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1. Introduction

The definition of metric space was presented by
Freshet in 1906 [1]. Many authors after Freshet gave
several generalization of metric space. In [2], Shukla
S. gave the concept of partial b-metric space. The
notion of b-rectangular metric space was given in [3].
Banach in 1922 introduced the famous and important
type of fixed point which is Banach contraction
principle [4]. In 1969, Kannan gave another type of
fixed point which is Kannan fixed point theorem [5].
Many fixed point theorems were stated and proved in
generalization metric space [6-14].

Definition 1[2]

Let S be a non-empty set. A function L:xS —
[0, 00) is a partial b-metric on S if Va,band cin S:
(L1): L(a,a) = L(a,b) = L(b,b) iff a = b.
(L2): L(a,a) < L(a,b).

(L3): L(a,b) = L(b,a).

(L4): L(a, b) < k[L(a,c) + L(c,b)] — L(c, ),
some keER, k>1.

Then the pair (S,L) is said to be partial b-metric
space, where k € R,k = 1 is the coefficient number
of (S,L, k).

Definition 2[3]

Let S be a non-empty set. A function N:S xS —
[0,©)is a b-rectangular metric onS if
Va,b,canddinS:

(N1): N(a,b) =0iffa=b.

(N2): N(a,b) = N(b, a).

for
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(N3): N(a,b) < k[N(a,c) + N(c,d) + N(d,b)], for
somekeR, k=>1.

Then the pair (S, N) is said to be b-rectangular metric
space, where k € R, k = 1is the coefficient number
of (§,N, k).

2. Partial b-Rectangular Metric Space

In this section we generalize the definitions of partial
b-metric space and b-rectangular metric space, we
named partial b-rectangular metric space.

Definition 3.

Let S be a non-empty set. A function p,,:S XS —
[0, ) is a partial b-rectangular metric on S if satisfies
the following conditions: for a,b in S and for ¢ # d
inS —{a,b}:

(PBR1):  pyr(a,a) = pp(a,b) = pp,(b,b)
only if a = b.

(PBR2): pp,(a,a) < py,(a, b).

(PBR3): ppyr (a,b) = Dor (b, a).

(PBR4): pyr(a, b) < klpy-(a,c) + ppr(c,d) +
Por(d, b)] — pur(c,c) — ppr(d,d) for some k€
Rk=>1.

Then the pair (S,p,-) is said to be partial b-
rectangular metric space, where k € R, k > 1 is the
coefficient number of (S, py,,, k).

We explain that by some examples and remarks.
Example 4.

Let S = {0%% 1}. Define pp,:S xS — (0,0) as
Pur(a,b) = a + |a — b|, « is a real number greater

if and
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than zero. Then (S,p,,) is a partial b-rectangular
metric space.

Proof: We see that the properties (PBR1), (PBR2)
and (PBR3) are verified foralla, b € S.

To proof (PBR4) consider:

ppr(a,b) = a +|a — bl
=a+|la—c+c—d+d—-b|—-2a+ 2«
<a+la-clta+|c—-d|+a+|d—b|l—-a—«a
<kl[la+la—c)+ (@+]|c—d]) + (a+

|d —b|)] —a— a (forsomek € R k = 1)

= klppr(a,c) + ppr(c, d) + pp,(d, b)] — ppr(c,c) —
pbr(dr d)

VabeSandforc+deS—{a,b}

Hence (S, p,,) is a partial b-rectangular metric space.
Example 5.

Let A ={0,1,2,3,4,5}, A2 = S. Define p,,:Sx S -
[0,0) as follows:

Pur(a,b) =2+ (la; — ay| + |by — by ), for
each a = (ay,b1),b = (a,, by) in S. Then (S, p,,) is
a partial b-rectangular metric space.

Proof: We notice that the properties (PBR1), (PBR2)
and (PBR3) are verified for all a, b € S.

To proof (PBR4) consider:

pur(a,b) =2+ (la; — ay| + |by — by|)

<2+ (lag —azl + by —bs]) + 2+ (lag — aq| +
|by — byl) + 2 + (lay — az| + |by — by]) =2 — 2

<k[2+ (la; —as| + |by — b3])
+2 + (lag — ay| + |bs — byl)
+2+ (lag — ay| + |by — by1)] —2 -2

= klpyr(a,c) + ppr(c, d) + pp,(d, b)]
Por (d: d)

Va,b € Sandforc+de€S—{a b}, forsomek €
Rk=>1

Hence (S, py,-) is a partial b-rectangular metric space.
Remarks 6.

1. If a,b € S such that p,,.(a,b) = 0we have a =
b. The opposite is not necessary true.

2. Db-rectangular metric space is a partial b-
rectangular metric space with the self-distance
between two points equals zero but the convers not
necessary true.

Note 7. In (Examples 4, 5) we have p.(a,a) #
0,V a = binS. So the opposite of remark 1 not true
and (S, p,,-) is not a b-rectangular metric space.

3. Fixed Point in Partial b-Rectangular Metric
Space

In this section we prove Banach contraction principle
theorem and Kannan fixed point theorem in a partial
b-rectangular metric space. In order to obtain that we
need to give some definitions and information in a
partial b-rectangular metric space.

Definition 8.

Let < a, > be a sequence in (S, py,), we say that
<a, >convergestoa € S,if Ve>0,3Iny,(c) EN
such that |py,,(a,, @) — ppr(a,a)| < &,V n > ny(e).

Definition 9.

Let < a, > be a sequence in (S, py,), we say that
< a, > Cauchy sequence, if V € >0, Any(e) EN
such that py,(a,, a,) < &,¥n,m > ny(e), in other
words limy, ;e Ppr (@, ar) exists and finite.

— ppr(c,c) —
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A partial b-rectangular metric space (S, p,,.) is said to

be complete if every Cauchy sequence in S is

convergent, in other words 1im,, ;0 Ppr(@n, ) =

limy,_, oo Ppr (Ay, @) = ppr(a,a).

Example 11.

Let A={-—:neN},B={01} and AUB=S5,
n+1

B = 0.Define pp,:S xS — [0,0) as follows:
pb‘r(arb)

(7
= ﬁ+n+1 ’
1
B+5,
We see that the properties (PBR1), (PBR2) and

(PBR3) are verified for alla,b € S.
To proof (PBR4) we have:

(@ b) =f+-—<k[(f+=)+1+]+
2B =2

=k|(p+ 22+ (B 43)+ (B4l -5 -8

= k[pyr(a,c) + ppr(c,d) + ppr(d, b)] — ppr(c,c) —
Por (d' d)

Va,b € S and for c #d € S — {a, b}, forsome k €
Rk >1.

So, (S, ppy) is a partial b-rectangular metric space.

In (S, ppr) the convergent sequence may have more
than one convergence point and may not be Cauchy

ifa=borabé€B

ifa€Aandb€B or be Aanda € B

otherwise

sequence.
Consider the following sequence
— N is odd
a,={" inS
1 ,nis even
lim,_,o ppr(ay,, 0) =
lim,,, 0 Pprr (ﬁ, 0) ,nis odd [/3
lim,, o, ppr(1,0) ,n is even B
limn—mo Por (an' 1) =
. 1 .
lim, o0 Ppr (m, 1) ,nis odd _ {B
lim,,_, ppr (1,1) ,m is even B

So, {a,) convergence to two different points 0 and 1.
Also,  limy,_ e Ppr (Ao, Aonsz) =B + i and
limy, e Ppr(azn, 1) =B

It means the limit does not exist, so {(a,) is not
Cauchy sequence.

Definition 12.

Let T: (S, ppr) — (S, ppr) be a mapping, we say that
ay € S is a fixed point of T if T(a,y) = ag, Va, € S.
Definition 13.

Let T:(S,ppr) — (S,pp) be a mapping, thenT is
called a contraction mapping if p,,.(T(a),T(b)) <
O0pp,-(a,b), where0 <6< 1,Va,b€S.

In the following theorem we prove Banach
contraction principle (Banach type of fixed Point) in
partial b-rectangular metric space

Theorem 14. (Banach Type of fixed Point)

Let (S,py.) be a complete partial b-rectangular
metric space with a real number k> 1, let
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T: (S, ppr) = (S,pp) be a mapping such
that py,(T(a), T(b)) < Opy,(a,b), where 0 < 6 < %
,Va,b €S, then there exists a unique fixed point
ay € Sof T and the self-distance between two points
equals zero.

Proof: Firstly to prove if T has a fixed point a, € S,
then a, is unique. We shall prove that if a, € S is a
fixed point of T, ie.T(ay) = a,y, then the self-
distance between two points equals zero.

Suppose that a, €S is a fixed point of T, i.e.
T(ao) = ag
Consider Por(ao, @) = pur(T(a0) , T(ao)) <
Oppr (a0, o) < 1 Dur(ag,a0) < Pyr(ag , ag)

Which is a contradiction. Thus, we must have the
self-distance between two points equals zero.

Now, to prove a, is a unique, suppose there exist two
fixed points of T in S sayayandb, such that
ay # by, i.e. T(ag) = ay # by = T(by)

Consider Por (a0, bo) = pur(T(ao), T(bo)) <
0 pbr(aO' bo) < %pbr(aO' bo) < pbr(ao ) bo)

Which is a contradiction. Thus, we must have the
self-distance between two points equals zero, i.e.
ay = by.

Next, to prove the existence of fixed point, let
< a, > be a sequence in S such that T(a,) = ap41,
n=20,12- if a,,; = a, then T has a fixed point
which is a,.

Assume that a,,q # a,n =012, put ppyn =
Por(@n , ani1)

Consider

Porn = Ppr(@n, Gni1) = pbr(T(an—l) ’ T(an)) <
Oppr(an-1,an) = Opprn_1

And

0Pprn-1 = OPpr(an_1,an) =

Oppr (T(an—2) , T(an-1)) < 6°ppr(@n_z,an_1) =
ezpbrn—z

After repetition of this process we get:

Porn < OPprn-1 < ezpbrn—z <= anbro

Pbrn < anbro

Again put pp., = Dpr (an,ans2)

Consider

ern pbr(an ’ an+2) = pbr(T(an—l) ’ T(an+1)) =
0ppr(@n-1,Ant1) = ODprn_1

After repetition of this process we get:

Porn < OPprn-1 < sz;;rn—z << 0"Ppro
p;rn < ganro

To prove that <a, > is a Cauchy sequence
considered pp,(a,,am),m =n+q,q > 0, we have
two cases:

Case 1: If ¢ = 2p + 1 (odd) we have:

Por (an » Ant2p+1 ) < k[pbr (an » Ant1 )+

pbr(an+1 » Ant2 ) + pbr(an+2 ) an+2p+1 )] -

Pbr (an+1 » i1 )

—DPbr (an+2 » Any2 )

< kppr(an , angr) + kppr (e, angz) +

kzpbr (an+2 » Ant3 ) + kzpbr(an+3 » Ana )
+k3pbr(an+4 » Ants ) + kgpbr(an+5 , an+6) +- 4
kppbr (an+2p ) an+2p+1

ie.

i.e.
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—Dbor (an+1 »Anta ) — Pbr (an+2 » A2 ) -

Por (an+3 ’ an+3) — Pbr (an+4 ’ an+4—)

_pbr(an+5 ’ an+5) - pbr(an+6 , an+6) -

Por (an+2p ’ an+2p

= kpb‘r(an » Ant ) + kpbr(an+1 » Ana2 ) +

kzpbr (42, Anez) + kzpbr (n+3 ) Anes)
+k3pbr(an+4 »Anys ) + k3pbr(an+5 , an+6) +eet
kppbr (an+2p ’ an+2p+1

Since ppn = Pur(an, ans), We have:

PporQn, an+2p+1) = kDprn + KDorni1 + K*Porniz +

kzpbrn+3 + k3pbrn+4 + k3pbrn+5 + kppbrn+2p
Since pprn < 0™Ppro, We have:

pbr(an , an+2p+1) < kO™pp,o + kO™ 1p,,0 +
k29n+2pbr0 + k26n+3pbr0 + k39n+4pbr0 +
k38n+5pbr0
+ o+ kPO Ipy 0 + kPO Py,
= [(1 + k6% + k20* + - + kP~192P)

+6(1+ k6% + k?20* + -

4 RP02 ) kg
<W (Sicek> 1and0£6<% so ko2 <1)

Case 2: Ifq = 2p (even), by using the same way as
the proof of the first case with 6™p},., = P We get:

kO™ ppro(1+6)+6™ 2p} o
Dor (an , an+2p+1 ) < 1-k62

From case 1 and case 2 we have p,,-(a,,an) =
0,asn,m—-> com=n+gq,q>0

Hence < a,, > is a Cauchy sequence in (S, pp,).
From completeness property of (S,p,.) we have
ay € S such that a, - apasn - o

To prove a, € S is a fixed point of T

Consider, T satisfies pp,.(T'(a), T(b)) < Op,,-(a,b)
we have:

Por(a, T(ao)) < klppr(ao,an) + por(an ,anss) +

pbr(an+1 ’ T(ao))] - pbr(an 'an) - pbr(an+1 ’ an+1)
<

k[pbr(ao ) an) + pbr(an 'an+1) +

Por (T(an) ’ T(ao))]

< klppr(ag, @) + Ppr(an , @ny1) + Oppr(an , ag)l
Since pp,-(a, ,am) = 0, < a, > converges to a, € S
we obtain:

Pur(ao,T(ag)) =0 = ay = T(ao)

Hence T has a fixed point which is a, € S.

In the following theorem we prove Kannan fixed
point theorem in partial b-rectangular metric space
Theorem 15. (Kannan Type of fixed Point)

Let (S,py.) be a complete partial b-rectangular
metric space with a real number k=1, let
T:(S,ppy) = (S,ppr) be a mapping such
that py,(T(@), T(b)) < 8[pp(a, T(a)) +

Por(b, T(b))] where 0<6<— ,Vabes, then

there exists a unique fixed point a, € Sof T and the
self-distance between two points equals zero.

Proof: Firstly to prove if T has a fixed point a, € S,
then a, is unique. We shall prove that if ay, € S is a
fixed point of T, i.e. T(ay) =a, then the self-
distance between two points equals zero.

Suppose that a, €S is a fixed point of T, i.e.
T(ao) = ao
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Consider py-(ag,ao) = pbr(T(aO): T(ao))

< 8[pur(ao, T(ao)) + ppr(aog, T(ao))]

= 20py (a9, @) < 7 (a0, @) < pir(ag, o)
Which is a contradiction. Thus, we must have the
self-distance between two points equals zero.

Now, to prove a, is a unique, suppose there exist two
fixed points of T in S sayayand b, such that
ay # by, i.e. T(ay) = ag # by = T(by), then we have
the self-distance between two points equals zero.
Consider py,,-(ag,by) = pbr(T(ao),T(bo))

< 8[ppr(ao, T(ao)) + ppr(bo, T (bo))]

= 0[pp,(ao, ag) + pur(bo, bo)] = 0

Which is contradiction. So, we must have the self-
distance between two points equals zero, i.e. a, = b,.
Next, to prove the existence of fixed point, let
< a, > be a sequence in S such that T(a,) = an41,
n=20,12- if a,,; = a, then T has a fixed point
which is a,.

Assume that a,,q # a,n =012, put ppyn =
Por(@n , ans1)

Consider Porn = pbr(an i an+1)

= pbr(T(an—l) i T(an))

< e[pbr(an—l , T(an—l)) + Dpr (an ’ T(an))]

= g[pbr(an—l ) an) + pbr(an ’ an+1)]

= e[pbrn—l_ + Pornl .
After repetition of this process we get:

n
Porn < (%) Pbro (sice k>1and0 <6<
— s0 Ok < 1)

2k

Thus, limpp,y = lim,e Ppr(an, dnyq) = 0, it
n—oo

means for any £ > 0 we can find ny(¢) € N such

that pp, < E,Vn > ng(e).
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