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ABSTRACT

A right module M is called Whnil-injective if forany 0t al N(R),
there exits a postive integer n such that &' * 0 and any right R-
homomorphism f : &R ® M can be extended to R ® M. In this paper , we
first give and develope various properties of right Whnil-injective rings, by
which, many of the known results are extended. Also, we study the relations
between such rings and reduced rings by adding some types of rings, such
as SRB-rings, and other types of rings.

1. Introduction :

Throughout this paper R is associative ring with identity, and R-
moduleisunital. For al R, r(a) and I( a) denote the right annihilator and
the left annihilator of &, respectively. Wewrite J(R), Y(R) (Z(R) ), N(R)
and Soc( Rr) ( Soc( rR ) ) for the Jacobson radical, the right (left) singular
ideal, the set of nilpotent elements and right (left ) socle of R, respectively.

(1) A right R-module M is called nil-injective [ 7 ] if for any
al N(R), any R- homomorphism f :aR ® M can be extended to R® M. Or
equivalently, there exisssm 1 M such that f(x) = mx for all xT aR. If Rris
nil-injective, then we call R isaright nil-injectivering. (2) A ring R is said
to beright NPP if aR is projectivefor al al N(R).(3) Aring Ris(Von
Neumann ) regular [4] provided that for every al R there existsb1 R
such that a = aba.
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(4) Aring R is called reduced if it contains no non-zero nilpotent
elements. (5) A ring Riscalled n-regular [ 7] if al aRafor al a N(R).
Clearly, regular rings are n-regular, and reduced ring is right nil-injective. (
6 ) According to Cohn [2], aring R iscalled reversibleif ab = 0 implies ba
=0forabl R. AringRiscalled strongly right bounded (briefly SRB ) [
3] if every non-zero right ideal contains a non-zero two-sided ideal of R.( 7
) A ring Ris called right minsymmetric[ 7 ] if kKR minimal, kT R, implies
that Rk isminimal.
2. Whnil-Injective Rings

This section is devoted to study Whil-injective rings with some of
their basic properties. Also we give a relation between such rings with n-
regular rings, and reduced rings.

Definition 2.1 : [ 7]

A right module M is called Whil-injective if for any 0t al N(R),
there exists a postive integer n such that @'t 0 and any right R-
homomorphism f : 'R ® M can be extended to R ® M. Or equivalently,
thereexistsm1 M such that f(x) = mx for all x1 &'R.

Clearly every right nil-injective module is right Wnil-injective. If Rg
is Wnil-injective we call R is aright Whnil-injective ring.

Lemma22:[7]

A ring R is right nil-injective if and only if Ir( a) = Ra for all
a NR). =

We start the section with the following theorem which extends
Lemma?2.2

Theorem 2.3 :

A ring R is aright Whil-injective if and only if for any 0tal N(R)
there exists a positive integer nsuch that d't O and Ra" =Ir(a" ).

Pr oof

Suppose that aring R is right Wnil-injective. Then for every 0! al

N( R ), there exists a positive integer n such that a'* 0 and any right R-
homomorphism of a'R into R extends to endomorphism of Rg. It is clear
Ra' [ Ir(d").Letdl Ir(d"),sincer(a)=r(I(r(@))I r(d).Wemay
define a right R-homomorphism f: &R ® R by f(d'b) = db for all bl R.
Since Ry is Wril-injective, there existsy T R such that f(&") = ya". Thend
=f(a')T Ra'whichimpliesthat Ir (a") | Raand so that Ir( d') = Rd".
Conversdy, If cT N(R), there exists a positive integer n such that
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Rc"=1Ir(c" ). Letf:c"R® R beany right R-homomorphism , then

r(chi r(f( ")) which implies Rf( ¢")i Ir(R( f ( ¢")))I Ir( ¢")=Ir( Rc")=Rc",
and thereforef( ¢") = dc” for somed1 R. This showsthat R isaright Wnil-
injectivering . m

Lemma24:[1]

Let Rbearingand al R. If &- a'r ais regular for some positive
integer nand r 1 R, thenthereexistsy T Rsuchthat a' = d'ya m

Lemma25:[4]

The following conditions are equivalent for aring R

(1) Risaregular ring.

(2) every principa right idea of R is generated by idempotent. m
Next we prove the following result :

Theorem 2.6 :

The following conditions are equivalent
(1) Risn-regular.
(2)Ny(R)={ 0t x1 R| x*=0} isregular.
(3) Foranyal N(R),there existsa positive integer n such that &'t 0 and
d'R is generated by an idempotent element.

Proof :

Itisclearthat (1) P (2)and (3)P (2).
(2)b (3):Letal N(R)suchthad=0andd'* 0. Then(ad")*=0%0
that &' T Ni( R ). This implies that & is regular element of R and so that
there exists b T R such that &’ = a'ba, which implies that &' R = eR by
Lemma25and &' ! Oforsome0t! €=el R.
(3)b (1):Letal N(R), then there exits integer n such that a'R is
generated by idempotent element. Hence &' = d'ba for some b T R.We shall
show that aisregular. Infact, if n=1, thenit holds. Let n>1.

Putd = d"'-d"'ba, then ad =0. If d=0, then d"* = &"'ba. If d 0 then
d?= (" -a"ba)d =0.Since N3( R ) isregular by (2), d is regular. Hence a*
= d"'yafor omeyl R by Lemma 2.4. Therefore we always have a*' =
a"zzafor somez; T R. If n-1 > 1, then there exists zz1 R such that 8™ =
a?z,a by the proceeding proof. Repeating the above-mentioned process, we
get that thereis x T R such that a = axa, i.e. aisregular, which implies that
Risnregularring. m

The following theorem characterizes n-regular in terms of a right
Whil-injective rings.
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Theorem 2.7 :

The following conditions are equivalent for aring R.
(1) Risn-regular ring.
(2 ) Ris aright Whnil-injective such that every cyclic singular right R-
module is nil-injective.
Proof :

(1)p (2):Itisclear.

Assume (2). LetbT N(R). There exists a positive integer n such
that b" 1 0 and any right R-homomorphism of b"R into R extends to
endomorphism of Rg.

Then by Lemma 2.2 Rb" = Ir( b") = Ir( Rb" ). There exists a
complement right ideal L of R such that r( b" ) A L is an essential right
ideal. By hypothesis, the cyclic singular right R-module R/(r( b") A L) is
nil-injective. Define a homomorphismf : b"R® R/(r(b") A L) by
f( b"a)=a+ (r(b")A L) fordlal R, thenfiswell defined. Indeed if
ba, = ba, then a-a, T r(b" )1 (r( b") A L) sotha f(b"y ) = f( b"a ).
Thereexistsz1 Rsuchthat f(b"a) =zb"a+ (r(b") A L). Sothat
1+ (r®")AL)=f(b")=zb"+(r(b")AL)impliesthat 1-zb" = u+v,
whereul r(b"), vl L.

Foranysi r(Rb"),s=us+vsandvs=susl r(b") C L =0which
yields v( r(Rb")) =0 which implies that vi I( r( Rb")=Rb". If v=cb", for
some ¢l R, then 1-zb"z=ucb" which implies that b™b"zb" =b"u + b"cb"; and
therefore b” = b" ( z+c) b"[since b"u = 0]. This provesthat forany 0t b
N(R), there exists a positive integer n suchthat b"* 0 and b"R is generated
by an idempotent element, so by Theorem 2.6 R isan n-regular ring. m

Corollary 2.8

Let R be aright Whnil-injective such that every cyclic singular right
R-moduleisnil-injective, thenN(R)CJ( R) =0

Proof :

Ifal N(R)C J(R),thena=aba b1 R, by Theorem 2.7. Hence
a(1-ba)=0, because a1 J( R ). Hence 1-ba is invertable and so a = 0.
Therefore N(R)CJ(R)=0. m

Theorem 2.9 :

The following conditions are equivalent for aring R.
(1) Risan-regular ring R.
(2) Risaright Wnil-injective aright NPP-ring.
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Proof :

(1)p (2):Itisclear.

(2)b (1):Supposethat 0t al N(R), then by Lemma 2.2 there exists a
positive integer n such that a"* 0 and Ra"=Ir( a" ). Since R is aright NPP-
ring, r(a") = (1-e)R, 01 €= R. Therefore Ra" = Re which implies that
aR = gR for ome 0t g?=g1 R. So that, by Theorem 2.6, R is an n-
regular ring. m

3. Ring Whose Simple Singular R-module are Wnil-Injective.

In this section, we give an investigation of several properties for
rings whose simple singular right R-modules are Whnil-injective due to J.
Ch. Wei and J. H. Chen [ 7 ]. Also we study the relations between such
rings, reduced rings, by adding some types of rings such as SRB-ring, and
other types of rings.

Lemma3.1:[5]

If R isasemi-prime and SRB-ring, then R isreduced. m
We begin with the following theorem.

Theorem 3.2 :

Let R be an SRB-ring whose every simple singular right R-moduleis
Whil-injective. Then R is areduced ring.

Proof :

By Lemma 3.1, it is enough to show that R is semi-prime. Suppose
that there exists a non-zero right ideal U of R such that U? = 0. Then there
exists anon-zero elementsal U such that & = 0. First observe that r( a) is
an essential right ideal of R. If not, there exists a non-zero right ideal L of R
such that r(a) A L isright essential in R. Since R is SRB, there is a non-
zeroideal | of Rsuchthat I I L.Nowal I aRC 11 r(a)CL=0.Hencel
i r(a) CL=0.Thisisacontradiction. Thusr( a) must be proper essential
right ideal of R. Hence there exists a maximal right ideal M of R containing
r(a). Clearly M isan essential right ideal of R, and R/ M is Whnil-injective.
So any R-homomorphism of aR into R/ M extendsto one of Rinto R/ M.
Letf:aR® R/ M bedefined by f(ar ) =r+ M. Then f is well-defined R-
homomorphism. Since R/ M is Wnil-injective, so there exists ¢l R such that
1+M=f( a)=ca+ M which implies that 1-cal M. Now acal aRai U?=0,
hencecal r(a)i M,andso 11 M, which isacontradiction. Therefore R
must be semi-prime, and hence R isareduced ring. m

Following [ 6 ], aring R is called aright DS-ring if every minimal
right ideal of R isadirect summand.
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Proposition 3.3 :

Let R be a ring whose every simple right R-module is Wnil-
injective. Then
(1) (R)CSoc(Rr) =0
(2) (R) isreduced ideal of R.

Proof :

(1)IfIR)C Soc(Rr)? 0, then there exists aminimal right idea kR of R
withkRT J R). If kR is direct summand then kR = eR for some 0! € = e
T Randwegetel J R)whichisacontradiction . So that (kR)? = 0. Since
r( k) isamaximal right ideal of R, then R/ r( k) is Wnil-injective. Set f :
kR® R/ r( k) defined by right R-homomorphism. Since R/ r( k) isright
Whil-injective ringand kT N(R), there existsc1 R such that f( kr) = ckr
+r(k). Therefore1 + r( k) =f( k) = ck + r( k) whichimplies 1-ck T r(k).
Sincekl J(R),thenckT J R) I r(k)whichimplies1T r(k), whichis
also acontradiction. Therefore JR)CSoc(Rr) =0

(2)Let 0! xT J R) suchtha x*=0.Sincex® 0, thenr(x) i M for
some maximal right ideal M of R. Define aright R-homomorphism

f:XxR® R/M suchthat f(xr)=r+M foralri R. Thenf iswell-defined
right R-homomorphism. Since R / M is a right Whil-injective ring and x 1

N(R), thereexistsc1 R suchthat f( xr) = cxr + M. Therefore

1+ M =f(x)=cx+M,whichimpliesthat 1-cxT M,andso11 M, which
isacontradiction. Hence J( R ) isreduced. m

Lemma34:[6]

Let R bearing. Then Risaright DS-ring if and only if
JR)C Soc(Rr)=0.m
Corollary 3.5:

Let R be a ring whose every simple right R-module is Wnil-
injective. Then Risright DS-ring. m

Following [ 6 ] aring R is called right MC2-ring if eRa=0 implies
aRe=0, where 3, € = el R and eR is minima right ideal of R. Or
equivalently, if K » eR are minimal, € =e1 R; then K = gR for some g’=g
I R

Lemma3.6:[7]

Suppose that every simple singular right R-module is Wnil-injective.
ThenRisaright MC2ring if and only if R isaright minsymmetricring. m
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Theorem 3.7 :

Suppose that every simple singular right R-module is Wnil-injective.
Then Soc( RR) CJ(R)=Soc( Rr) C Y(R) if and only if R is aright
minsymmetric ring.

Proof :

It is clear that Soc( Rr ) CY(R) I Soc( Rr) C J( R). Now, to
prove Soc(Rr) CJ(R) I Soc(Rr) C Y(R), let kR be aminimal right
ided of R, and kR Soc( Rr) C J(R). Sincer( k) isamaximal right ideal
of R, and if r( k) is not essential of R, then r( k) isadirect summand of R.
SokR»R/r(k)»eR, €=el R HencekR isa direct summand of R.
Since R isaright minsymmetric ring, then by Lemma 3.6, Risaright MC2.
ThenkR = gR, @ =gl Rsothat gl J(R), which is a contradiction.
Hencer( k) is essential in R and we have kRl Y( R). Therefore kR 1 Soc(
Rr) C Y(R).

Conversdy, Assumethat Soc( Rr) C J(R)=Soc(Rr) CY(R),ifkRisa
minimal right ideal of R, and kR » eR, € =el R.IfkRi J(R),thenkR i
Soc(Rr) CJ(R)=Soc(Rr) C Y(R). Hence kR and eR are singular right
ideals, a contradiction. Then kR E J(R), and we get (kR)?* 0, so (kR )?=
kR=gR, ¢ =gl R.ThereforeR isaright minsymmetric ring. m

From Proposition 3.3 and Theorem 3.7 we conclude following
corollary.

Corollary 3.8

Let R be aright minsymmetric ring and every simple singular right
R-module is Whnil-injective. Then Soc(Rr) C Y(R)=0. =

Theorem 3.9 :

Let R be reversible and N( R ) is an ideal of R. Then, the following
conditions are equivalent :
(1) Risreduced
(2) Risnregular
(3) Risright nil-injective and NPP.
(4) Risright Wnil-injective and NPP.
(5) every simple right R-module is Whnil-injective.
(6) every simple singular right R-module is Whnil-injective.
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Proof :

Itisobviousthat (1) U (2)U (3)b (4)b (5)b (6).
(6)P (1):Letal Rwitha®=0.Ifat 0,thenr(a)?! R, sothereexistsa
right ideal L of R suchthat r(a) A L isessentia inR. Ifr(a) ALt R,
there exists a maximal right ideal M of R containingr(a) A L. Clearly , M
is an essential right ideal of R, and by hypothesis, R/ M is Wnil-injective.
Sothereexistsc1 Rsuchthat 1-cal M. SinceN(R) isanideal of R, cal
N( R), so 1-cais invertible. Hence M=R, which is a contradiction. This
showthatr(a) AL =R.

Letr(a)=eR, € =el R Clearly,a= a=ea= 0, whichisa
contradiction. Soa=0.m
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