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  الملخص

حيـث تتضمن  .  الأسـاسـية في جدول تحليل التباين     ضلية المشاهدات تعتبر أحد الفرو    أن اسـتقلا 
كون حدود الأخـطاء في النموذج متغيرات مسـتقلة ويكون توزيـعها متماثـل وتتبـع التــوزيع الطبيعـي          

في تحليل في هذه الدراسـة تم توضـيح تأثير عدم اسـتقلالية البيانات . بمعدلات صـفرية وتباينات متجانسـة
التباين لنموذج ثابـت ذي اتجاهـين غير متـوازن متشـعب كما تم تطوير طريقـة لتعـديل التبـاين لهـذه                   

هذا يعني أن حدود الأخطاء تكون مترابطة وسنسلط الضوء على تـأثير إزالـة شـرط                . المشاهدات المرتبطة 
وع المربعات للأخـطاء، وكذلك الاسـتقلالية على اختبار الفرضيات وذلك بواسـطة حسـاب توقع معدل مجم   

لهذا نفتـرض نموذجـا جميـع    .  لاخـتبار تأثيرات العاملFحصاء لإللمعالجات في هذا النموذج وتصـحيح ا    
كل زوج :  ومصـفوفة التباين المشـترك تتمـتع ببـنية معـرفة كما يلي2σالقياسـات فيه تمتلك نفس التباين

  :تي منمن القياسـات التي تأ
وحـدات  ) 3. (وحدات جزئية مختـلفة بنفـس الوحـدة ) 2. (تكرارات مختـلفة ولكن من نفـس  الوحدة  ) 1(

1مختـلفة لها تباين 
2

2
2

3
2 ,, ρσρσρσ على التوالي. 

ABSTRACT 
          Independence of observations is one of the standard assumption in analysis of 
Variance (ANOVA) table. Where the error terms in the model are independent, 
identically distributed normal variables with null means and homogeneous variances. In 
this paper investigate the effect of dependence of observations in ANOVA for 
unbalanced 2-way nested fixed  model and developing a method for adjusting it. When 
the error terms are correlated and focus on the effects of departures from independence 
assumptions on hypothesis testing by determining the expect mean squares for errors as 
well as treatments for this model and correcting the F statistics for testing the factor 
effect. The model considered is one in which all measurements have same variance 2σ , 
and the covariance matrix enjoy a structure defined as follows: every pair of 
measurements comes from:  
i) The same experimental observation and the same experimental unit; 
ii) Different experimental observation, but in the same experimental unit; 
ii) Different experimental unit; 
has covariance 2

2
1

2 , ρσρσ  and 3
2ρσ   respectively. 

Introduction 
         The assumption of independence of observation in ANOVA table may seem like a 
reasonable assumption in examining data using experimental designs .Rarely is the 
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independent assumption verified in an ANOVA consequently, the analysis of data from 
experimental design is often hampered by lack of technique to correct the usual F-test 
for the effect of correlation. Some researches have been devoted to show that slight 
dependence in the form of serial correlation and interclass correlation can quickly 
inflate the Type I error rate. See[4], [8], [1] and [3] have shown that in an experimental 
design, certain forms of dependence can quickly invalidate the result of ANOVA. How 
small experiment is shown see [6] and see [5] for 2-way corssedand balanced nested 
classifications respectively.      
        The aim of this work explains a method for adjusting ANOVA table when 
observation are correlated, that is, when the error terms are correlated and focus on the 
effects of departures from independence assumption on hypothesis by determining the 
expected mean squares for errors as well as treatments for un balanced two way nested 
fixed effects model (balanced model is special case of un balanced model)and 
correcting the F statistics for testing the factor effect.  

1- Defining the model 
             The model of study occurs in ANOVA, when we have a number of independent 
experimental units  and  each experimental unit has the same number of experimental 
observation and each experimental observation receives different number of treatment. 
See [2], [10], [11]. 

Let ijkY  be the observation of the kth treatment of the jth experimental observation from 

the ith experimental unit with i =1,2,…,m ,  j =1,2, …, p ,k=1,2,…, ijn  

 Let 

ijkijkijkijkijk YeYE µµ −==       ),(          …(1) 

 Where ijke  is the error term of the measure ijkY . We assume that the ijkY  distributed 

normally with mean ijkµ  and that the measurements have the same variance 2σ ,and 
every pair of measurements comes from  
i) The same experimental observation and the same experimental unit; 
ii) Different experimental observation, but in the same experimental unit; 
ii) Different experimental unit; 
has covariance  2

2
1

2 , ρσρσ   and  3
2ρσ  respectively. Symbolically 
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In this study, we assume that  
ijiijk γαθµ ++=           …(3) 

Where R∈θ  is the overall mean, iα is the effect of the ith experimental unit and ijγ  is 
the effect of the ith nested experimental observation in the jth experimental unit; such 
that 

i
i j

iji ∀==∑ ∑   0   ,0 γα                    …(4)  

Thus from equations (1) and (3) we have 
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ijkijiijk eY +++= γαθ                                …(5) 
          The model we consider in this part, which is defined by equations (2), (5), is 
unbalanced 2-way nested effects model. Then from equation (1) the ijke  are distributed 
normally with mean zero and 

),(),( kjiijkkjiijk YYCOVeeCOV ′′′′′′ =           …(6) 
         First we discuss ANOVA, concerns with the F statistic for the equality of factor 
level means, and we will discuss correction for correlation. 

2- Analysis of Variance 
          In this section see [2], [9] and [10] we will partition the total sum of square and 
degrees of freedom from the model given in equation (5), in the same way that we 
partition the total sum of square and degrees of freedom in the ANOVA for unbalanced 
2-way nested effects model when the observation are independent .Where we partition 
the total sum of square in the ANOVA table for unbalanced 2-way nested effects model 
to sum of square of factor A, sum of square of factor B and sum of square of error when 
the observation are dependent as follows  
 

SSeSSBSSASSTO ++=                    …(7) 

∑∑∑
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m
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n

k
ijk

ij

YYSSTO
1 1 1

2
...)(                 …(8a) 
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m
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p

j
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1 1

2
..... )(                   …(8b) 

∑∑
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j
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ij
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 The degrees of freedom that corresponds to each of the sums ,SSA  ,SSB  ,SSe  
and SSTo  are respectively ,1−m ),1( −pm ),1( −ijnmp 1−mpN  where 

mpnnnnN ++++= ...131211 . Thus, we will determine the expected mean squares 
E(MS). When the observation are not independent by using equation (2) each of the 
MSSA, MSSB and MSSe. 

2.1 Determining expected mean squares sum of square of error E(MSe) 
          Here, we use equation (8d) and the corresponding degrees of freedom for SSe    

)1( 
 

−= Nmp
SSeMSe                       …(9) 

 Now using equation (5) we get 

.
1

.  )(1
ijiji

n

j
ikjijiij ee

N
Y

ij

+++=+++= ∑
−

γαθγαθ                …(10) 

Where .ijY  represent the mean of the jth experimental observation; from the ith 
experimental unit; subtracting equation (10) from equation (5) we get 

.. ijijkijijk eeYY −=−                     …(11) 
By using equation (8d), (9) and (11) we get 
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Now by taking mathematical expectation for (12) we get 
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Where 
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2
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2
1 ijijkijijk eeEAeEAeEA ===                                                          …(14)  

 Now using the two equations (1), (2) and (6), we can determine hA  for h=1,2,3 as 
follows 
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By substituting equation (15a), (15b) and (15c) in equation (13) we get 
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2.2 Determining expected mean squares sum of square of factor B E(MSB) 
Using equation (8c) and the corresponding degrees of freedom for SSB  

)1( −
=

pm
SSBMSB                                                                                                         …(17) 

Now using equation (5) we get 

..

1 1

1 1
..

     

)(1     

1

ii

p

j

n

k
ijkiji

p

j

n

k
ijki

e

e
pN

Y
pN

Y

ij

ij

++=

+++=

=

∑∑

∑∑

= =

= =

αθ

γαθ                                                                              …(18) 

Subtracting equation (18) from (10) we get  

...

......

            iijij

iiijijiiij

ee

eeYY

−+=

−−−+++=−

γ

αθγαθ
                                                                      …(19) 

 By using equation (8c), (17) and (19) then 
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Now by taking the mathematical expectation for equation (20) we get 
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Using equation (2) and (6) we can determine hB  for h =1,2,3,4 as follows  
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Substituting equation (23a), (23b), (23c) And (23d) in equation (21) we get 
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2.2 Determining expected mean squares sum of square of factor A E(MSA) 

Using equation (8d) and the corresponding degrees of freedom for SSA 
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Now by taking the mathematical expectation for equation (20) we get 
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Using equation (2) and (6)we can determine hB for h =1,2,3,4 as follows                           
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From equation (15c) we note that 21 BC =  
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Substituting equation(31a), (31b), (31c) And (31d) in equation (21) we get 
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4.Analysis of variance table 
Analysis of variance table for the model of study, which is given in equation (5), 

is given in table 1. 

Table 1: Analysis of variance 
Sources 

of  
variation 
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Where SSeSSBSSA ,, and SST  are given in equation (8) 
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5. The F test for equality of Factor Level Means 
In the last section, we have prepared the ANOVA table, So in this section we 

will discuss two case for two null hypothesis to know whether the factor level means are 
equal for the first factor and for the second factor, which is the nested factor. Hence, the 
alternative conclusions, which we want to, consider for the model of study, are the 
following .for the first factor is 
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i
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αo                                                                                              …(33)  

And for the nested factor is  
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         Because of the additive property for both total sum of squares and degrees of 
freedom, therefore according to cochrans theorem (if all n observations iY come from 
the same normal distribution with mean µ  and variance 2σ and sum square total SSTO  
is decomposed into k sum square SSr  and every sum with degree freedom rdf  then 
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Where eBA WandWW , are independent of each other, having chi-square 
distribution each with respective degrees of freedom )1(),1( −− pmm  and )1( −Nmp . 
Therefore we can form the *1F  statistic for testing the equality of factor level means of 
the first factor as follows 
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Also, we can form the *2F  statistic for testing the equality of factor level mean of the 
nested factor as follows    
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5. Correcting for correlation’s 

The correcting factor 21   CandC which is given in equation (37), (39) could be in 
the following three cases:  
Case1: the correcting factor =1 
Case2: the correcting factor >1 
Case3: the correcting factor <1 

When we are in the first case, then no correction is needed to correct F test . 
otherwise the correction is essential and we cannot ignore it. 

To find the effect of correlation’s for testing the factors effects in model (5), the 
correcting factors 21   CandC  are calculated for several different values of correlation’s 

21, ρρ  and 3ρ  and also for several different values of Npm ,,  are shown in tables 2, 3, 
4 and 5 respectively. 
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Table 2: shows the different values of the correcting factor 1C  
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Table 3: shows the different values of the correcting factor 2C  
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Table 4: shows the true alpha level for some different values of 1C  
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Table 5: shows the true alpha level for some different values of 2C  
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0.011 
 
0.004 

0.294     
 
0.229                      
 
0.165 
 
0.1             
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We can note from table 4,5, that the true α  level in flate /deflate when the 
correction factor greater/less than 1,and this leads to have a bigger /smaller rejection 
region for the complete null hypothesis on testing factors. Hence the uncorrected F test 
can be liberal for some tests and conservative for others in ANOVA when the 
correlation structure is ignored. 

6.The Relationship between α  and true α   

The relationship between values of α  when data are uncorrelated and values of 
the true α  when data are correlated for different values of the correction factor 21,CC  is 
shown in figure1, 2 when ,2=m  ,2=p  18=N , ,211 =n  ,312 =n  ,413 =n  ,221 =n  

,322 =n 423 =n . 
 

 
Figure1:True Alpha versus Alpha for different values of 1C  

 

 
Figure2:True Alpha versus Alpha for different values of 2C  

7. Conclusion  

Correlation's constant 21,CC  small correlation can be amplified by the number of 
treatment  minij ,..,2,1, = pj ,...,2,1= . And these correlations can thus easily inflate the 
type I error Rate. Table 1.4, 1.5 show that the true alpha inflate/deflate when the 
correction constant greater/less than 1,the uncorrected F test would be liberal test (high 
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type I error rate). In conclusion, The F statistic can be effected by very large 
correlations sometimes the same as very small correlations. That is, the F statistic is 
affected by the value of the correction  constant 21,CC  and not the value of  
correlations. 
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