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ABSTRACT

In this paper we will introduce a new graph distance based
polynomial; Detour Hosoya polynomials of graphs H™ (G; x ). The Detour
Hosoya polynomials H™ (G; x ) for some specia graphs such as paths and
cycles ae obtained. Moreover the Detour Hosoya polynomials
H (G- G,;x), H'(G,:G,;x) axd H" (G, G,;x) aeobtained.
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1. Introduction

The concept of Hosoya polynomial was first put forward in 1988 by
Hosoya [1]. Several authors, such as[1], [2], [3], [4], [5], [6], [7], [8]. [13]
and [15] had obtained Hosoya polynomials for specia graphs, graphs
having some kind of regularity and for compound graphs obtained by using
some well-known binary operationsin graph theory.

In this paper, we consider finite connected graphs without loops or
multiple edges. For undefined concepts and notations see [9] and [12].

Ordinarily, when we wish to proceed from a point A to apoint B we
take a route which involves the least distance. We have all been faced with
detour sign which require us to take a route from A to B that involves a
greater distance. In any such detour route from A to B we assume that there
is no possible shortcut along the route, for otherwise this should have been
pat of the route initially. When one is driving along such a detour, it
sometimes seems that we are using the longest route possible from A to B
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(again subject to the “no shortcut” condition). In this paper we investigate
longest detour routes in graphs.
The distance d(u,V) between two vertices u and v in a connected

graph G is the length of a shortest u-v path in G. For a nonempty set S of
vertices of G, the subgraph < S > of G induced by S asits vertex set while
an edge of G belongsto < S > if it joins two vertices of S. If P isa u-v
path of length d(u,Vv), then the subgraph <V (P)> induced by the
vertices of P is P itself. This observation suggests the following concept.

The detour distance d” (U,V) between u and v in G is the length of a
longest induced u-v path, that is a longest u-v path P for which
<V(P)>= P . Aninduced u-v path of length d” (u,V) is called a detour
path [10].

Observe that d (u,v)3 d(u,v) for all vertices u and v of G and
that d”(u,v) =d(u,v) =1 if and only if u and v are adjacent. Also, note

that d"(u,v) =d (v,u) for all vertices u and v of G. Therefore the detour
distance is symmetric. However, the triangle inequality does not hold in
general. Consider the wheel W, of order p3 6 with center a the vertex

w; then: d (u,v)= p- 3>2=d (u,w)+d (w,V), for every two
vertices u and v of W, u,v* w, that are both adjacent to a common

vertex X1 w.
Therefore, in general, the detour distance is not a metric on the vertex set of
G[10].

The detour eccentricity € (V) of a vertex v is defined by
e (v)=max{d (v,w):wl V(G)}. The detour eccentricity set
e (G)of a connected graph G is the set condsting of al detour
eccentricities of G, that is € (G) ={e"(v): vI V(G)}. The detour radius
rad (G) of G is the minimum detour eccentricity, while the detour
diameter diam” (G)of G isthe maximum detour eccentricity.
For completeness we define d” (u,v) = 0 if and only U = V.

A connected graph G is called a detour graph if d (u,v) = d(u,V)
for all verticesu and v of G. No cycle of length 5 or more is a detour graph.
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On the other hand, all trees and al complete graphs are detour graphs. If u
and v are distinct vertices of a graph G such that d (u,v) =1 or 2, then

d”(u,v) =d(u,v)[10], the converse is not true in general, that is if
d(u,v)=2,then d (u,v)?3 2, asfor the whedl W, p3 6.

The concept of Hosoya polynomial H (G; X) of agraph G was put

forward by Hosoya[13], and defined as
d(G)
H(G;x)= é C(G,k)x* ; where C(G,K) is the number of pairs of
k=0
vertices in G that are distance k gpart, and d(G) is the diameter of the
graph G.
In this paper, the concept of Hosoya polynomials of detour distance of a
connected graph G ( or simply detour Hosoya polynomial of a graph G)
has been defined by
. d@©) ) .
H (G;x)= &4 C (G,k)x*= §x4tV ()
k=0 {uv}i V(G)
in which C" (G,k ) is the number of pairs of vertices in G with detour
distance k, and d (G) isthe detour diameter of G .
Itisclear that if G isadetour graph, then H (G; x) = H (G; X).

The sum W (G) of detour distances between all pairs of vertices of

the graph G isknown as the Wiener index of detour distance of the graph G
(or simply detour Wiener index of the graph G), that is

W' (G)=4d (u,v),

where the sum is taken over all unordered pairs {U,V} of distinct verticesin G.

It isclear that
* _ d * .
W'(G)=- H (G,x)|le.

We illustrate these ideas in the following example.

Example 1.1. Let G be agraph of order p = 9 ,depicted in figure 1.1(a).
It isclear that

e (v,) =5 €(v,)=4, €(vy)=4, e(v,)=3, €(vy)=4,
e (vy)=3,e(v,)=4,e(vy)=5ad e (v,) =5.

201



Herish O. Abdullah and Gashaw A. Muhammed-Saleh

Hence
€(G)={54,4,3,4,3,4,55 ,diam" (G)=5and rad (G ) = 3.
A detour v, - v, path is given in Figure 1.1(b).Therefored (v, ,V,) =5,

and this gives us the maximum detour distance among all detour distances
of pairs of vertices of V(G).

The path P ¢ is not a detour v, - v, path, because (\/ ( P(D>1 P (see

figures1.1(c) and 1.1(d)).
By direct calculations, we get that

C'(G,0)=p=09, C'(G,1) =10, C'(G,2) =9,
C(G,3)=9,C"(G,4)=6and C (G,5) =2.
Hence, the detour Hosoya polynomial of G is

H (G;x)=9+10x +9x*+9x°®+6x* + 2x°,

and
W*(G):d—H*(G;x)| =89,
dx x=1
V .,
v2<>-v3 "1 vgv Vs <@ Y
Va (@) Thegraph G ' (b) Thedetour v, - V4 path
@ - ® 9
CHE R CHE S v
(c) Thepath P ¢ (d) <\/(PG)>

Figure 1.1.

In 1993, Gutman [8], established few additiona properties of the
respective graph polynomials. He obtained Hosoya polynomials of some
special graphs and obtained formula for the Hosoya polynomials of some
compound graphs, namely G; - G, and G; : G, which are defined in the
following: Let G; and G, be vertex-disjoint connected graphs, and let

ul V(G;) and vi V(G, ). Then, the graph G, - G, is obtained from
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G, and G, by identifying the two vertices u and v. This means that G,
and G, have exactly one vertex in common in the compound graph
G, - G,. Thegraph G, : G, isobtained from G, and G, by introducing
a new edge joining the two vertices u and v. In this paper, formulas for
H' (G- G,;x) and H (G, :G,; X) in terms of the detour Hosoya
polynomialsof G;and G, will be obtained.

2. Detour Hosoya Polynomials of Some Special Graphs

Let P,, K, and S, denotes the path, complete and star graphs of n

vertices respectively. It is known that [10] all trees and complete graphs are
detour graphs. This leads us to the following result.

Proposition 2.1
n-1
@ H(P;x)=4&(n- k)x.

k=0
(b) H*(Kn;x):n+%n(n-1)x.
) 16
© H(S.;x)=n+(n- 1)x+gﬂ 5% u
2 g
Proposition 2.2 Let Cjbeacycleof order p3 5, then

‘| %2
i pA+x+ § x5 if pisodd
! e

H*(CP;X)z}. k_i p:- 2
Ip+x+3xz+ g x*) if piseven
% k=b+1

Proof. Let u,v be any two distinct vertices of Cp. We will consider the

following cases:
(1) 1f uvl E(C,) then d"(u,v)=1and C'(G1)= p.

@ 1f uvl E(C,), thend (u,v)=p- d(u,v),
where d(u,V ) denotes the ordinary distance.
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We know that[11], for an odd p, the ordinary Hosoya polynomial of Cp is

p-1
givenby H(C;X)=p+ px+ pé x*.
k=2
Hence
p-1

. 3
H'(Cpx)=p+px+p & x
k=p- 2
or

. P2
H'(C,;x)=p+px+p & x*.

Similarly, we prove the formulafor the case when p is even.
This completes the proof. m

Proposition 2.3 Let Wp be awheel graph of p2 6 vertices, then
N %3
1 X", if piseven

|

i

* |
H Wpx)=p+2(p- Dx+(p-Di 2 3

|

|

j , if pisodd
l k_P+1
Proof. For uvl E(W,), d\j\,p(u,v) = dép_
Hence, for k3 2
C"(Wp,k)=C"(C,.1,k).
Thus,
H W,;x)=1+(p- Dx+H (C, 4,X%).
Now, using Proposition 2 we obtain the required result.m
Proposition 2.4 Let Kt’s be a complete bipartite graph with partite subsets
of sizest and s, then
. éd o sl ,
H (K gX)=({t+s)+(ts)x + ol )
(Ki)= (04 9)+ () + =+ o

Proof. Obvious m
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The following result gives us the Wiener index of the detour distance
of the special graphs P,, K, , S, C,, W and K, .
Proposition 2.5
(H W' (P,)=¢n(n" - 1).
@ W (K,)=%n(n- 1).
@W'(S,)=(n- 1%
@ For 5,W*(cp):}§p(3pz' 12p+17), .if p.is odd.
75 P8P - 12p+16), if piseven
‘%%(p- 1)(3p?- 18p +39), if pis odd
11(p- 1)(3p”- 18p+40), if piseven

@)W (K, ¢)=ts+t(t- 1) +s(s- 1).

(5) For p3 6, W (W)=

3. Detour Hosoya Polynomials of Some Compound Graphs
Let U be avertex of a connected graph G of order P. The number
of pairs of vertices of G containing the vertex U such that dg(u,v) =k,

" vl V(G), will bedenoted by C" (u,G;K).
We define the polynomial

e u)
H (u,G;x)= é’lC*(u,G;k)x" .2
k=0
It isclear that
H*(G;><)=E aH (uGx)+ip )
26V (G)

Let G, and G, be two disjoint connected graphs of orders p, and
P, respectively. Moreover, let W be the vertex obtained by identifying the
vertex U of G; with the vertex v of G, in order to construct the
compound graph G, - G,. The compound graph G, : G, is obtaned by
introducing a new edge joining the vertex u of G, with the vertex v of G,.

Now, we are ready to present formulas for H™ (G, - G,; X) and

H™ (G, :G,; x) intermsof H (G;X) and H (G,; X).
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Theorem 3.1 If G,and G, aredigioint connected graphs, then

H' (G,  G;;x)=H (G;;x)+ H (G,; x)+ H (u,G;X). H (v,G,; X)
- H (u,G; x) - H (V,G,; X).

Proof: Let s,t beany two verticesof G, - G, suchthat dg ¢, (S,t) =K.
We will consider the following cases:
@) If s,tT V(G,), then C (G, - G,;k) =C"(G,k), which produces
the polynomial H ™ (Gy; X).
@ If s,tT V(G,), then C (G, - G,;k) =C " (G,,k), which produces
the polynomial H ™ (G,; X).
(3) sl V(G,) ad t1 V(G,): In this case, any longest induced (s,t)-
path P will contain the vertex w. If PCisalongest (S,w)-path and P is
alongest (t,w)-path with <V(Pﬂ)> = P( and <V(Pfﬂ)> = P, then

V(P)=V(POUV (P®,and (V(P))=(V(POUV (PY),

because no vertex of P(, other than w is adjacent with a vertex of P(,
other than w.

Therefore P(- PU= <V(P)> =P.

Hence, d;l_GZ(S,t) = dél(s, w) + d;z (t,w).

This produces the polynomial H ™ (u,G;; X). H™ (v,G,; X). Notice that
the polynomial H *(u,Gl; X) is counted twice in the Cases (1) and (3),

and dso H ™ (v,G,; X) is counted twice in the Cases (2) and (3).

Now, adding the polynomials obtained from the cases (1), (2) and (3), we
get the required result. m

Theorem 3.2 If G, and G, are digjoint connected graphs, then
H™(G,:G,,x)=H (G, X)+H (G,,x)+x.H (u,G; x). H (V,G,; X).

Proof. Let s,t be any two distinct vertices of the compound graph
G, : G,. We consider the following cases:

(D) If s,tT V(G,), then we get the polynomial H*(Gl;x).
2 1f s,tT V(G,), then we get the polynomial H*(Gz;x).
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3) sl V(G,) and tT V(G,): In this case, any longest (s,t)-path will
contains the edge uv, and as in the proof of Theorem 6(Case 3), this
produces the polynomial

x.H ™ (u,G; ). H (v,G,; X)
Now, adding the polynomials obtained from the cases (1), (2) and (3), we
get the required result. m

Definition 3.3 Let G; and G, be disjoint connected graphs of orders p,
and p,, respectively. Let Gg) be the i copy of G,. The Corona
G, G,, isthe graph[13] constructed from G, U p,G, with additional
edges UL, {viu: ul V(GS))},

as depicted in Fig. 3.1, inwhich V (G;) ={V; ,V,,....V,, |-

It isclear that
p(G, G,)=pA+p)=p,

a(G, G,)=d(G)+ p(p,*+a(G,)=q.

and

Fig. 31 TheCoronaG, G,

The next theorem computes the detour Hosoya polynomial of the corona
G, G,
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Theorem 3.4 Let G; and G,, be two disjoint connected graphs, then
HY(G, Gux)=(1+px)*H (G, x) +pH (G, %)
= PrPX(1+ pyX).-

Proof. Let S,t beany two distinct verticesof G,  G,. We will consider
the following cases:

Casel.If s,tT V(G,), then we get the polynomial H*(Gl; X).

Case2.If s,ti V(Géi)),for i =1,2,..., p;, then we get the polynomial
pH (Gy x).

Case3. sl V) and t=v; (or s=v,and tT V") fori,j=12,..,p,

then
(i) If I = J, then we get the polynomia P, P, X .

(i) If i * j, then we get the polynomial 2p2X|_H*(Gl;x)- le-
Case4. If sl Vz(i) and t1 Vz(j) fori,] =1,2,...,p,, 1% ], thenwe get

the polynomial p§x2|_H*(Gl; X) - plj.
Now, adding the polynomias obtained from the a&bove cases and
simplifying, we get the required result. m
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