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ABSTRACT

In this paper we consider the motion near the junction zone of three
approximately plane liquid films of semi—infinite extent in two dimensiona polar
coordinate syssem with negligible inertia We use Stokes equation to describe such
flow. The pressure in the region of large curvature is less than that on the surface of
bulk fluid and this pressure gradient ensures that this problem is unsteady state case.
The eguation that governs such flow is solved anaytically, the shape and the thickness
are determined for some liquids.

Introduction:

Thin liquid films appear in many contexts such as the cooling of gas turbine
blade tips, rocket engines. Apart from these direct cooling applications of thin liquid
layers, thin films form a crucial element in many other applications such as in industrial
coating and spinning processes. Homsy (2000), studied the dow motion of a thin
viscous film flowing over a topographical feature under the action of external forces,
using the lubrication approximation and he obtained an equation of the free surface in
time and space. Breward, D.R. and Darton R.C. (2000) investigate the flow of aliquid
from the lamellae to the plateau border and the drainage flow that occur within the
border. Bowen, M. and King, J.R. (2001) consider the asymptotic behavior of thin film
equation in bounded domains. Schwartz, L.W. and Brien, S.B (2002) gave the theory
and a mathematical modeling of thin film flow which reproduce many of the features of
this process include the shape of the film thickness profiles and the large differences in
drainage time scales for low and high surfactant. Leshansky A. and Rubinstein B.
(2004) investigate the non- linear rupture of thin liquid films on solid surfaces.

The main object of this paper is to study the mechanics of the junction zone of
three plane films as shown in Figure (1). An effect of surface tension is necessarily to
cause a continual thickening of the films in the junction zone, with the additional liquid
being supplied symmetrically by al the three films.

The hydrostatic pressure of the junction zone (called border which is a region of
large curvature) is less than that on the surface of bulk fluid, further up the liquid, the
pressure is much higher than that at the border and so the pressure gradient inside the
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liquid film which forces the flow of liquid towards the border and this pressure gradient
ensures that there must be some flow and this cannot represent a steady state situation.

Figure (1): Motion near the junction zone of three fluids.

Formulation and governing equations:

We consider the flow of viscous liquid within the film in two dimensions and we
suppose that there is no inertia the uses the stokes equations to describe the fluid motion
injunction zone of three films in vector form as

Dg -
r— +NP=mD (1
Dt q 1)
and
Divg=0 .-(2)

where q,P,r and m are the velocity, pressure, density and viscosity of fluid
respectively, N and D are the gradient and the laplacian operator.

The solution of equation (1) is equivalent to the solution of the following
biharmonic equation

19
By =53 () -(3)
where the stream function is related to the vel ocity components by
. =- lﬂl, u :ﬂl, and where u :E.
rqg ° Ir r
Equation (3) can be written in polar coordinates and after smplifications to give:
2 1 1 2 4 2
Y +Fy rer r_zy re +r_3y r- r_3y rqq +r_4y qq +r_2y rrqq +r_4y qqqq
1fe 1 1 0
=—— Y Y ot ..(4
G d Y Y el (4)

Suppose that the stream functiony (r,qg,t) is defined by:
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y (r.a,t)=glh)n(a). hia) =sin3kg ..(5)
and
h :r(ut)'% ..(6)

Now, using (5) and (6) into equation (4), and after smplifications, we get
3 1
riut) >g® +2r3(ut) 2g® - r2(ut) *g@+r(ut) z go+

18k2(ut)'§rg¢~ 36k2g - 18k2r2(ut) *g®+81k*g ——(ut) 2" -

4

; (ut) 2g¢ ri(ut) 2ge- . 5 (ut) zg¢+2k2r3(ut)'z gt (7)

By using equation (6), equation (7) gives
h*g® +2n3g™ - (1+18k? h 2g@+ (L +18Kk2 hg+9k?(9k? - 4)g
pegaigeh skl @

Indeed, there may be no solution defined at h =0 other than the trivial solution
g =0, so we seek a solution defined near h =0 and the solution turn to be vaid at
h =0, that is we seek a solution represented by a series which has the form

glh)= aCnh”r (9

By substituting (9) and their derivatives into equation (8) after simplifications,
we get

5}0[(””2)- ok?][(n+r - 2 - 9k?] ch =

%é (n+r-2 )[(n+r - 2)%- 9k2]Cn_2h i ...(10)
n=2

Now for n=0, equation (10), gives
(r2- ok2)(r - 27- o] ¢, =0 ..(10)

Supposethat C, * 0, equation (11) gives
=3k, r,=-3k, r,=2+3k, r,=2- 3k
For n=1, equation (10), gives
fre- o) - 3ok} ¢, =0 - (12)
Since the Coefficients of C, are non-zero for each of the roots r,,r,,r, and r, it

followsthat C, =0 in each case.
Now for n3 2, equation (10) gives

[(n+r)2— 9k2]Cn:—%(n+r— 2)C... ...(13)

or
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c = (n+r-2)

n E[m] ...(14)

n-2

Now, to find the Frobenius series corresponding to the roots r, =3k, and
r, =2+3k, we substitute in (14) to obtain the recursion formula. For r =3k, and for

convenience we write A, instead of C, to get

(n+3k- 2)
=- ...(15
A 2n(n+6k)A12 ' (19
and thus, we have
.k
S FE
__ 3k
4 128(1+3k)A’
and so on-on substituting in (9), we have
_apxl 3K o 3k . k(4 +3K) , U (16
9=A 81 8(1+3k) +128(1+3k) 3072k + 13+ U 10
Now for r = 2+3k, we may write B, instead of C_, we get
(n+3k) ns 2 ..(17)

T o ne2eek)
Thus, we have
S _ (a+3k) _ (2+k)
16 0 Tt 1152+k) T 0 12288(1+k)
and so on. On substituting in (9), we get the second solution which has the form

Q:Boh2+3k§L—— o, (4+3K) h4——(2+k) 6ng -.-(18)
16 1152(1+k)  122881+k) u

Similarly, we can find the solutions g;and g, at r=-3k and r =2- 3k
respectively to obtain

_ 3k 3k k(4+Kk) 0
=Ch *d- h?- h* hemLy ..(19
9=Ch e B 30" T 1zeh- ) 30720rK)E- ) Y (19)
and
g:Dh23k§L—— 2y (4-3) o (2-K) e .(20)
: 16 1152(1- k)  122881- k) 4
Now for k =1, the genera solution is
3,,,3 o 1 7 1 )
(h):Ahhsﬁ' _h2+§h4' ++Boh5c§[—§h2+3228h4—¥h6ng
2 5 3 4 1 6 O
iy + -— —h"- — ...(21
+Ch gi “h 3228 - ah’ ng+Dh 3 h?esh - SghtmLs...21)

The constants in (21) can be determined by using the initiad and boundary
condition. The boundedness at the origin requires that the constants D, and C, must be

vanished, that isD, = C, = 0, and the solution now is given by
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oh)=Ad ;E;}L"!)(fgjg)!h

Boundary conditions:

At the free surfaceF(h,q(h)) =0, we have the following boundary conditions.
The tangential stresst =0, that is

(- 1"(2n+3) 2n+5
(T (22)

+Bd

nts; =0 ...(23)
and the normal stress condition
nns; =-sk ...(29)

where S isthe surface tenson and k is the curvature, the unit tangent and unit normal
vectors at the free surface isgive by

® € u2
- za@iqou QHrdqqg ...(25)
3 &d dr
e edrgpg e
and
1
2
n= §L+r26Eiq 20 & i dq +q— ..-(26)

8 edrgg e dr

where (r,q) denote the natural orthonorma basis of the coordinate system, the

curvature k isgiven by
3

2
k= éL+r2$@'q°3 g g 6 9 .(27)

2—
8 edrgg é dr dr edl’gg

The stress tensor s inthefluid in given by

|
{, ...(28)
|

where u, and u, arethe velocity components in the directions of f and (i respectively.
Hence the boundary conditions (23) and (24) after simplifications become

é
- rﬂ_qs " +’é|__ rzw_qo LS rd_qsqq =0 (29)
qr A edr I dr
e 9!
and
.2 "ZU
rz?ﬁgsrr-Zrdﬁsrq +S 4 = SkéL+r &dqgu ---(30)
gdr g dr 8 dr 25

The velocity components u, and u, are related to the stream function
y (r.a.t)=y b.a) by
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u —l—, and uq:—‘”l ...(31)
r 1q T
Now the stream tensor given by (28) and by using the condition (29) and (30) is
then become

) .o
Srr:_p-'_2 a; ﬂu _izﬂlg :J
rirfg r" Y9 g
_@fy 1y 17y ot
= ne- - 4= he ...(32
Srq ﬂrZ +r. ﬂq +r2 ﬂqZB ?/ ( )
_ 2lfy 1fyd
=- 2 — — -
Soa =7 PTATY r‘ﬂr‘ﬂq+r2 q%
By substituting (32) into (29) and (30), we have
1 1 e Uae 1 1 o]
dre r g ﬂQgg edrgg T°r rﬂr r*19°g
and
Za@IQOEH‘HZy 1ﬂyo oz Ty 1ty 19y 0
edrzgr 19 r’>99g drg > rfg9 r*M9’g
+& lﬂ+iﬂl9:ia Zaéqu u(r -s k) ...(34)

E rrfg r? ‘ﬂqg 2mg ﬂl’gg

Now by using the transformations (5) and (6) in (33) and after some
simplifications, we get

2
dq @ 1 0
- = ¢1¢+ h¢—+éL h? dh+ th+ h@=0 ...(35
dh g g -9 g 9 h g h? 9 : (35)
The leading term in the general solution in equation (22) is given by
gh)=An® ...(36)
By substitute (36) and their derivatives in equation (35), we get
Zgjg— sin3y - 2hcossq——smaq 0 ...(37)

Equation (37), gives.
dg _ 2h cosyg +./4n?cos3y +4nsin

dh h*dndy
%:ﬂ ...(38)
h cos3g+1l
Integrating (38), we get
Inh =- %In(cosaq +1)+InC or
1
h =C(cos3y 1) 3 ...(39)
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By using (6) equation (39), given
1
r=Cut(cos3y +1) s ...(40)
where u = and equation (40) represent the shape of the thin liquid film in the
r

neighborhood of the origin.
Some of the solution curves for equation (40) are presented for different liquid
namely water, glycerin and mercury and for different values of time t=(0.1, 0.5,1) as

shown in figures (2), (3), (4), and (5).

Figure (2): The thickness and the shape of the free surface for the mercury for
different valuesof time. @) t=0.1 , b)t=05 , ¢) t=1.
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Figure (3): The thickness and the shape of the free surface for the glycerin for
different valuesof time. @) t=0.1 , b)t=05 , c) t =1.
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Figure (4): The thickness and the shape of the free surface for different
liquidsat time t =0.1
W: Water, M: Mercury, G: Glycerin

Figure (5): The thickness and the shape of the free surface for different
liquidsat time t = 0.5.
W: Water, M: Mercury, G: Glycerin

Conclusions:

The flow of a liquid in the junction zone of these approximately plane liquid
films is essentially unsteady initial value problem and the solution controls the life span
of foam. The shape of three surfaces is determined for some liquids, namely for water,
mercury and glycerin and it is seen from figure (2) and (3) that at time increases, the
thickness of the liquid film aso increases and when the supply of liquid is exhausted,
that component ruptures. Furthermore, the thickness of liquid film in water is less than
that of glycerin and the reason may be related to viscosity of the liquid.

127



Joseph G. Abdulahad and Rutayna J. Eisa

[1]

[2]

(3]

[4]

[5]

REFERENCES

Breward, C.JW., Darton, R.C., Howell, P.D. and Ockendon, J.R. (2000).
M odeling foam, University of Oxford, UK.

Homsy, G.M. (2000). Steady free-surface thin film flow over topography,
Physics of Fluids, vol. 12, pp. 1887-1897.

Bowen, M. and King, J.R. (2001). Asymptotic behavior of the thin film equation
in bounded domain. European K. Appl. Math., vol. 12, No. 2, pp. 135-157.

Schwartz, L.W. and Brein, S.B. (2002). Theory of modeling of thin film flow. In
Encyclopedia of Surface and Colloid Sci., pp. 5283-5297.

Leshansky, A. and Rubenstein, B. (2004). Non linear rupture of thin liquid films
on solid surface, Physics, vol. 10.

128



