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ABSTRACT 

In the present paper, we consider an eigenvalue problem generated by 

eight- order differential equations with suitable boundary conditions, 

that containing a spectral parameter. New accurate asymptotic 

expressions for the 8
th

 linearly independent solutions are computed. 

Then, new asymptotic formulas for the eigenvalues and eigenfunctions 

of this boundary value problem are obtained. 

 

 

Introduction 
In this paper, an eight-order linear differential 

operator is generated by the differential equation and 

boundary conditions of the form: 

 ( )   ( )( )   ( ) ( )     ( )         
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  ( ( ))  

{
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   (    )
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where   is the spectral parameter and  ( ) is an 

arbitrary complex-valued function such that  ( )  
  [   ]. 
And also satisfies: 

  ( )    ( )    ∫  
 

 
 ( )   

             ( )      
Many authors have studied the spectral properties of 

eigenvalues and eigenfunctions of differential 

equations such as [1- 12]. 

The differential equation of second order has been 

studied by [2, 5, 6, 7, 9, 10] and an eigenvalue 

problem generated by fourth-order differential 

equation has been investigated by [1, 3, 4], and got 

asymptotic formulas for eigenvalues and 

eigenfunctions. 

While [8] have studied eigenvalue problem generated 

by 6
th

 order differential equations and also got 

asymptotic formulas for eigenvalues and 

eigenfunctions. 

In this paper, a new expression for the 8
th

 linearly 

independent solutions and asymptotic formulas of the 

eigenvalues and eigenfunctions of equations (1) and 

(2) is generated the auxiliary results needed are 

proven in section 2. 

2. Expressions of Fundamental Solutions  
In this section, we find a new asymptotic expression 

for the fundamental solutions of (1). 

Theorem 1: If we have the differential equation (1) 

.where,  ( )      [   ], then for     , where 

   ,        *  
 

 
+- and          are eight 

root of unity, then eight linearly independent 

solutions and their derivatives can be expressed as 
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Proof: As we see in [ ]  the solution of the 

differential equation can be written in a power series 

of the form 
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We can easily find out the form of each boundary 

condition up to order eight 
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Clearly we known from [13], the eigenvalues of the 
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4. Asymptotic formula for the eigenfunctions 
In this section, we try to find Eigenfunctions of the 

boundary value problem in the sector  
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Theorem 3: Asymptotic formulas of the 

eigenfunction of the boundary value problem (1) - (2) 

corresponding to      has the following forms: 
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Proof: If the first eight terms in (3) are chosen then: 
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As we see in [14], we can write the eigenfunctions as 

follows 
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Thus, we obtain 
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5. Conclusion 
In our research, we obtained asymptotic expressions 

for the eight-order differential equations. Also, we 

demonstrated new asymptotic formulas for the 

eigenvalues and eigenfunctions to the boundary value 

problem (1) and (2). 
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 ة الثامنةتبل القيمة الحدودية من الر ئ لمساوال الذاتية بشكل مقارب دستنتاج القيم الذاتية والإ

 2، ريباز فاضل محمود 1ريان عمي محمدا

 ، قمیم کردستان، العراقسمیمانیة الالتربیة الأساسیة ، جامعة  كمیة،  قسم عموم الریاضیات 1
 قمیم کردستان ، العراق،  كمیة التربیة ، جامعة السمیمانیة،  قسم الریاضیات 2
 

 الممخص
یة مناسببة ، والتبي تحتبول عمبل معممبة ودبشروط حد  الثامنةالرتبة تفاضمیة من المعادلات عن الالقیمة الذاتیة الناتجة  مسألة درس، نمقدمال البحثفي 

 ا و دة المسبتقمة ططیابا. بعبد ذلبت ، تبم الحلبو  عمبل لبی  مقارببة جدیبدة لمقبیم الذاتیبة والبیبانمجدیدة لمحمبو  الثطیفیة. تم حساب تعبیرات مقاربة دقیقة 
 القیمة الحدودیة مسألةل الذاتیة 


