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A NEW TEST FOR TWO SAMPLESWITH CENSORED DATA"

Saffa Ali Nasir

Abstract

A two sampl test about distribution of censored data is proposed. The regularity
conditions used for deriving asymptotic distribution of the test statistis are based mainly
on assumptions about smoothness of the underlying distribution functions.
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I ntroduction:-

In many situations when the lifetime of the items is under the study, the true lifetimes
may not be directly observable, and we have to deal with some kind of censoring.

Suppose we have two independent random samples X/, X7,.....,X7and
y2,¥9,.....y2 with continuous distribution function Fy(x) and Go(y) respectively. For the first
sample, the censoring lifetime Uy, U,, ... Uy independent of X?,.....,X?° is independent of
identically distributed (iid) random variables with a continuous distribution function Hi(u)
and we observe the pairs (Xi,(, ), i=1, ...., nwhere

X. =Min (X°,U,),d. = 1(X° £U,) = : L EU'.
' L ' 30 X >Ui

i.e di=1if and only if X; is uncensored. Similarly for the second sample the censoring times
V1,Va,...Vn are independent of Y,,....Y°and they are iid random variables with a continuous
distribution function Hx(u). We observe the pairs (y,.I ;) ,i=1,...,m, where

y = Min (W V)T i =1(y) £V)

The aim of this paper is to present a test of the hypothesis Fo=Go, against Fo=Go based on
observed values (X,.d,)...... (X, do) (VT D)oo (Yo T ) . An asymptotic test of this

hypothesis, which is constructed in the next section, is non-parametric and does not require
validity of the proportional hazard model.
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The proposed test: -

respectively. We recall, that this estimator was introduced by [V], we shall assume, that
the usual conditions.

Fo(0)=Go(0)=H1(0)=H>(0)=0
hold. We denote by Tro, Tco, TH1, Th2 the uppermost support points of

1- Fo, 1-Go, 1-H;, 1-H; respectively, and put

Tl* :Min (TFO’THl)’ Tz* = Min (TGO,’THZ)
Let usdenotefor O£ P<1
X, =inf[t: Fo(t) ® p,t3 0]

The p-th quantile of Fo. Let Po is a fixed constant, satifying the inequalities O<Po<1. We shall
assume, that the following regularity conditions are fulfilled.

1- The distribution function Fo has a bounded second derivative on
(O’Xp +d)where dis a postive number, and the first and the second right-hand

derivatives at x=0 exist.
2- Inf [Fol(xq) : O£ q £ Po] is positive.

3 X Po < Minh-l’Tz)
4- GOexists and is continuous on (0,T) for some T >X o

In the following theoretical section (theorem) of our test, by the weak convergence of
stochastic process we understand the weak convergence of their finite dimensiona
distributions. [2]

Our test: (theorem):-

Let X =inf gt: Fo®):3 pts oé be the p-th quantile of Q. If the sample sizes
mn¥%® ¥ and m/n tend to a non-negative real number | , then the process
myngo(xpo)- Go(xp)ao£ P £ Po converges weakly to Gaussian process Z(p) ,

e u

O £ P £ Po, having zero mean and covariance structure givenfor O£ P £ q £ Poby
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cofz(p). 2(0)] = (1 Gotx,)- Gote))§"(1- G)*aGy)+| Forey - SN
- _ Whe

(1- Fo(x,)) S’i Fo(xq)g L- FOO) 2dF (%) 0

re 0

1- G(y) = (1- Go(y)) (1- H,(v)), 6(y) = P{y. £ v.@,=

1- F(y) = (- Fo(y)) @- Hy() . F) = P{X, £ v.d, =1

We can prove that obvrously as.

ma eGo(X )- GoX, )u m'a eGo(X )- Go(xp)u+rrfv eGo(X )- GoX, )u 1)

By corollary 1(i) and theorem 1 from [3] the relation:

GoX )~ GoX p) =GOl p)- Goi )+ [m*logm™)..@

holds with probability 1, as mn3%4® ¥ . According to theorem 5 from [4] the process
my Go(x ) GoxX HO£ P£P.o converges weakly to a Gaussan Process Z;(p)

Of P £ Po, having the mean Zero and the covariance:

G _
L~ Golxe) (1- Goix,)? B L- G(y)) *dG(y). O£ PEAE po

Utilizing the Lagrange theorem we can write the second part of the equality (2) with
probability tend to 1 as

rn/VeGO(X) GO(XP) rn/VGo((a P)§ ........ (4)

A A

where g is between X p and X . Since GO is continuous and theorem 2 from [3] implies
T ulo
that sup% nfv}x 5"
expressed in the form
2é ’ l:l 2 ’
M’ &o(X p)- GolX P)i= M’ GokX )X P- X p) +0()......5)
é a

XP;OE pE po%is bounded in probability, the relation (4) can be

But according to corollary 1(ii) from [3] the process n% Fo&X F,)()( p-X p)oE pE po
converges weakly to a Gaussian process Zz(p), o £ p £ po , having the mean zero and the
covariance.

(- Forx Jfi- Fotx )J - FxIFaF (0 o0& pE at po

O£ p£ po , converges

and it follows from (5) that the process myngo(xp)- Go(x P)E

weakly to the process
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it AT £pE
2 , O 0
I Fo PZz(p) p p

According to (2), (3) and independence of the procm
enad 0o

rTfVeGO(XP)GO(X )U’ ITfVeGOQXP GO(X ) , O£ p£ po

together with the weak convergence results yield that the process
myngo(xp)- Go(xp)§,0£ p£ po converges weakly to a Gaussan process Z(p),

o £ p £ po with the mean Zero and the covariance (1) and the proof completed.
Let us assume, that Fo=Go since

upi|P- Fo(x,)
|

0E£ pE pog = O(%) with probability 1.

A

The process n'fvzg{;o(xp)- Fo(xp)§ has the same weak Ilimit as the process

n'fVZgGAo(;P)- PE,OE pE po.

Hence if o<p< ... <P« £ Po and

TP PK)=ie°1K:1rer2§<A5(>2pi)- Eo(xpi)g, ..... (6)
Theninthe notation (1) and

V(R.R)=2 & covz(P).z[P)....?

i=1 j=1
the statistic T(R,.......R )/V(R,......P, ) according to theorem converges in distribution to
the standard normal distribution. N(0.1). But if we denote by  , and g, the d ,, and

e, asociated with jth order statistics X and y?, respectively, thenfor o< p £ po

Xp

Lime & 9 _ - #1- 6(y) *dG(y)

mey M <|>£ (1' J/m) o
with probability 1, and

;
Plog e@/m m oo dG)ni,

i=1 i : M. (1' j/m)z n - (- j/n)z%{
1Y &P, Y(DEX P,
i u
o o o e(j)y/m m o d(j)/n i
1- P)1- P —t— Ve 8
2 ra<-s a ( r)( S).I (I)a. ( _ J/m)z n . (1_ J/n)ZIy ( )
Iy EXPy y(DEXR, b

isaconsistent estimator of (7) thus distribution of the our proposed test statistic.

QR R )=T(Prrec s PV (R, P V. 9)
can be, under the null hypothess Fo=Go and under the imposed regularity conditions,
approximated by the standard normal distribution. Since the test statistic (9) tendsto ¥ if
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the test based on (9) rejects the null hypothesis Fo=Go and accepts the aternative hypothesis
(10) if Q(R,.......P)>Z, where Z_is the percentage point of the standard normal

distribution. Testing of the null hypothesis Fo=Go against the alternativeFo(x Pi)3 G(}( Pi),
i=1,.....K and Fob( F,ji)> Gob( Pj) for some j. can be obviously performed in an analogous
way.

. Application[5] :-

To illustrate the use of our proposed test and compare its value with the other tests,
the data given in the following table represent two samples, The first sample consists of
lengths of remission in weeks for 21 patients with acut leukemia, maintained on the drug 6-
MP , sample2 consists of lengths of unmaintained remission for 21 control patients. The plus
sign denotes censored observations.

Table (1) Length of remissions ( weeks)

Sample(1):6,6,6,7,10,10, 13, 16, 22, 23, 6+, 9+, 10+
11+, 17+, 20+ , 25+,32+, 32+ , 34+, 35+

Sample(2):1,1,2,2,3,4,4,5,5,8,8,8,8,8,11, 11,
12,12,15,17,22,23

Let p1 =0.25, p2=0.50, p3=0.75. The test statistics

~

Q(p1,p2,p3) caculated in two methods . In method one the quantile Xpi = (i = 1,2,3) is

caculated from the first sample and Go from the second sample. In method two , the

X pi is calculated from the second sample and Go from the first
sample . Values of test statistics and important termsin the test statistics are given in table (2)
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Table(2) Values of important termsin the proposed test statistics for two methods

method One Method Two
P1 P2 P3 P1 P2 P3
- 10 22 23 3 8 12
Xpi
lf OZp') 0.2471 0.4622 0.5518 0.2381 0.4762 0.7619
oXpi
é d(@i)/n 0.36471 1.3315 2.1715 0.3302 1.7716 4.9361
- 2
@-j/n)
G‘ OZp') 0.6667 0.9524 1 0 0.1933 0.3091
o(Xpi
o E(j)/m 1.7717 33.5193 33.567 0 0.2575 0.3641
@- j/m)’°
Q(P1,P2,P3) 3.9043 -2.8720

The data are also analyzed by the three known tests mentioned above. The results are
given in the table below

Table (3) Results of known tests

Gehan [6] Mant.-Haen..[6] Taron-Ware[6] Q(pl,p2,p3)

1 2
4.7 5 39 3.9043 -2.872

Q(p1,p2,p3) test is significant at the ( 0.05) level for both methods ( Z 0.05=1.96) . In fact we
may conclude that Go(t) > Fo(t) that is the drug 6-MP is effective. Gehan test , Mantel-

Haenszel test , Tarone — Ware test gave the same conclusion.
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