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1. Introduction

In 1913 [1] studied the notation of Nano topology.
[2]study Nano generalized alpha closed sets in Nano
topological Spaces , [3] introduced Nano g*aClosed
sets in nano topology. [4] introduced new class of
open sets in nano topological spaces. [5] studied a
new types of nano topology via nano ideals. [6]
studied alpha generalized closed sets in ideal
topology . (2018-2019) [7-8] studied simple forms of
nano open sets in ideal nano topological spaces,
unified approach of several sets in ideal nano
topological spaces.[9] studied the nano ideal
generalized closed set in nano ideal topological space.
[10] presented continuous maps and hausdorff spaces
in nano ideal spaces. In (2019) [11] studied the
generalized classes of ideal nano topological space ,
[12] presented new sets in ideal topological space.
[13] studied generalized *I B-closed sets in ideal
topological spaces. [14] studied On Some New
Notions in Nano Ideal Topological Spaces .In (2020)
[15] presented nano Tag-closed sets and normality via
nlag-closed sets in nano ideal topology In(2019)
presented New generalized classes of ideal nano
topological space[17] studied ideal with micro
topological space[18] introduced nano ideal o

In this paper, we will study a new class of sets and said to be

generalized N* ideal -closed sets in nano N* ideal topological spaces and
its properties. Furthermore the relationships were introduced and

regular- closed sets in nano ideal topological spaces.
[19] presented topological approach for rough sets by
using j-nearly concepts via ideals.In this paper, we
introduce and investigate a new class of closed sets
called generalized n* ideal -closed sets in nano n*
ideal toplogical spaces and also discuss the
relationship with some new existing closed sets in
nano n* ideal topological Spaces.
2 Preliminaries
Definition 2.1 [1] : Let w be a non-empty set and R
be Relation Equivalence on w, then w is called the
indistinguishable relationship. and (W, R) area of
approximation, X € W.
A) Lreo. = Uxeu{R(X) 1 R(X) € X }.
B) UR(X). Thatis U R(X) = Uygeu{R(X) : RX)N X+ 0}
C) Breo = {U rex) - Lreo}-
Definition 2.2 [1]: W is universe, R be an
equivalence relation on W , X €& W. tg) ={W, ¢,
Lrex), Urx), Broo 31 (W, Trx) ) i said to be Nano top.
space. The sets of tr(x) are named as nano open sets .
Definition 2.3 [1] : (¢, tr(x)) Nano topological Space,
X<co. ,PcCo:
n int(P)= U {G: G< P, G is nano open sets}
ncl(P)=n{G: P< G, G is nano closed sets}.
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Definition  2.4[20]: (0, T R(x)) is nano
N*topological Space, AC w then A is said tobe N'B
regular -open set ,if 3 N regular opensetD3 D C
A S N "Bel(D). symbolized by N ™ RBo(x).

Definition 2.5[20] : The nano N*topological Space
(8, T*Rrx)) » AS & , Anamed as N*a- regular open
set ,if 3 N* Regularopen setF, FS ACS N *q
cl(F).

Definition 2.6[21]: (W, tr(x) ) is nano topological
space, B € W is called nanoN*open sets if {3 satisfy

1- For each Qe B ,3INa-Open Set

G 3 QeGc
NCI(B).

2-1f BN [Ugrpy] © # @ then Ugpy S B, symbolized
by t*rx) .

Definition 2.7[21]: (y, t™r)) N*Space , Q € vy
called
a) N*-alpha-Open set if Q< N*int (N*cl (N*int (Q)))
, symbolized by N*a -open set.
b) N*-beta-Open set if QS N*cl (N*int (N*cl(Q))) ,
symbolized by N*B-open set.
Definition 2.8[22]: let | be an Ideal on a topological
space (X, t ) which satisfies the following conditions.
(I)HeEl,FcH->Fel 2HelandFeEl->HU
Fel
Definition 2.9[5]: (W, N ) is nano topological space
with ideal | on W called Ideal nano top.space
symbolized by (W, N, I). M ny = {M; [x € My, M, €
N },is the collection of nano open set(x) 2 X.
Definition 2.10 [19]: S < (U, N, 1) is called n*-
closed if S", € S. supplement of N*-c(x) is called N*-
O(x)
Definition 2.11[5]: Let (1, N ) is nano top. S. And
ideal  on . The Ncl* called nanox-closure , ncl*
H=HUH*,,HcS X
Theorem 2.12 [5-9] :The Nano top. s. (4, N ) with
an ldeal ( j, k) on p. H, JCu Then
1 Hc > H c Jy.

2. jSk=H, (k) an*(j).
3. H, = N-cl(H,) € N-cl(H) (H," be nano closed
ncl(H)).
4. (H)). <H
Lemma 2.13[5-9] : (1, N , 1) be nano topological
space with ideal I , MESM", , then M" =ncl(M" ,,
)=ncl(M)
Theorem 2.14 [5-9] ncl” satisfies the conditions:
1.Mcncl” (M). 2. ncl” (@) =@, ncl” (u) = p. 3. IfH
CF, thus ncl” (H) < ncl” (F). 4. ncl” (H) U ncl” (F) =
ncl” (H U F) 5. ncl” (ncl” (H)) = ncl” (H)
Definition 2.15[7,11]: H < (y, N, I) is called
1. .Nano o-I-Open set (briefly a-Nl-open) if H c
nint(ncl”(nint(H))
2 .Nano p-I1-Open set (briefly B-Nl-open) if H c
ncl”(nint(ncl” (H))).
3 NI Regular Open set if H =nint (ncl” (H)) and NI
regular closed if ncl” (nint (H)) = H.
Definition 2.16[18] :( vy, t* r)) nano N * space,
Hc v, H is said to be N* generalized a-closed set
in nano N* topological space < L S N*aCI(H),
HCL, LisN* a — open set.

TJPS

3 Generalized N* ideal closed set in Nano N* ideal
Topological Spaces With Some Properties.
Definition 3.1: (u, tr)j ) be nano N* ideal
topological space.

Let ( )** aset operator from F(u) to F(u), [F(w)
cul.

ForAcp, Ay (j, N9={x€EwGnn Agj,V
Gn+€ Gp+(X)} said Nano n* locally Function of A, j
and n* (briefly A").

Theorem 3.2 . (W, gk, J ) is nano N* ideal
topological space and ideals j, k on pand A, B cp.
Then

(i) AcB=A,"c B,

(i) jSk=An" (k) S AR ().

(iii) A" = N*CI(A") € N*CI(A) [An is
Nano N* closed subset of N*-CI(A)].

(IV) (An***) n*** c An***. - "
Proof. () Let AcBandx €A .letxé€B . .= G
 NB €] ,Gye € Gpx (X). Since Gp» N A € G« N B
and Gy« N B € j, we obtain G~ N A € j from def. of
ideal. Hence, X ¢ A,~ . This is a contradiction. Its
Clear that, Ay . € B e ..

(iJ)jckandx € A .(K) , G NAEKY Gy €
G+ (X). since G NA g . thenx € Ay (j).

(i) X EAx . VGrEGH(X),GxNAEZIL—>GpnN
A = @. Hence x € N*- cI(A)

(iv) From (iii), (Ap") v € N*CI(A") = Ap",
since An* Is Nano N* closed set. Hence (An* )n*
c An* .

The opposite of [i, ii and iii] in Theorem 3.3. not
satisfy.

Example3.3: (i) Let p={a, b, ¢, d}, X ={a, b} c y,
w/R={{a}, {c} {b, d}} and N ={, @, {a }, {b,d},
{a,b,d}}, N*O-(x)={ K 9, {a},
{b}{d},{a,b},{a,d},{b,d}, {a, b, d}} and the ideal
I‘{(Z) {a}} A={ac},B={a,d}, A ={c}cB
v ={b,c,d} but A ¢B.

(i) Let p={a, b, c, d } be the universe, X = {a, b} c
w w/R={{a}, {c}, {b, d}}

N ={U, 9, {a},{b,d}, {a, b, d }}, N*O-(x)={ U, 0,
{a},{b},{d}, {a,b},{a,d},{b,d}, {a, b, d }} and the
ideals be | ={ @, {a}} , J={0, {b}}, I J, A =
{a,c,d}. A ()={c,d} < Ax"(j)={a,c.d}.

(iii) Let p = {a, b, c,d} be the universe, X = {a, d} c
W, p /R={{a}, {c}, {b, d}} and N = {p, @,
{a}, {b,d},{a,b,d}}, N*O-(x)={ K, 2,
{a}, {b},{d},{a,b},{a,d},{b,d},{a,b,d}} with ideal
I ={ @, {a}}. A = {b,c,d}, we have N*-cl(A) = {b,
c,d} A ={c, d}, N*cl A" = {c, d}, N*-cl(A)
¢ A = N*Cl(Ay ).

Theorem 3.4:. If (n, T*rx ,j ) nano N* ideal

topologlcal space, and B € B, , then By = N*-
cl(B~) = N*-cl(B).
Proof: B Cy, B = N*clI(B ) S N*cl(B),

by using Theorem 3.6 [iii] B € B« — N*-cl(B)
N*-cl(By~ ) and So By = N*-cl(By» ) = N*-cl(B).

Theorem 3.5:.. (1, g ) be nano N* ideal
topological space and ideal jonp, Ac X. If A c
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A, thus A = N*cl( Ay ) = N*-Cl(A) = N*-
cl** (A).

Definition 3.6: (1, gyl ) is nano N* ideal
topological space . The set operator N*cl** is said to
be n*- closure ** [ n*-cl**(A)=AU A ],ASX.
Definition 3.7: (i, Tl ) be nano N ideal
topological Space .The set operator N*int** is said
to be n*- interior* * [ n*-int**(A) = An A ] for A
cX.

Theorem 3. 8:. (1, t™grxj ) IS nano N* ideal
topological space and ideal jon u, Ac . If AC
Ay, then

(i) n*-CI(A) = n*-CI** (A)

(ii) n*int(u — A) = n*-int** (u — A).

Proof. (i) by using Th. 2.5.

Proof. (ii) let A € A", then N*-cl(A) = N*-cl** (A)
by (i) and so X —N*-cl(A) = X —N*-cI** (A).
Therefore, N*-int(X — A) = N*-int** (X — A).
Definition 3.9: Let(pn, t™ g ) be nano N* ideal
topological space .The subset A of p is said to be
nanq*N* I- open set (briefly N*I-o(x)) if A € N*int
(A ).

Example 3.10: i ={1,2,3,4,5}, U
R={{1},{2,3},{4,5 3}, X={12}

I:{(D 1{2}}1 TR(X) :{®1 IJ'!{ 1 }' {2'3}'{1'2'3} }5 T*R(X)
={9, U,

{
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N* al -0(X)= {0,
g

13,{2},{3},{1,2},{1,3},{2,3},{1,2,3},{1,2,3,4}, {1,2,3,5
34

N*Blo(x)={0, n{1}{2}.{3}}.{1.2} {1,3}.{2,3}.{1.4
1{1,5}.{3.4}.{3,5}.{1,2,4},{1,2,5}.{2,3,4}.{2,3,5}.{
3,4,5},{1,3,4}.{1
,3,5},{1,2,4,5},{2,3,4,},{1,3,4,5},{1,4,5},{1,2,3},
{1,2,3,4},{1,2,3,5}}.

Definition 3.15 : (o, T*rxy ,J ) be nano N* ideal
topological space , AC o, A is said to be N* regular
BI -open set . If there is a N* regular — [ open set D.
5 D c A © N *Bcl(D).

Recall example 3.13: N* RB |
w{1} {2}, {3}, {1,2}, {1,3}, {2,3}}.
Definition 3.16: (1, ™ grx)j ) is nano N* ideal
topological space , AS p , A called N
regular al —o(x) if there is N* regular I open set
D,3 DSAC N acl(D).

Recall example 3.13:

N'ralo(x)={®@, u.{1}.{

2},{3},{1,2},{1,3},{2,3}, {1,4},{1,5}, {1,455} {2,4,5},
{2,4}{2,5}{3,4}.{3,5}.{3.4,5{1,2,4}{1,2,5}{1,2,4
,54{1,3,4},{1,3,5},{1,3,4,5}.{2,3,4},{2,3,5}.{2,3.4,5
32

Proposition 3.17: N *I —o(x) is N *« I-0(X) , the
opposite is not satisfies

-o(x)= {@,

1},{2},{3}{1,2},{1,3},{2,3},{1,2,3},{1,2,3,4}, {1,2,3,5}Proof: Assume B is n*l-open set = BC n*int(A )
}

N*10(x)={ @, n.{1},{3},{1.3}}

Remark 3.11:. It is clear that N*I-open and N*-open
are independent

Example 3.12. p = {a, b,c,d} be the universe, X =
{ab}cu

n/R={{a},{c},{bd}}andN={0, u, {a} {bd},

{a bd}}
{a}, {b},{d},{b,d},{a ,d

N*O(x) = {0, wu
h{a,b}{ab,d}}

and the ideal J ={ @, {a}}. (i) For A = {a,b,d}, we
have Ay~ ={b,c,d}, N*int(A,~ )={b,d} =2 A ¢
N*-int(A )., A In N* but A is not an element an
N*10(x).

(i) For A = {b}, A ={b,c,d} , N*int(A") =
{b,d} = A S N*int(A). A € N*l-open set , A ¢
N*-0(x).

Definition 3.13: (W, t*grx)j ) be nano N* ideal
topological space , A € p., Ais said to be

a) n* RI- o(X)[ A =n*int(ncl** ( (A))].

b) n* al-o(X)[ A S n*int(n*cl**(n*int(A)))].

c) n* Bl-oX)[ A < n*cl**[n*int(n*cl**(A))].
denoted by N*RIO(u,x) (Respectively, N*alo(u, X)
N*Blo-(, X)) .

Example 3.14: Let pw ={ 1,2,3,4,5} p
IR={{1},{2,3},{4,5 }}, X={ 1.2} ,I={0 {2}}

T re =0, 1{ 13,{23},{1,23} }, e {0, 1, {
1},{2},(3
}{1,2},{1,3},{2,3},{1,2,3},{1,2,3,4},{1,2,3,5} }.
N*I0(x)={ 8, n.{1}, {3}, {1,3}}

N* RI-0(x)={@, n.{1}{2}.{3}, {1.2}, {1,3}, {2,3}}..

c n*-int( n*-cl* (B)) .

c n*int ( (n*cl* ( n*int (B))). B is n * al-open set.
Recall example 3.13: A={1,2,3,4} is N* al -0(x) , not
N*I-0(x).

Proposition 3.18: N * al -open set is N* I-open set ,
the opposite is not satisfy.

Proof: Since n*int(A) € A, n* cI**(n int(A)) S n*
cl**(A).

n*int(N*cl**(n*int(A))) € n*
int(n*cl**(A)))en*cl**(n*int(n* cl**(A))). A is N *
BI-0(x).

Recall Example 3.13: A= {1,2,4} is N*Bl-o(X) , not
N* al -0(X).

Proposition 3.19: N * regular B | -open set is N *
regular a I-open set , the opposite doesn’t satisfies
Proof: Assume A is n*Bal —o(x) = I DSAC n*p
cl(D) And D is n*RI -open set Since n*p cl(D) <
n*acl (D) = D<SAC n*acl (D) . A is n*Ral —o(x).
Recall example 3.13: p ={ 1,2,3,4,5} u
R={{1},{2,3},{4,5}} X={ 1,2} I={0 {23}

A= {3,4,5} isN Ral —o(x) , not n* R | -o(x)
Proposition 3.20: N *R ol -open set is N*al -open
set , the opposite doesn’t satisfies

Proof: Assume A is N*Ral —o(x) = 3 DESACS N*acl
(D)

And D is N *RI -open set = D= N* int(N*cl**
(D)) € N*int ( D) (N*cI**( N*int(D)) <
N*int(N*cl**( N*int(D)) = D is N*al —0(x).

Recall example 3.13: A={1,2,3,5} N* al -o(x) , not
N'Ral — o(x).

Proposition 3.21: N *R BI -open set is N*BI -open
set ,the opposite doesn’t satisfied
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Proof: Assume A is n*RpI —o(x) = I TSAC n*Bel
(M

And T is n *RI —o(x) take A=T = A= n* int(ncl** (
(A)) < ncl**(n* int(ncl** ((A))= Ais n*BI —o(X).
Recall Example 3.13:A= {1,2,4} is N*BI-
o(x) ,not N* R I —o(x).
Definition 3.22 : (W, gyl )
topological space , E S u E is called n*
generalized o I-closed set in nano N* ideal
topological space < Y < n*acl(E).,, ESY , Y is a
n*al-o(x).

Recall Example 3.13: E={1,2,3} ,G= {1,2,3,4}=
G S n*acl(E)=p = EisN'gal —c(x).
Definition 3.23: (1, T*g 1) be nano N* ideal
topological space , F< p, F is said to be N*regular
generalized ol —closed set in  nano N* ideal
topological space < D SN*acl(F), whenever FED ,
D is a n*R al- open set.

Recall example 3.13: U= {2,3}, D={2,3,4,5}, D <
N*acl(U) =U isn rgal -¢(X).

Definition 3.24: (u, trx),! ) be nano N* ideal
topological space, Q& pu, Q is said n*
generalized 3 I- c(x) in nano N* ideal topological
space < D S N*Bcl(Q) ,Q <D, D is N*BI-0(x)
Recall example 3.13: Q={1,2,3},D={1, 2,3,4}

= N*Bcl(Q)=p= D S u=Q is N g pI -c(x).
Definition 3.25: (u, t*gx),l) is nano N* ideal
topological space., Q< u, Q called n* regular
generalized B I-c(x) in nano N* ideal topological
space < Z< n*Bcl(Q) , QSZ, Z is N*RfI-0(x) .
Recall example 3.13: A= {2,3} , D= {23} , D
SN*Bcl(A) = Ais N*RgBI-c(X) .

Proposition 3.26: n'gpI-c(x) and n “gal-c(x) are
independent.

Example 3.27: o= {i,j,k,1}, o /R={{i},{j, k1}}
X={j k} 1={2.4 .13}

T RKx) :{Q)a (pa{j'k'l } }s N *O(X)i{@, o0,
ALK G 1k 3 KGR N ao(x)
N gBl o(x)={@.9.{j}.{k

is nano N* ideal

}f}{l}' 0k 0,0 e 13 (LK {1, {553, (L k0 ), (L 13, {k )

N*zlg}?l-O(xF{(z),(p,{j},{k},{l},{j K4, TLAT L KAk
1] ) .

A={l ,j, k} is N “g al-c(x). but A is not N"gB I-c(x) .
A={k ,i} isn"gp I-c(x) ,not n g al-c(x).

Proposition 3.28: n r gal -c(x) With n"g al-c(x).
are independent.
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