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ABSTRACT

In this work we present a new algorithm of gradient descent type, in
which the stepsize is computed by means of simple approximation of the
Hessian Matrix to solve nonlinear unconstrained optimization function. The
new proposed algorithm considers a new approximation of the Hessian
based on the function values and its gradients in two successive points along
the iterations one of them use Biggs modified formula to locate the new
points. The corresponding algorithm belongs to the same class of
superlinear convergent descent algorithms and it has been newly
programmed to obtain the numerical results for a selected class of nonlinear
test functions with various dimensions. Numerical experiments show that
the new choice of the step-length required less computation work and
greatly speeded up the convergence of the gradient al gorithm especialy, for
large scaled unconstrained optimization problems.

KEYWORDS: Unconstrained optimization, line search, Biggs Variable
Metric Update, gradient descent algorithm.
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1. Introduction

This Paper considers the unconstrained minimization problem
min f(x) , )
xI A"
where the objective function fis a twice continuously differentiable
function from A"intoA . For problem (1) Barzilai and Borwein [1] and
Fletcher,R. [7] suggested an algorithm which essentially is a gradient one,
where the choice of step-size aong the negative gradient is derived from a
two point approximation to the Hessian of f at x, consdering D, =g,| as

an approximation to the Hessian of f at x,; they chose the parameter g,
such that

D, =argmin|Dv, -y, ..(2)
where v, =x, - x,_, and y, =- Nf (x.)- Nf (x_,),yielding
k k k-1 k
gee = Yo ¥E)
Ye Vi

With this parameter the basic iterations of the (BB) method may be
given the following iterative scheme:

1 .
Xk+1:Xk'gﬁNf(Xk) (4

Mainly,the sequence { x,} generated by the (BB) method uses two
initial vectors x, and x.Having in view its simplicity and numerical
efficiency for well-conditioned problems, the (BB) method has received a
great deal of attention. However, like all steepest descent and conjugate
gradient methods, the (BB) method becomes slow when the problems
happens to be more ill-conditioned [1].Neculai Andrei (NA) [10] suggested
another gradient descent method for unconstrained optimization (its details
give in section 2 of this paper).In contrast with (BB) method a simple
interpretation of the secant equation for the step- length is computed. Here,
in this paper, we are going to develop numerical techniques described by
Dixon [6] and Biggs [2]. The central notion is the estimation of dominant
degree of a one dimensional convex function. Previoudly their estimate have
been quite successfully used as the basis of a line search processindeed it is
not performing explicit minimizations along every search direction may
require more than one function evaluation per iteration to obtain a
satisfactory reduction f , but if we have some measure of the non-quadratic

function f in the directions then we can attempt to improve upon the
simple estimate of the second directional derivative and hence update the
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matrix H, using more accurate information .

2. Neculai Andrei (NA) Algorithm:

Neculai Andrei (NA), 2005 suggested a procedure for computing an
approximation of the Hessian of the function f a x, which can be
considered to get the step-size along the negative gradient considered the
initial point x, where f(x,) and g,=Nf(X,) can immediately be
computed. Using the backtracking procedure (initialized with a =1 he
computed the step-length a, which the next estimate x, =X,-a,9,iS
computed, where a gain he computed f(x)and g, =Nf(x).So the first
step is computed using the backtracking along the negative gradient. So the
point

Xisg = X T8, 0, , k=01.2,... ...(5)
and

f (%) = f(Xk)_akgggk-i_%alfggﬂzf(z)gk ...(6)
where z1 [x,,X,.,]- Having in view the local character of the searching
procedure and that the distance between x, and Xx,,,is small enough he
choose z=x,,, and g(x,,,)! asan approximation of the N*f (x,,,) ,where
g(X.,)T A This is computed using the local information from point x,,
therefore the parameter
006) =51 F(%.0)- f(x)+a,0]0,] ()

k Ik “k
was used to compute the next estimation X,,, = X,,; +&,,,0,., .10 determine

the step size a, ,, , he suggested

1
F k+1(a) =f (Xk+1) - agll—+1gk+1 + Ea 2g(Xk+1)gl-<r+1gk+1 i (8)

observing that F,,,(0)=f(x,,) and Fg,(0)=-9/,0,., <0.Therefore
F.a(@) is a convex function for dl a3 0. To have a minimum
forF .,,(a)the parameter g(x,,,) must have a positive value. Considering
for the moment that g(x,.,,) >0, thenfrom F ., (@) =0yields:
ag, =——
9(Xi1)
Astheminimum of F ., yields

..(9)
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1 2
Fe.@g)=f(X.)- mllgk+l||z ..-(10)
which show that if g(x,,,) > 0,then the value of function f is reduced. If
not the algorithm, will restart. This suggests
Ay = argarpaigl f (X - @ Gear) -..(11)
Using the back tracking procedure to complete the algorithm he
considered this situation when g(x,.,) >0. If f(x.,,)- f(x.)+a,g,g, <O
then the reduction f(x.,)- f(x.)is greater than a, g, g, .In this case, the
step-size a, will be changed as a, +h, in such a manner that
f (%)= f(%)+(@, +h,)gc g, >0 --(12)
To get avalue for h, the parameter d > Ois chosen small enough, and h,,,
may be considered as.

2
Ny = it [f (%) - (%) +2a,9,9,]+d --(13)
k Ik
and anew value for g(x,.,) can be computed as :
2 1
9(%ea) = 5L (%) - T(X)+ @, +h,)9¢ 9] --(14)

9.9, @, +h,)
2.1. Neculai Andre Algorithm (NA):

Corresponding (NA) gradient descent algorithm may be listed as
follows:
Stepl: select x,1 domf and compute f(x,),g,=Nf(x,) and

aO:argmipf(xl). Compute X, =%, -a,d, ,f(x,) and g, =Nf(x)
setk=0.
Step2: Test for convergence. If |g,,|<1 10° then stop; otherwise

continue .
Step3: Compute the (scalar) approximation g(X,,,)of the Hessian of

function f at x,,,as

2 1
g(Xk+1) :ﬁa_f[ f (Xk+1) - f (Xk) +akgggk]

Step4: If g(X..,) >0then select d >0and compute a new vaue for
0(X.,) as equation (14) where h,is given by equation (13) where d is
select d >0 enough small.
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Step5: Compute the initial step-size as equation (9) with which a
backtracking procedure is performed in the next step

Step6: Using a backtracking procedure, determine the step-length a,,, as
equation (11).

Step7: Update the variables:

-
— — gk+1gk+l
Xir2 = Xiear +ak+1gk+1 ' dk+2 =-0Oka +hk+l T dk+l
k+1 S k+1

set k =k +1and go to step?2.
3. A new proposed Algorithm for solving problem (1)

In this section we are going to suggest another procedure for
computing an approximation of the Hessian of the function f at x, which

can be considered to get the step-size along the negative gradient for (NA)
algorithm for equation(10) which shows that if g(x,,,) > Othen the value of

function f is reduced .This enable us to determine a step-size a,,, as

defined in equation(11) using the new way to backtracking procedure. To
complete the algorithm we must consider the situation when g(x,,,) >0 if

f(X.,)- f(x)+a,g,9, <Othen the reduction f(x.,)- f(x,)is greater
that a,g,g..In this case we use Biggs VM-Update as backtracking
procedure to make the step-size a, as a, +h,in such a manner that :this
suggests a

f(Xk+1)' f(Xk)+(ak +hk)gljgk >0
valueforh, , as

T
hg=—: _ Y ...(15)
4Vk O +2Vk O - 6( f (Xk+l) - f(Xk))
and
11 .
— if h¢>05
h, :}.hlg; ¢ ...(16)
1 0 otherwise

where y,,, =0,,- 9, ,k=0,1,2,... and the new value ofg(x,,,;) >0 can
be computed as:

g(%) =2
o gl;rgk @, +hy)

2 [ f (Xk+1)' f(Xk)+(ak +hk)gl-<rgk]
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3.1. The new suggested Algorithm (New):

In order to increase the efficiency of algorithm (NA), cubic line search
ruleis used to find the best value of the step-size used Biggs VM parameter
[2] is used as backtracking procedure in order to locate the new hybrid line
search to f asshown below:

Stepl: Select x,1 domf and compute f,,g, and a, :argmiln(xo— a,g,) -
Now compute x,, f,and g,setk =0.
Step2: Test for convergence, i.e if |g,..[<1 10 °then stop; otherwise

continue.
Step3: Compute the (scalar) approximation g(x.,,)of the Hessian of

function f at x,, as:

2 1
9(Xi) :T—_Z[ f (X)) - F(X) +akgl-<rgk]'

k Tk k
Step4: if g(X,,,) <O0then compute anew value for g(x,.,,) as

2 1

o @ ehyil K T6)+@,+0)grg,] Where h s
k Jk k k

g (Xk+1) =
given by

_ Vi i
h¢=—r - .
4Vk Ok +2Vk Ok - 6( f (Xk+l) - f(Xk))
Moreover.,if h¢ >0.5then h, isgiven by
i1
— if hg>05
h=thg "M
0

1 otherwise
If available storage is exceeded then employ a restart option either with
k =N Org:+lgk+l > gl-<r+1gk’
Step5: Update the variables:
Xk+2 = Xk+1 +ta k+1gk+1’ dk+2 =- gk+1 +h k+1dk+1
Set k =k +1, goto step2

Now theoretically,to ensure that the new algorithm has a super-linear

convergence let us consider the following theorems in the next section.

3.2. The convergence analysis of the new suggested Algorithm:

In the following section let us consider the convergence analysis of
this proposed algorithm .Assume that f is strongly convex and the sublevel

set {xi Domf: f(x)£ f(x,)} is closed .Strong convexity of f on S
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involves the existence the congants m and M such that
ml £N?f(x) £ Ml for dl xI S. A consequence of strong convexity of f on
S isthat we can bound f " as

1~ 2 . 1 -~ 2
f(x)- %"Nf (x)||2 £f £f(X)- W”Nf (x)||2 ..(17)
For more details see [11],[12].

3.2.1. Theorem

For strongly convex function the new algorithm with backtracking has
a superlinear, convergence and

k-1
F(x)- f £(P C)T06)- 1) ---(18)
where 0<a(<0.5 and 0<s<1 , C =1- min{2ma{2maé”}<1 and
p,  lisaninteger (p, =12,...) given by the backtracking procedure).

Proof:
First we can write f(x,,,)as.

F(%) = F(%)- (@- %a 2% 0 ..(19)

with a - a °g(x,.,)/ 2isaconcave function, and for al 0£a £1/9(X..,).
a-a’g(x.,,)/2% al2. Hence

fOa) £ F(5)- Tla £ F(x)-a@]g;

The backtracking procedure terminates either with a =1 or with a =s™
where p, isaninteger.
Therefore

f (%) £ T (%) - min{a ¢a &>},
Having in view that for strongly convex function
||gk||§ 3 2m(f(x)- f7) it follows that whereC, =1- min{2ma,2ma ¢>} .
Since C, <1 the sequence f(x,)with Biggs VM-parameter has a
superlinear convergent, like a geometric seriesto .

3.2.2. Theorem:

For every k=01,... , 9(X.,)0enerated by the New Algorithm, is
bounded away from zero.
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Proof:

For every k=0/1,... we know that f (x,)- f(x)+a,g,g, >0(Since
0(X,.;) generated by the new algorithm)
Therefore f(x,)- f(X.,)<a,g,g, and hence we have:

_2 Z(f(xk)_f(xkﬂ)) 2 Zak(g:gk)_
9(%) = > Sl =0
“ay ad(ged)  ae ad(eeg)’

4. Numerical results

In this section we report some numerical results obtained by a newly-
programmed FORTRAN. Implementation of the above gradient descent
algorithms for 24 test functions with different dimensions (specified in the
Appendix)[12].

The comparative performances of the algorithms are taken in the usual
way by considering both the total number of function evaluations (NOF)
and the total number of iterations (NOI).

In each case the convergence criterion is that the value of

|91 <1” 10°° the cubic fitting technique, published in its original from by

Bunday [3] is used as the common linear search sub program for :

(1) TheOriginal algorithm published by Neculai Andrei (NA).

(2) The new proposed algorithm(New)
The numerical results in Table (1) give the comparison between the (New)
and (NA) algorithms for different dimensions of test functions. Wile Table
(2) gives the percentage of improvements of NOI and NOF. The important
thing is that the new algorithm is very robust in many situations especially
for large-scale unconstrained optimization problems, When the iterative
process reaches the same precision.

Table (1): Comparison between the new algorithms and Neculai Andrei
(NA) algorithm. Using different value of N .

N. | st Neculai Andrei algorithm (NA) | o\ ygorithm (NEW)  NOI(NOF)
OF | FuNCTION NOI(NOF)
Test 12 | 36 | 360 | 1080 {4320 8640 |10000| 12 | 36 | 360 |1080|4320|8640|10000
315(391|531| 287 {989 | 873 |1118| 68 | 68 | 68 | 82 | 82 | 97 97
1 GEN-Center 44 | 51 | 62 | 42 |102| 94 110 ( 13 (13| 13| 14 | 14 | 15 15
2 GEN- 26 | 26 | 30 | 30 | 30 30 30 | 26| 26| 26| 26 | 26 | 26 26

Shallow 717 | 8 8 8 8 8 7T\ T7 |77 |7 7 7

58 | 58 | 63 | 63 | 63 | 63 63 | 27|27 |27 |27 | 27 | 27 | 27
3 GEN-Beal 17 117 | 18 | 18 | 18 | 18 18 7171717 7 7 7

80 |80 |8 | 90 | 90 | 90 9 |58 |61|61|61|68| 68| 68
4 | GEN-Powell 23 |1 23| 25| 26 | 26| 26 26 |16 |17 |17 |17 |19 | 19| 19

; 40 | 43 | 43| 43 | 43| 43 43 | 27 | 27 | 27 | 27 | 27 | 27 | 27
5 | GEN-Cubic 10111 | 11 ] 11 [ 11| 11 11 6 | 6 1 6|6 6 6 6
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T 2122 21] 16 [18] 20 | 20 221920 16 ] 18] 19 | 20

6 |BX-pendity | "7 | ' |5 | 4 | 4| 4| 4 |6|5|5|alalala
48 | 74 [ 84 | 373 |133| 134 | 142 | 31] 22| 122 | 53 | 29 | 39 | 41

7 | Nondaquart | 12| 5y | 51| 30 | 28| 31 | 32 | 8| 6] 31 |15| 8 | 10| 10
) 20120 20| 20 [20| 20 |20 | 7 | 7| 7 | 7 [ 7| 7 | 7

8 |BEX-himmble| "1 1 5| 5 |5 | 6 | 6 |2]2| 2 22122
9 | GEN-Osp | 112|173[320( 547 (1007 1714 | 1599 | 102|123] 228 | 526 | 905 1474| 1597
17 | 29 | 70| 129 |207| 382 | 374 | 16 | 26| 54 | 128|207 327 | 347

21 |21 | 21| 21 |21 | 21 | 21 |18|18| 18 | 18| 18 | 18 | 18

10| ETETF 1"\ 66| 6 |6| 6 | 6 |5|5|5|5|5]|5] 5
) 8|8 |8| 8 | 8| 8 | 8 8|8 8 8|88 8

111 Digodé | o | 5l 5| 5 2| 2| 2 2]2] 212|222
17 [ 17 |17 | 17 |17 | 17 | 17 |7 |17| 17 |17 | 17| 17 | 17

12 | GEN-stral | "o | 5 | 5| 5 | 5| 5 | 5 |5|5|5|5|5|5]| 5
20 20[20] 20 |20] 20 |20 |7 |7] 7 [ 77| 7] 7

13 | RullHesian | "c" 1 "o 1 6| 6 |6 | 6 | 6 |2]2] 2122|212
) 717 | 7| 7 |16 16 | 16| 66| 6 | 66| 6| 6

14 Digod7 | o1 5l 5| 2 3| 3 |3 2|2 2]2]2]2]2
) 6|16 | 6| 6 | 6| 6 | 6 6|66 ]|6|6|6]| 6

15 Digodl8 | o | 5l 5| 5 2| 2 | 2 2 2] 2 2]2]2] 2
) 222 | 25| 25 | 25| 25 | 25 | 16| 16| 16 | 16 | 16 | 16 | 16

16 SINcos 7| 7|8| 8|8| 8|8 |5|5|5|5|5]|5] 5
17 EX- 201 20| 20| 20 [ 20| 20 | 20 | 14| 14| 14 | 14 | 14 | 14 | 14
Denschnb | 6 | 6 | 6| 6 | 6| 6 | 6 |4|4| 4 |a|4a]|a] a
222 | 25| 25 | 25| 25 | 25 | 16|16| 16 | 16 | 16 | 16 | 16

18 |GEN-PSCL '\ 7 1g| 8 |8| 8 |8 |5|5|5|5|5]|5] 5
75 | 62 | 62| 62 | 62| 66 | 66 | 55|55| 55 | 55 | 55 | 55 | 55

19 | BXBDL | 3| 19| 10| 10 | 19| 20 | 20 | 16|16 16 | 16 | 16 | 16 | 16
20 sum 49 | 50 | 153| 199 | 164 | 340 | 373 | 50 | 49| 95 |175]| 124 | 161 | 239
7|8 |25 3 |23 66 | 70| 7]|8|18|27]|19]24]| 45
3232|3232 | 32| 32 | 32 | 27|27 30 | 30| 30| 30| 30

21 | BXBD2 195110 |10| 10 |10| 10| 108|899 9|9 9|9
41 | 54 |1941]11450| 362 | 362 | 368 | 48 | 54| 100 | 134|122 | 160 | 299

22 | BX-8wm2 | o 177 "6 |68 | 68 | 70 | 7 | 8| 18 | 24 | 19 | 24 | 50
11|16 | 37| 55 | 50 | 165 | 175 | 11| 14| 24 | 50 | 57 | 44 | 44

23 |GEN-penal | “o"\ "1 9 | 13 | 13| 35 | 37 | 3 |3| 6 |12 |14 | 11| 11
29 | 85 | 134 434 [201| 153 | 131 | 33| 35| 60 | 88 | 83 | 91 | 184

24 | GEN_penl2| “g" | o5 |44 | 142 |65 | 40 | 41 | 9 |10| 15 | 22 | 22| 23 | 41
General TOTAL of |1100[1329|3706|13859|3422| 4263 | 4428 | 700|722| 1058 | 1465|1768| 2433 2869
24functions | 244 | 291 | 405| 574 |674| 874 | 784 |163|174| 256 | 342 | 405 | 536 | 621

Table (2): Percentage performance of the new proposed(NEW) agorithm
against Neculai Andrei (NA) algorithm for 100% in both NOI and NOF.

Cost
N 100% NEW
NOI 36.36
12 NOF 33.20
NOI 45.67
36 NOF 40.21
NOI 71.45
360 NOF 36.79
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NOI 89.43
1080 NOF 40.42
NOI 48.33
4320 NOF 39.91
NOI 42.93
8640 NOF 38.67
NOI 35.21
10000 NOF 20.79

It is clear from the two above Tables of the numerical results that the new
proposed agorithm is very efficient and superior on the standard (NA)
algorithm. Namely there are about (35-89)% improves of NOI for all
dimensions al so there are (20-40)% improvement of NOF for all iterations.

5. Conclusions:

In this Paper, a new gradient descent algorithm is proposed in which
the step-length is computed by backtracking using a simple approximation
of the Hessian based on the function values in two successive points along
the iteration using Biggs [2] parameter.

Numerical experiments show that new algorithm converge
superlinearly and faster. It is more efficient than Neculai Andrei (NA)
algorithm in many situations. The new algorithm is expected to solve ill-
conditioned problems and it is clear that any procedure for step-length
computation does not change the superlinear convergence property of the
new algorithm. The convergence rate depends greatly on the condition
number of the Hessian of the minimizing function. For well conditioned
convex function both algorithms are doing well, while for ill-conditions
problem the new algorithm is doing well .Also, the initial step in
backtracking procedure of the new algorithm is lower than the
corresponding initial step of (NA) agorithm.

Finally, (NA) has a linear convergence rate while the new algorithm
has superlinear rate of convergence.
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6. APPENDIX

All the test functions used in this paper are from general literature

see[12],[5]:
1. Generalized Cantral Function:

n/4

f (X) =a [(@(p(xm - 3) - X4i-2)4 +100(X4i-2 - X4i-1)6 + (arctan(x4i_1 - Xy ))4 + X4i-3]’
i=1

X, =[1.,2.,2.2.,..0.,2.,2.2].

2. Generalized Shallow Function:

n/2

F() =8 (., X)" + (1= %,,)°,

i=1
Xy =[- 2 20 2. 2]
3. Generalized Beale Function:

f(x)= r_lél.z [1-5' Xy + (1- X2i)]2 + [2-25 - X (1- Xgi)]2 + [2-625 - Xp(1- Xgi)]zv

X, =[1.0.8.,...1.0.8] .

4. Generalized Powdl function:
n/3

() =13 [5507] - sin(*5) -expl-( - 271},

X, :[O.,l.,2.,...,0.,l.,2.]_
5. Generalized Cubic function:

n/2

f(x) =& [100 (X, - X5..)° + (1- X,.,)%],

X =[-121.,...;121].

6. Extended Penalty Function:
n-1 n

f()=a (x - +@ x* - 0.257,
i=1 j=1

X =[1.,2.,...,n] .

7. Non dquart Function (cute):

n-2
F(X) = (% - %)+ Q (% + Xy + %) (X1 - X,)%,
i=2

X, =[1,-1.,..1.,-1].
8. Extended Himmelblau Function:

n/2

f(x)= é (Xgi—l Xy - 11)2 + (X2i-1 + X;i - 7)2 )
i=1

X, =[1.11.1,...,1.11.7].
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9. Generalized OSP (Oren and Spedicato) Function:
- .2

() =ga Xy »
€i=1 u

X =[1.,...1].
10. Extended Three Exponential Terms Function:

n/2

F(X) = Q (EXP(Xy.1 + 3% - 0.1) +€Xp(Xy.; - 3%y - 0.0 +€XP(- Xy, - 0.1)),
i=1

X, =[0.1,0.1,...,0.1,0.1].

11. Diagonal 6 Function:

f(x) =8 (exp(x)- (1+x)),
i=1

X =[1.1.,..1L1].

12. Generalized Strail Function:

n/2

F()=a (X5, - Xy)* +100(1- x,,)?,
i=1

X :[- 2.,...,- 2]

13. Full Hessian Function:

=08 x 2 +8 (x exp(x) - 2% - x2),
eiz1 @ i=1

% =[L.L,...L.1].

14. Diagonal 7 Function:

£(x) = 8 (@P(x) - 2% - x2),

i=1
X =[1.1.,..1L.1].
15. Diagonal 8 Function:
f(0=a % expx)- 2% - X,

i=1

X =[11,...L1].
16. SINCOS Function:

n/2
[o] .

f(x)=a (Xgi—l + X;i T X5.1 % )? +Sm2(X2i-1) +cos’ (X5),
i=2

X, =[3.0.1,...3.0.1].
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17. Extended Denschnb Function :

n/2

f(x) = é (Xo1- 22+ Xy - 27X +(Xy +1)?,
i=1

X, =[0.1,0.1,..,0.1,0.1] .

18. Generalized pscl Function:
n-1

(0= (4 X3 +%X.,)" +sin?(x) +cos’(x,),
i=2

X, =[3.,0.1...,3.,0.1.

19. Extended Diagonal BDI Function:

n/
F(9 =i =18 (2, +x2 - 2 +(exp(xys - - %, )7

X, =[0.1,0.1,...,0.1,0.1].
20. Generalized Sum of Quatrics (SUM) Function:
fo=a x-n*,

i=1

X, =[2.,...,2.].

21. Extended Block-Diagonal BD2 Function:
n/2

FO)=a 06, +%5 - 2)° +(exp(Xy, - 1)+ - 27,
i=1

X, =[1.5,2.,.....5,2] .
22. Sum of Quatrics (SUM) Function:

(=8 04 1)",

X =[1.1.,..1L.1].
23. Generdlized Penall Function:

(9 =8 (% - D +eps(¢ - 0297,

X, =[1,2,...,n] , eps=1.E-5.

24. Generdlized Penal2 Function:

f(x) = Q eps(x - D%+ (x? - 0.25)2,
i=1

X, =[1,2,...,n] , eps=1.E-5.
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