go based on 
observed values )),.......(,(),,()......,( ,11 mmiinn yyXX ∈∈δδ . An asymptotic test of this 

hypothesis, which is constructed in the next section, is non-parametric and does not require 
validity of the proportional hazard model.  
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The proposed test: - 
 

Let 
∧

Fo based on the sample ),().....,,( 11 nnXX δδ and oG
∧

based on the sample 
),).....(,( 11 mmyy ∈∈ , be the Kaplan-Meier product limit estimator of Fo and Go, 

respectively. We recall, that this estimator was introduced by [١], we shall assume, that 
the usual conditions.  

 
Fo(o)=Go(o)=H1(o)=H2(o)=0  
 
hold. We denote by TFo, TGo, TH1, TH2 the uppermost support points of  
 

1- Fo, 1-Go, 1-H1, 1-H2 respectively, and put 
 

),(),,( 2,211 HGoHFO TTTTTT MinMin =∗∗ =  

Let us denote for 10 <≤ P  
]0,)(:inf[ ≥≥= tptFotPξ  

 
The p-th quantile of Fo. Let Po is a fixed constant, satifying the inequalities 0<Po<1. We shall 
assume, that the following regularity conditions are fulfilled.  
 

1-  The distribution function Fo has a bounded second derivative on 
),0( δξ +

Po
where δ is a positive number, and the first and the second right-hand 

derivatives at x=0 exist.  
2-  Inf [ ]0:)( PoqoF q ≤≤′ ξ  is positive.  

3-  ( )TTMin
Po

∗∗< 21 ,ξ  

4-  oG′ exists and is continuous on (0,T) for some ξ>T PO
.  

In the following theoretical section (theorem) of our test, by the weak convergence of 
stochastic process we understand the weak convergence of their finite dimensional 
distributions. [2] 
 
Our test: (theorem):-  
 

Let 



 ≥≥= otptt FoP

,)(:inf
^^

ξ  be the p-th quantile of Fo
^

. If the sample sizes 

∞→nm,  and m/n tend to a non-negative real number λ , then the process 

PoPoPPo GoGom ≤≤







− ,)()(

^^
2

1

ξξ  converges weakly to Gaussian process Z(p) , 

PoPO ≤≤ , having zero mean and covariance structure given for PoqP ≤≤≤0 by  
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We can prove that obviously as:  
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By corollary 1(i) and theorem 1 from [3] the relation:  

( ) )3....()(log)()()()( 4
34

3

mpppp mGoGoGoGo
−

+−=−
∧∧∧∧

ξξξξ  

holds with probability 1, as ∞→nm,  . According to theorem 5 from [4] the process 

oPPGoGo
PPm .0,)(

^
2

1

≤≤



 − ξξ  converges weakly to a Gaussian Process Z1(p) 

PoP ≤≤0 , having the mean Zero and the covariance:  

( ) poqpoyGdyGGoGo
P

O
qP ≤≤≤−






 −− ∫

−
− .)()(1)(1()(1 2

ξ
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Utilizing the Lagrange theorem we can write the second part of the equality (2) with 
probability tend to 1 as  

)4.......()()()(
^^^

2
1

2
1







 −′=



 − PPP PoGGoGo mm ξξξξ α  

where Pα
^

is between pξ
^

 and ξ P
 Since ′GO is continuous and theorem 2 from [3] implies 

that 












≤≤− popo
PPm ;sup

^
2

1 ξξ is bounded in probability, the relation (4) can be 

expressed in the form  
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
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But according to corollary 1(ii) from [3] the process popoppoF
Pn ≤≤−′ ).)((

^
2

1 ξξξ  

converges weakly to a Gaussian process Zz(p), popo ≤≤  , having the mean zero and the 
covariance.  

( )( ) ( )( ) poqpoxFdxFFoFo
p

qP
≤≤≤−−− ∫ )(

_
1)(1)(1 2

0

ξ
ξξ  

and it follows from (5) that the process popoGoGo PPm ≤≤



 − )()(

^^
2

1

ξξ  , converges 

weakly to the process 
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According to (2), (3) and independence of the processes  
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together with the weak convergence results yield that the process 

popoGoGo PPm ≤≤



 − ,)()(

^^
2

1

ξξ  converges weakly to a Gaussian process Z(p), 

popo ≤≤  with the mean Zero and the covariance (1) and the proof completed.  
Let us assume, that Fo=Go since  
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PP FoGom ξξ  has the same weak limit as the process 

popoPGo Pm ≤≤

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Hence if o<p< … <PK ≤ Po and  
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Then in the notation (1) and  
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the statistic ( ) ( ) 2
1

,......,/,......, 11 KK PPVPPT  according to theorem converges in distribution to 
the standard normal distribution. N(0.1). But if we denote by δ )( j

 and ε )( j
 the δ )( j

 and 

ε )( j
 associated with jth order statistics X(j) and y(j), respectively, then for popo ≤<  

( )
( )( ) )(1

/1
)(1

^
)(

2
2 yGdyG

mj
j

m
P

j

P

y Om
Lim ∑ ∫

≤

−
−

∞→

−=
−

ξ

ξε  

with probability 1, and  
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is a consistent estimator of (7) thus distribution of the our proposed test statistic.  

( ) ( ) ( ) )9.......(,......,/,......,,......, 2
1

1

^

11 KKK PPVPPTPPQ =  
can be, under the null hypothesis Fo=Go and under the imposed regularity conditions, 
approximated by the standard normal distribution. Since the test statistic (9) tends to ∞  if  
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( ) ( ) kiGoFo
PiPi

,.......,1, =≤ ξξ  and  

( ) ( )ξξ PjiPi
GoFo <  for some  j ,  …….(10)  

 
the test based on (9) rejects the null hypothesis Fo=Go and accepts the alternative hypothesis 
(10) if ( ) αZPPQ K >,........,1  where Zα

is the percentage point of the standard normal 

distribution. Testing of the null hypothesis Fo=Go against the alternative ( ) ( )ξξ PiPi
GFo ≥ , 

i=1,….,K and ( ) ( )ξξ PjPji
GoFo >  for some j. can be obviously performed in an analogous 

way.  
 
. Application[5] :- 
 
             To illustrate the use of our proposed test and compare its value  with the other tests, 
the data given in the following table represent two samples, The first sample consists of 
lengths of  remission in weeks for 21 patients with acut leukemia, maintained on the drug 6-
MP , sample2 consists of lengths of  unmaintained remission for 21 control patients. The plus 
sign denotes censored observations. 
 

Table ( 1 ) Length of remissions ( weeks ) 
 
 
Sample ( 1 ) : 6 , 6 , 6 , 7 , 10 ,10, 13 , 16 , 22 , 23 , 6+ , 9+ , 10+  
                      11+ , 17+ , 20+ , 25+,32+, 32+ , 34+ , 35+ 
 
Sample (2) : 1 , 1 , 2 , 2 , 3 , 4 , 4 , 5 , 5 , 8 , 8 , 8 , 8 , 8 ,11 , 11 ,  
                    12 , 12 , 15 , 17 , 22 , 23 
 
 
Let p1 = 0.25 , p2 = 0.50 , p3 = 0.75 . The test statistics  
 

Q(p1,p2,p3) calculated in two methods . In method one the quantile )3,2,1(ˆ == ipiξ    is 

calculated from the first sample and 0Ĝ  from the second sample. In method two , the 

piξˆ     is calculated from the second sample and 0Ĝ  from the first 
sample . Values of test statistics and important terms in the test statistics are given in table (2 )  
            
 
 
 
 
 
 
 
 
 
                 



AL –Taqani Journal , Vol . 20 , No . 2, 2007  
 
  

 ٦

Table ( 2 )  Values of important terms in the proposed test statistics for two methods 
method One Method Two 

 P1 P2 P3  P1 P2 P3 

piξ̂  
10 22 23  3 8 12 

)( ˆˆ
0 piF ξ  

0.2471 0.4622 0.5518  0.2381 0.4762 0.7619 

∑
− )/1(

/)(
2

nj

niδ
 

0.36471 1.3315 2.1715  0.3302 1.7716 4.9361 

)( ˆˆ
0 piG ξ  

0.6667 0.9524 1  0 0.1933 0.3091 

∑
− )/1(

/)(
2mj

mjE  
1.7717 33.5193 33.567  0 0.2575 0.3641 

Q(P1,P2,P3) 3.9043  -2.8720 
 

The data are also analyzed by the three known tests mentioned above. The results are 
given in the table below 

 
 
 

Table ( 3 )  Results of known tests 
 

Gehan [6]   Mant.-Haen..[6 ]    Taron-Ware[6]      Q(p1,p2,p3) 
------------   -------------------      -------------------       -------------- 
                                                                                   1               2 
     4.7                  5                            3.9                3.9043   -2.872 
 
Q(p1,p2,p3) test is significant at the ( 0.05 ) level for both methods ( Z 0.05= 1.96 ) . In fact we 
may conclude that )()( 00 tFtG >  that is the drug 6-MP is effective. Gehan test , Mantel- 
Haenszel test , Tarone – Ware test gave the same conclusion. 
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