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ABSTRACT

The object of this paper is to obtain the existence, uniqueness and upper bounds
for errors of six degree spline interpolating the lacunary data (0,2,5). We also showed
that the changes of the boundary conditions and the class of spline functions has a main
role in minimizing the upper bounds for error in lacunary interpolation problem. For
this reason, in the construction of our spline function which interpolates the lacunary
data (0,2,5), we changed the boundary conditions and the class of spline functions
which are given by [1] from first derivative to third derivative and the class of spline

function from C?[0,] to C*[0]].

1. Introduction

The subject of lacunary interpolation by polynomias has arich history from Ltd
Stone. For complete historical background we refer to the survey article [6]. The aim of
this paper is to continuous works [2,5] Jwamer, but for different lacunary interpolation
case that is (0,2,5) lacunary interpolation by using spline function of degree six, also we
can use the same idea but for different partitions and different degree of spline
functions. Many of the authors and co-workers are working on the lacunary
interpolation problem by spline functions, for examples [2, 4, 7] and their references,
but on minimizing error bounds there is afew papers, for examples[2, 5].

In 2004, Jwamer [1], obtained the error bounds for (0, 2, 5) lacunary
interpolation of certain classes of function by deficient sx spline. In this paper we study
the same lacunary interpolation data, but the essential difference here being in the
boundary condition and the class of spline functions. The main object of this work is to
show that the change of the boundary conditions and the class of spline functions affect
on minimizing the upper bounds for error in lacunary interpolation problem.
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For description our problem, let D:0= X, <X, <...<X,,, =1 be auniform partition of the
interval [0, 1] with x :2|—, i=0, 2, ..., 2mand n=2m+1. We define the class of spline
m

function S,(6,4,n) where 8p(6,4, n) denotes the class of all splines of degree 6 which
belongs to C4[O,1], and n isthe number of knots, as follow:

Any element SD(X)T 8p(6,4, n) if the following two conditions are satisfied:

() Sy ()T c*[o] L
(i) S,(x)isapolynomial of degree six;'/ (1)
ineach[X,,X,,,],1=01...,m-1 E)

2. Construction of the Spline Function
If P(X) isapolynomid of degree six on [0, 1], then we have

P(X)=P(0)Ao(x)+P( % JAI(X)+P(1)AA(X)+ p‘"{%) As(x) PE(0)A«(x)+

1

PL(1)As(x)+ p* 3) Ae()- (2)
where
A (X = 7—14 (- 243x° +486x° - 135%° - 182x + 74),
A(X) = Els (729x° - 1458%° + 405x° + 324x),
A(x) = 1 (- 243x° + 486x° - 135x° + 40X),

148

A(X) = %3 (81x° - 162x° +119x° - 38x), ©)

1
X) = ———(189x° - 270x° - 222x3 - 665x? +134X),
A,(X) 5328( )

A(X) = i (189x6 - 378x° + 222x* +3155%” - 806X),

A (X) = (- 3645x° +11286x° - 9990x* + 3155x> - 806Xx).!

479520

In the subsequent section we need the following values:
For fI C9[0,1] we have the following expansions

f(Xua) = 10,) + 20 €,) +20°1 ) + S h°F 80, ) + 219, +

4 4
Ehsf © (%) +£h6f @ 12 ) X <lyy <Xy
f(X,.,) = f(X;)- 2hf X, ) + 2h&x,;) - %th(ﬂ(xm)+ §h4f(4)(xzi)'
4
15 h*f© ( )+ f(6)(l 2,2i)  Xpp <l 221 <Xy
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(1) = £ (x) *+ 2HEQ) + 217 F k) + 1hf«lr(xz. Al

4 4
PO (x,) +———hC £ <|
3ea5 | ) 32805 l4a): % <laa <
32
(2| )_f(X2|) hqu2|)+ hzqua) h3fq 2|)+ 2_3h4f ( |)_
128 256
3645 ©( Xyi) 32805 ———h®f @ azi) s Lo <lag <Xy
4 2
fqt )= f&x, +—hf X, +—h2f )+ —hF O (. )+ —h*f®(x.. )+
CKZ|) q 2|) 3 q( 2|) 9 q( 2|) 81 ( 2|) 243 ( 2|)
4
ﬁhsf@(l 5,2i) 2i<|52| t2i

_ 2 2 2¢ 43¢0 2 ®
f«(tzi)— fq(XZi)"'éhf ‘(XZi)+§h2f ! (X2i)+a_h3f ° (X2i)+2_43h4f ° (I 6,2i)’

Xoi <lga <ty

32 32

,..) = FO0,) - ShFBg) + 2HF 90 )- HFO0g) + 2O )

t2i-2 <I 7,2i < X2i
f ®x,.,) = f ®x,)+2hf O (x,)+2h*f© (xa)*g RO (1 50), Xy <l gy <Xy
)= 0, - 207 8, ) 42071, ) - 201 ©,) 42019 (),
Xoiio <l oo <Xy

f _ 2 2 50 4 300

&t, )= quz)"’éhf (X2i)+§h f (X2i)+ah 0 102) %5 <ligu <ty

2 2
“(ta) = FO06) +Sh F906) + SN FO( ), % <l 1<t

2
(5)(t2i) = f(5)(X2i) +§h f(6)(| 12;2i)’ )(2i <| 12,2i<t2i

2
fOt ) = f906)- Sh 190 5.), o <l 135<%;. _

3. Existence and Uniqueness:

(4)

In this section we prove the following theorem about the existence and

uniqueness of the spline function S,(6,4,n):
Theorem 1:

Given arbitrary numbers f(x, ), fO(t,), i=0,1,...m1; r=0, 2,5
f‘K(x0 ) f«K(XZm) there exits a unique spline Sy(x)|  Sy(6,4,n) such that
Sn(XZi)= f(X2|) 1 =0,1,. u
S, )= ()i = 0,1,..., m-1r =025y

Sr(ln(xo)z f @(Xo)i Sr(y(XZm)z f (IU(XZm) i)
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Poof:

The proof depends on the following representation of Sy(x) for 2iIhExXE (2i+2)h,
i=0,1,..., m1. We have

$.00 = FO)ACEN 4 FE)ACTZM + (6,0 A D +

+ar 6, A 2“)+afsat(xzw h)+awasa(xz+z)ﬁs(x 21h>+32f" 1o,
On using equ.(6) and conditions
SKO) = f€(0), SKD = f (D). )
We see that S(X) as given by (6) satisfies (1) and is sextic in [Xa, Xai+2], i1=0,1,
.,m1l. We dso need to show that whether it is possible to determine
SYx,) ,i =1,2,...,m- 1 uniquely. For this purpose we use the fact that

SO (X, ) =S (x,.) ,i=12, .., ml;
where S%(x,,)=, lim, .S® (x) and S(x,.)=, lim,_S? (x) , with the help of (6)
and (7) reduced to

(6)

151 , 463 3 -

Esh S@ 2i- 2)+_8h S@ 2|)' _h SQX2|+2)

364 364 1093 121 50 14.605¢0

et 0u)+ 106 '?(tM) W) FIOG) 00, @
i=12...m-1.

Equation (8) is a dtrictly tri-diagona dominant syssem which has a unique
solution (see [3]). ThusS&x,,), i=1, 2..., m-1 can be obtained uniquely by the system
(8) which establishes Theorem 1.

4. Error Bounds:

In this section, the upper bounds for errors studied in the following results:
Theorem 2:

Let 1 C°[04 and S,(x)I S,(6,4,n) be a unique spline satisfying the
conditions of Theorem 1, then

|59~ £9| 271798501 “w(f %) +2n1 ] r =012345. (©)

Where W(f(B);%) denotes the modulus of continuity of f®) and
BRE max{| FO(x);0£x£ 1.

In order to prove Theorem 2 we need the following:
Lemma 1:

Let uswrite Ex=|[S%x,) - f®x,)|, thenfor fI C°0,1] , we have

max E, Ei—llshsvx(f@;%), fori=1, 2, ..., m1. (10)
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Proof:
From (8) we have
151 463

EB hS(SQXz 2) f "(qu 2)) hs(S@Xz) f "(XZi )) - 1 hs(sﬂxmz) - f Q(Xzi+2)) =

3645, 3645 1093 121 - _El ;
)+ et 00)- 296'?(t“>+ e )- Kt (t>+1hf () gl 186,)-

46 8

TolTTen) - i, )= lhf@(lzzrfhﬁ °0.a)- T @am>+ﬁhf 92>+§h6f‘°’(laz>-
2 12 46
“rt@ ——%ﬂ( qf fO;
3 (IlZZi) 111 (IlSZi) 111 V\( )
The result (10) follows on using the property of diagonal dominant [3].

Lemma 2
Let fl C%[0.1] then
329975 1
817 (%) - 1000 £ 7 -hw(F @i, (12)
584099 1
817 (x5 )= 1906 £ —hw(f @i, (12)
296155 1
S1(t) - F ()£ o =htw(i @), (13)
55114 1
SO(t,)- FO,)E =——hw(f©®;2), 14
() - F )£ T w(F ) (14)
and
223607 1
St )- f&t, )E—"—""—h>w(f®;=). 15

Proof:
From (6) we have

PP 06,,) =200 (x,) - 10953 ) 3645f( ) o ) SN -

148 206 %) 148
313 2035t
o)+ O,)
Hence
81 S 10¢
(S 0.+ 1506)) == S F 00, )+ EO ) 2100 )= H O )+

21000, Eh(smm F06))- 2 T (..)- 1665,.))

661h6 a W) 22%(%) f«xz.» S(astxz )- F8,.)),[aE1

By using (10), we get (11). The proofs of (12)-(15) are S|m|Iar, and we only mention
that
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3645 1093 3645 121 22
FS006,) == Tt 06) #1020 "?mctz.m i)
31
Ehssm )- hs £9, ). (16)
1215 3645 1215 40 149
h'S9(t, ) ===—"f -——f(t, f 5nf ——h3
S0) =g 106) S T (6) 7o 1 06)- 5 ) S, )-
31 61
Sy 2RO (,),
148 $%G.2) 222 ()
135 405 135 90 49
() T 10) - D 1)+ o, ()~ ST ,) +0 NS, ) -
2 58
Z h°s#x,. )- —h®fO (., ,
111 rg( 2|—2) 333 ( 2|)
and
heg (t —-—f( ) f() f( IO TE)- 138 o, )-
20 X2|+2 2i 2997
1o o 212 e
SQEX2 +—RfY ().
2997 * 14985 ()

Proof of Theorem 2:
For O£ y£1, weobtain Ao(y)+Asi(y)+Ax(y)=1.
Let x,, £ X£ X,,,. Onusing (16) and (7),we obtain

ST - FO09 = (S (%) - FORAC Zh) (87 (%a.2) -

AC I+ 6)- WALt (1)
From (3) it follows that:
IA(Q[EL,|A(X|£1 and |A,(X)|£1
Since O (X) = O (x,)+(x- x,)fO(1), for xa<l <x,
L, = (S (%) - F900)A 2'“) =(§7(%)- F9(%,)- (- %,) T
Onusing (2) and |x- X,| £ 2h , We obtain

20,

329975 1
ILIE Seazg M i)+ 2 (18)
Similarly,

58409
|L2|£mh (f© —)+2h||f ., (19)

and
L=(S76)- 1RACSD =(§()- 190)+6)- 1905)- (- %,)10()). (20

From (4) we obtain
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2
f(4)(t2i) - f(4)(X2i) :ghf (5)(| lO,Zi) , and f(S)(tZi)' f(S)(tZi) =0.

Substitute this result and (12) in (19), we obtain

IL,| £ 2hw (£ ©; 1) |
m

Putting (18) — (21) in(17) we obtain
457037
13209

This proves Theorem 2 for r=5. To prove Theorem 1.2 for r=4, since

hw ( f “”;i) + 4h||f (6>||.
m

S (x)- 19 (x)|£

M- FOX=g0- F0Kt+ S (t:) - 19 (ta)-
b
Onusing (14) and (22) we obtain
5780599 |,
79254
This proves Theorem 2 for r=4. To prove Theorem 2 for r=3, since

S (x)- f9(x)| £ w( f <6>;1) +8h°| 1)
m

X

S0- F20=F"0- FOOxt+ ST (t)- TP (t).

ty

Onusing (15) and (23) we obtain

ST (x)- O (x)|£ 9313628 h3w(f(6);%)+16h3||f(6)||.

Which proves Theorem 2 for r=3. To prove Theorem 2 for r= 2, since

FX- 1= 0 FOOME,)- F&,).

Since S®(t,) - f€(t,) =0, and using (23) we obtain

1914736
4403

4, 6). 1 6)
B T80 £ h V\(f“,r—n)+32h‘||f“||.

Which proves Theorem 2 for r=2. The proof of Theorem 2 for r= 1, since

K- F)=FS70)- FOOMSF(,)- F8,).

t2|
Since S (t,)- f¢€t,)=0, and onusing (16) and (25), we obtain

13958649047 hew( f ©;
16048935 '

This proves Theorem 2 for r=1.To prove Theorem 2 for r=0, since

SHX) - f&x)|£ ) +64h7 £ ©.

S.(9)- F(x) = E‘jsﬁF(t)- FEO)dt+ S, (L) - f(ta),

b
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S\(ty) - f(ty) =0,
using (26) we obtain

279172980% he

w(t ©@;2) +128h° £ 9]
16048935 m

S,(¥)- f(x)|£
Put hz;ln in the above result we obtain

|Sn(x) - f (x)|£ 27.179859 m ° w( f “”;%) +2m ”f (e>||_

This completes the proof of theorem 1.2.

5. Conclusions

In this paper, we conclude that the changes of the boundary conditions and the
class of spline functions together affect on minimizing error bounds in the subject of
lacunary interpolation by spline functions.
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