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ABSTRACT: The idempotent divisor graph of a commutative ring R is a graph with vertices setin R * =R-{0}, and
any distinct vertices x and y are adjacent if and only if x.y = e. For some non-unit idempotent element ¢> = ¢ € R, it is
denoted by II(R) . The purpose of this work is to use some properties of ring theory and graph theory to determine the
clique number, the chromatic number and the region chromatic number for each planar idempotent divisor graph of
the commutative rings. furthermore, we show that the clique number is equal to the chromatic number for any planar
idempotent divisor graph. Results indicate that when Fy and F are fields of orders ¢ and p%, respectively, where q=2
or 3, p is a prime number and is a positive integer. If ring R = F; x F,*, then % (II(R)) = o(I1(R)) = x*(TI(R)) = 3.

Keywords: Zero divisor graph; idempotent elements; planar graph and idempotent divisor graph.

In this work, R is a finite commutative ring with an identity of 1 0, and Z(R) is a set of all-zero divisors. In 1988,
Beck [1] introduced the relationship between ring and graph theories in the study of the colouring of commutative ring.
Later, in 1999, Anderson and Livingston [2], modified the model by studying the zero divisor graph G(R) with vertices
Z(R)* =Z(R) —{0}. For x1,x2 € Z(R)* with x| # X2, {X1,X2} is an edge in I'(R) if and only if x;.x,=0. Many authors
have since studied this notion (e.g. [3-6]). Moreover, there are many other definitions that connect the two theories of
graph and ring (e.g., [7-9]). In 2021, Mohammad and Shuker [10] defined the idempotent divisor graph of commutative
ring R with identity 15 0. This graph is denoted by II(R), which has vertices set in R* = R-{0}. For any distinct vertices
x and y, X is adjacent to y if and only if x.y = e for some non-unit idempotent element e’ = e in R. If R is a local ring,
then the only non-unit idempotent element in R is zero. They previously assumed that V(II(R))=Z(R)", which means that
I[I(R)= G(R). Furthermore, they presented some fundamental properties of this graph and its connection with G(R), and
they also studied the planarity of this graph [10]. In 2021 [11], we studied the size, center and distance between vertices
of the idempotent divisor graph of a direct product of two fields, and we determined the general form of this graph when
any one of those two fields is a field of order two.

In graph theory, for the connected simple graph G, let H be a graph. GUH is a graph with V(GUH)=V(G)UV(H) and
E(GUH)=E(G)UE(H). G+H is a graph with V(GUH)=V(G)UV(H) and E(G+H)= E(G)UE(H) U{{u,v}: ueV(G),veV(H)}.
Furthermore, let u and v be non-adjacent vertices in graph G. Then, G+{{u,v}} is a graph with V(G+{{u,v}} )=V(G) and
E(G+{{u,v}})=E(G)U{u,v}. A graph is considered to be complete if each of its two vertices are adjacent. A complete
graph of order n is denoted by K,,. K; is a graph with only one vertex. A path graph of order n denoted by P, is a graph
with V(P,)={v; : i=1,2,...,n} and E(P,)={{v;,v;41} : j=1,2...., n-1}. A cycle graph of order n denoted by C,, is a graph
with V(C,)={v; : i=1,2,...,n} and E(C)={{v;,vj11} : j=1.2,..., n-1}U{(v1,vn)}. A graph G is b-partite, i.e. be Z7, if
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it is possible to partition V(G) into b partite subsets V,V, ..., V}, such that each element of E(G) joins a vertex of V;
to a vertex of V; with i# j. The task of colouring a graph G involves assigning colours to the vertices of G, with one
colour assigned to each vertex. In this manner, adjacent vertices are assigned with different colours. A colouring in which
k colours are used is called k-colouring. The chromatic number of G denoted by x(G) is defined by the minimum integer
k for which a graph G is k-colourable. The clique number ®(G) of a graph G is the maximum order of each complete
subgraphs of G. Clearly, for any graph G, x(G)> ®(G). More precisely, x(G) equals @(G) for some special cases of
graphs. For example, if G is a non-empty bipartite graph, then ) (G) = @w(G) = 2. If a graph is embedded in the plane, then
it is called a planar graph. Not all planar graph G satisfies ¥ (G) = ®(G). For example, x(Cs )= 3, but @(Cs )=2. A planar
graph G is said to be an n-region-colourable graph if the regions of G can be coloured with n or fewer colours such that
adjacent regions are coloured differently. The region chromatic number ) * (G) of a planar graph G is the minimum n for
which G is n-region colourable. For the details, see [12].

In ring theory, we let R be a finite commutative ring with an identity. R is considered to be local if it contains a single
maximal ideal. Ring R is a direct product of the rings R; for i=1,2,... ,n. If R=ZR| xRy X - - - xR, ={(x1,12,...,1,) : 1;€R; Or
if R is a non-local, then R is a direct product of the local rings. F, denotes a field of order g, where q is a power of prime
number. For the details, see [13] and [14].

In this study, we use ring theory and graph theory to determine the clique number, the chromatic number and the
region chromatic number for each planar idempotent divisor graph of commutative rings. In Section 2, we discuss the
chromatic and clique numbers of all planar idempotent divisor graphs of commutative rings, and we prove these two
numbers are equal, i.e. ¥(II(R))=w(I(R)) for any ring R with planar graph II(R). In Section 3, we present the general
form of II(F3 x F ,a ) for any prime p and any positive integer &. Moreover, we elaborate the region chromatic numbers
for planar idempotent divisor graphs of the commutative rings. Finally, in the last section, we present a table for the values
of @II(R)), x(TII(R)) and ¥ (II(R)) for any commutative ring that has a planar idempotent divisor graph.

2. VERTEX COLOURING

In this section, we show that the clique number is equal to the chromatic number for any ring with a planar idempotent
divisor graph.
2.1 CLIQUE NUMBERS AND CHROMATIC NUMBERS OF PLANAR IDEMPOTENT DIVISOR
GRAPHS OF LOCAL RINGS

We begin by presenting the lemma presented in [10].

Lemma 2.1.1. For any local ring R, a graph I1(R) is planar if and only if R is isomorphic to one of the following rings
listed in Table 2.1:

Table 1. Planar idempotent divisor graphs of local rings.

Ring(s) type Graph

Zyor R[Y]/(Y?) K

Zy or F3[Y]/(Y?) K,

RY1, Y]/ (Y1,%2)%, ZalY] / (2, Y)?, 4[]/ (Y?) or Zy (Y] /(Y2 +Y + 1) K3

Z3, Z4[Y]/(2Y,Y? =2) or Bo[Y]/(Y?) Ki2

Zys or F5[Y]/(Y?) Ky

Zy7, B[Y]/(Y3) or Zo[Y]/(3Y, Y2 3). K>+ 6K,

Zie. B> (Y] /(Y4), Zy (Y] /(2Y,2Y2,Y" —2), Z4 (Y] /(Y2 —2Y —2), or Z4 (Y] /(Y2 —2). K+ (4K U
K>)

Zg(Y]/(2Y, Y2 —4), Z4 (Y] /(Y? =2Y), B (Y1, Y] / (Y2, Y5 = Y1Y2) or K1+ (KUCy)

Zy (Y1, Y]/ (Y2, Y} —Y1Y2,Y1Ys — 2, 2V, 2V>).

Zy(N1, Vo] (YR, Y3, Y Yo =2, 211, 2,), Z4 (Y] /(Y?) or B (Y1, V2] / (Y12, Va?). K +3K;

Then, we determine the clique numbers and chromatic numbers of the idempotent divisor graphs of the rings in lemma
2.1.1. Clearly, x(K;) = i = 0(K;) for i=1,2,3,4. Furthermore, X(Ki2)= 2= ®(K ).

The graphs K> + 6K}, K| + (4K UK>), Ki + (K2 UCy4) and K + 3K, have the following forms:
In the figures, (K> + 6K)=3=0(K> +6K;), (K| + (4K1 UKz))=3=CO(K1 + (4K1 UKz)), XK1+ (K2 UC4))=3=(D(K1 +
(K2 UCy)) and x (K + 3K, )=3=0(K; + (K| +3K3 ).

Proposition 2.1.2. If R is a local ring and TI(R) is a planar graph, then X(II(R))= o(II(R)).

72



Mohammed N. Authman et al., Iraqgi Journal for Computer Science and Mathematics, Vol. 3 No. 1 (2022) p. 71-82

AN

FIGURE 1. (a) K; + (4K, UK3) (b) K, +6K;
FIGURE 2. (a) K| + (K, UCy) (b)K;| +3K>

2.2 CLIQUE NUMBERS AND CHROMATIC NUMBERS OF PLANAR IDEMPOTENT DIVISOR
GRAPHS OF NON-LOCAL RINGS

We begin this section by presenting the following lemmas:
Lemma 2.2.1. [10]: Let R be a non-local ring. The graph TI(R) is planar if and only if R isomorphic to one of the rings.
Fy x Fy, Fs x Fy, Fo xZs, B x B[Y]/(Y?), Fo X Zy or F> X F3[Y]/(Y?), where q is a power of prime.

Lemma 2.2.2. [10] Let R = K| X K;, where K| and K, are fields. Then, (II(R)) = 3.

Firstly, we give the form of the idempotent divisor graphs of F> x Zy, F> x B>[Y] | (Y?), Fa x Zo and F> x F3[Y]/(Y?).
Clearly, TI(Fy x Z4) 2TI(F> x F[Y] / (Y?) 2 K +3K,. Furthermore, TI(F; x Zo) 2 TI(F, x F3[Y]/(Y?) has the following
form:

FIGURE 3. TI(F, x Zo) = TI(F> x F3[Y] / (Y?)

As shown in the figure, ¥ (II(Fy xZ4))= @(I1(F2 xZ4))= 3, and (I1(F2 X Z9))= o(I1(F3 xZy)) =4.
To find x (IT(F, x Fye)) for any prime number p and any positive integer &, we need to derive the following two
results, similar to those in [11], for our subsequent results.

%3

Lemma 2.2.3. [11]TI(FyxFpa)=K+(2Ko2U(U,_] F4)), where p is a prime number greater than 2, ot €Z*.
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oa—1
Lemma 2.2.4. [11] TI(F>x Fpa)~K;+(K> U(UL_, - Py)), where p=2, a €Z*.
Theorem 2.2.5. x (H (Fz X Fpa)) = (H (Fz X F,,a)):.?for any prime p and any positive integer C.

Proof. According to Lemma 2.2.2, we have (I (F; x Fpa ) )=3.1f p*=2 or 3, then TI(F, x F>) K3 and TI(F; x F3) K +2K,.
Therefore, y(I1(F>, X F>))= x(II(F, x F3))= 3. Subsequently, let p* > 4.

We have the following two cases:

Case 1: If p is a prime number greater than 2, then from the proof of Lemma 2.2.3 [11], we have V(II (F2 X Fpa) )=

p%-3

.+ Bjsuch that B;={(0,f;),

F x Fye — (0} = UL A, where A1={(1,0)}, A>={(0,1),(1,1)}, A3={(0,-1),(1,-1)} and Ay=U,
O (LE(LE) : fi€ Fpa—{0,1, —1}) fori=1,2,...,252. Thus, IT (F> x Fya) is
P

P
three partite. Let X; =A;, X = {(0,1),(0,—1)} U {Uizz1 {(0,£)),(1,£;) : f; € Fpoe — {071,—1,fi‘1}}} and X3

{(1,1),(1,—=1)} U (A4 — X3). Clearly, any two vertices in X; are not adjacent for any i=2,3. As @ (IT( F3 x Fya)) =
3and ¥ (IT( F2 x Fye)) > @ (TI( F, x Fpe) ), the graph IT( F, x Fye) is three partite. Therefore, x (IT( F, x Fpe ) ) = 3.

Case 2: If p=2, from the proof of Lemma 2.2.4 and by using the same method for the proof of case 1, then we have
pe-2
v{I1 (Fz X F,,a)): B xFa— (0} = U?zlAi, where A1={(1,0)}, A>={(0,1),(1,1)} and A3={J,_] B; such that B;={(0,f;),
p%*-3

O8(LEN(LET) : i€ Fra—{0,1}} for i=1.2,.... 252 Let Xy=A, Xo={(0.D}U{U,3  {(0.£), (L£): € Fpa—{0,1,
£;11}}) and X3={(1,1)}U(A4—X>). Clearly, any two vertices in X; are not adjacent for any i=2,3. Similar to the scenario
in case 1, the graph IT (F; X Fpa) is three partite. Therefore, x (IT(F; x Fja))=3 also in case 2.

Therefore, (IT( F, x Fpe)) = o (TT( F2 x Fye)) = 3 for any prime p and any positive integer .

Example 2.2.6. The graphs I1(Fx Fy) and TI(F, X F;7) have the following forms:

(0,1) 1.1

(0.x)

FIGURE 4. (a) TI(FyxFy) (b) TI(F, x F)

Theorem 2.2.7. y(II(F3XFya))= o(II(F3xFya))= 3 for any prime number p and any positive integer o.

Proof. According to Lemma 2.2.2, we have @(II(F3xF,a))= 3. If p*=2, then II(F; X Fpa)= K(+2K,. Therefore, x
(II(F3 x F»))=3. If p*=3, then I1(F3 x F3) has the folowing form:

FIGURE 5. TI(F; x F3)
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Furthermore, x (I1(F3 X F3))= 3. Then, we let p* > 4.

We have the following two cases:

Case 1: If p=2, then for ac 2%, a=a’! if and only if a=1. Let R"= F3 X Fpe—{0}=XUY such that X={(1,0),(-1,0),(1,1),(-
1,1),(0.1)} and Y={(0,9),(0,y ).(Ly).(Ly ™ ),(-Ly),(-1y™) : y€ Foa—{0,1}}. Suppose that X1={(1,0),(-1,0)}, Xo={(1,1).(-
LD IU{ (0,y),(1Ly),(-1,y) : Y€ Foa—{0,1,y"'}} and X3={(0,1)} U(Y —X>). Clearly, any two vertices in X; are not adjacent
for any i=1,2,3. As = @ (7 (F3 xFZ)) =3 and x ((F3 xFye)) > o (IT( F3 X Fpa)), then the graph IT( F3 x Fpat) is
three partite. Therefore, x (IT( F3 x Fpe ) ) =3.

Case 2: If p is a prime number greater than 2, then for ac p%, a=a’! if and only if a=+1. As a proof of case 1,
F3 X Fpo—{0}=XUY such that X={(1,0),(-1,0),(1,1),(-1,1),(0,1),(0,-1),(1,-1),(-1,-1)} and Y ={(0,y),(0,y"),(1,y),(Ly ),(-
Ly),(-Ly ") 1 y€ Fa—{0,1,-1}}. Let X;={(1,0),(-1,0)}, Xo={(1,1),(-1,1) ),(1,-1),(-1-D}U{ (0,y),(1,y),(-1.y) : Y€ Foa— {0, 1.-
Ly'}} and X3={(0,1), (0,-1)} U(Y —X»). Clearly, any two vertices in X; are not adjacent for any i=1,2,3. The graph
I1(F3 x Fya) is three partite. Therefore, x (IT(F3 X F,«))=3 in this case.

Therefore, y (IT( F3 x Fpe)) = @ (IT( F3 x Fya ) ) = 3 for any prime p and any positive integer .

Example 2.2.8. The graphs I1(F3x Fy) and TI(F3 X Fs) have the following forms:

2 (0, 3) -1.2)

(11 (0,7) (-1.1)

FIGURE 6. (a) TI(F3xFy) (b)TI (F3 x Fs)

On the basis of Proposition2.1.2 and Theorems 2.2.5 and 2.2.7, we have the following main result.

Theorem 2.2.9. Let R be any ring with a planar idempotent divisor graph. Then, x(II(R))= o(I1(R)).

3. REGION COLOURING

In this section, we determine the region chromatic number for planar idempotent divisor graphs of commutative rings.

3.1 REGION CHROMATIC NUMBERS FOR PLANAR IDEMPOTENT DIVISOR GRAPHS OF LOCAL
RINGS

According to Lemma 2.1.1, we have x"(K;) = x" (K 2)=1 for i=1,2, x"(K3) = 2 and x"(K4)=4. We can colour the
regions of all idempotent divisor graphs of local rings as the follows:
As shown in the figure, x" (K| + (4K; UK2))= x" (K1 +3K3))=2 and x" (K2 + 6K1)= " (K; + (K2 UCy))=3.

3.2 REGION CHROMATIC NUMBERS FOR PLANAR IDEMPOTENT DIVISOR GRAPHS OF
NON-LOCAL RINGS

According to Lemma2.2.1, the idempotent divisor graph of the non-local ring R is planar if and only if R=F, X Z4, F; X
B[Y]/ (Y?), F, xZy, F> x F3[Y] / (Y?),F> X Fpa or F x Fya for any prime number p and any positive integer o, Clearly,
I(F, x Zy) 2 T1(F, x B[Y] / (Y?)) = K 4 3K,. Hence, x " (T1(F> x Z4)) =2.

The region colouring of TI(F, x Zy) and II(F> x F3[Y]/ (Y?)) is as follows:

Clearly, x"(II(F>» x Zy)) =3. Subsequently, we find the region chromatic number for I1(F> x Fya). If p*=2 or 3,
then TI(F; x F>) =Kj3 and TI(F, x F3) =K ;+2K,. Therefore x"(TI(F> x F>))= x"( II(F> x F3))=2. Simialrly, we find
X ((F x Fye)) for p* > 4.
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FIGURE 7. (a) K| + (4K1 UK;) (b) K> +6K;
FIGURE 8. (a) Kj + (K, UCy) (b)K; +3K;

FIGURE 9. TI(F, x Zo) = TI(F, x F3[Y] / (Y?)
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Theorem 3.2.1. x*( II(F> x Fya))=3 for any prime number p and any positive integer o with p* >4

Proof. We have the following two cases:
-3
Case 1: If p is a prime number greater than 2, according to Lemma 2.2.3 we have IT(F x F,,e )=K+Q2KoU(U,_] F4))-
o3 . p%3
Clearly, x"(Ki+Ps)=3 and x"(Ki+U,_7 P4)=3. Hence, " 2KU(,_T P))=3.
Case 2: If p=2, by similarly using the same method of case 1, we have y * (II(F, x F,a ))=3 in this case. Therefore,

X * (II(F, x F,a ))=3.

Example 3.2.2. The colours of the regions of the graph I1(Fy x Fy) and II(F, X F;) are as follows:

FIGURE 10. (a) I1( F, x Fy) (b) I1( F, x Fy)

For the graph T1(F3 x Fpa ), where p is a prime number and o is a positive integer. If p*=2, then TI(F3 X Fja )=I1(F3 x F> )=
K1+2K>. Therefore, x “(T1(F3 x F>))= 2. If p*=3, then the colour of the regions of the graph I1(F; x F3) is as follows:

FIGURE 11. TI(F; x F3)

Therefore, x"(T1(F; x F3))= 2.
Theorem 3.2.3. x " (TI(F; X Fpa))=3 for any prime number p and any positive integer o with p* > 4.

Proof. We have the following two cases:
Case 1: If p=2, according to Theorem 2.2.7, we have F3x Fj,a—{0}=XUY such that X={(1,0),(-1,0),(1,1),(-1,1),(0,1)}
and Y={(0,y),(0,y"™),(1,y),(Ly™),(-1Ly).(-1,y"") : y€ Foa—{0,1}}. Clearly, (Y| = 3(2%) — 6. Then, let Fya={a;€ Fya: 2;7#0,1

32%)-6

nor a; ! fori=1,2,..., 252}, and let Y=U,_,* A =U$j['*1Al~ such that A;={(0,a;), (0,a;,7"), (La;), (1,4 "),
(=La),(=1,ai"") : a; € FJa}. Clearly, —K;+2K5. For any i=1,2,...,2% ! — 1, —, we have the following form:

The vertex (1,0) is adjacent to the vertices (1,a;), (1,a;7'), (0,a;) and (0,a;~") of — but not to (—1.a;), (—1,a;")
for any i=1,2,..., 2% — lin the graph II(F3xFe). Similarly, the vertex (-1,0) is adjacent only to (—1,a), (—1,a; "),
(0,a;) and (O,ai_l) of — in the graph II(F3x F,«); otherwise, there is no vertex in X adjacent to any vertex in — for
i=1,2,...,2% ' — lin the graph II(F3 x Fj,a). Then, we can express the general form of IT(F3 x F>«) as follows:
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(0, &, L

(1a) (-1.a)
1.0) -1.0)

) 0,1) (1) (1.a7) (0.2) (-L.a7")

FIGURE 12. (a) (X) (b) (A;)

II(F3 X Faa)=(—)+E, where E is the following subset of E(II(F3 x F},«)):

E={{(,0), (k,x)} : j=1,-1, k=0,j, x=a;,a; ' and i=1,2,...,2%" 1 —1}.

If =2, then F3z={a, }. Hence, Y=A, such that A;={(0,a;), (0,a; "), (1,a1), (1,a17"),(=1,a1),(—1,a1 ") }. Thus,
F3 x Fa=XUA. Furthermore, TI(F3 x Fya )= IT(F3 X F3)=(—)+{{(1,0), (0,a1) },{(1,0), (0,a; )}, {(1,0), (1,a1)},
{(1,0), (l,afl) 1,{(-1,0), (0,a;)},{(-1,0), (O,afl) 1 A{(G-1,0), (—1,a1)},{(-1,0), (—l,afl)}}. The corresponding forms
are as follows:

(1.1) ©1) “1.1)

FIGURE 13. TI(F3 X Fy)

II(F3 x Fy2 ) has the following colours for the regions:

FIGURE 14. Region colouring of I1(F3 x Fy)

As shown in the figure, y*(I1(F, x F4))=3.
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Let a=3; then, Fz={a),az,a3}. Hence, Y=A;UA2UA3 such that A={(0,a;), (0,a;") ,(1,a;),
(1,a; "), (~1,a4;), (—1,a; ")} fori=1,2,3. Thus, F3 X F,e=XUA | UA,UA3, Moreover, IT(F3 x Fya )=T1(F3 x Fs )=(—{ {(j.0),
k,x)} :j=1,-1, k=0,j, x=a,~,a,-’1, in which i=1,2,3} has the following form:

(1.ag) (0,a3") (1.ay)

(1.0 4 (-1.0)

(.1 ©4) “11)
FIGURE 15. TI(F3 x Fy)

I1(F3 X Fy3 ) has the following colours of the regions:

FIGURE 16. Region colouring of IT1(F3 x Fg)

The figures also show that y*(I1(F; x Fg)) =3.
Similarly, for any a >3, we have ) *(I1(F3 X Fo«))=3.
Case 2: If p is a prime number with p#2, by using the same method as a proof of case 1, then F3 x Fj,a —{0} =XUY.
3(p*)-9 *_3

P P
X={(1,0,(-1,0),(1,1,(-1,1,0,1),(0,-1),(1,-1),(-1,-1)} and Y=U_,*  Bi=U,3 Bi such that B;={(0,;), (0,5; "),
(1,b;), (l,bfl) ,(=1,b;), (—l,bfl) RS F;a}, where FI;‘O,:{biE Fra:a;#0,1,-1,nor b; ! fori=1,2,. .., # }. Clearly,

— for any i=1,2,..., ’#. Subsequently, — has the following form:
Similar to the scheme in case 1, the general form of the graph I1(F3 X Fj«) is as follows:

TI(F3 x Fa )=(—)+E, where E is given by E = {{(j,O),(k,x)} j=1,-1,k=0j,x=b,b ! andi=1,2,... 22 }
Hence, x* (TT1( F3 x Fya)) = 3 in this case. Therefore, x* (IT( F3 x Fya)) = 3.

Example 3.2.4. The colours of the regions of the graph I1(F3x Fs) is as follows:
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(1,0) i - (-1,0)

(1,1) (0,1) (-1,1)

FIGURE 17. (X)

FIGURE 18. II(F3 x Fs)
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4. CONCLUSION

On the basis of the discussions in the last two sections, we have obtained the following table for the clique, the
chromatic and the region chromatic numbers for each planar idempotent divisor graph of the commutative rings.

Table 2. Values of o(II(R)), x(II(R)) and x*(II(R)) for the planar idempotent divisor graphs of commutative rings.

Ring R Type Order of  x (II(R)) (IT(R)) x* (TI(R))
of R II(R)

Zy orB[Y]/(Y?) Local 1 1 1 1

Zy or B3[Y]/(Y?) Local 2 2 2 1

BV, Y/ (Y1, Y2)2, Za[Y] ] (2, )2, F4[Y]/(Y2) or Zy (Y] /(Y2 +Y +1) Local 3 3 3 2

73, Z4[Y]/(2Y, Y2 —2) or B[Y]/(Y?) Local 3 2 2 1

Zys or F5[Y]/(Y?) Local 4 4 4 4

Zie, B (Y] /(Y4), Z4 (Y] [ (2Y,2Y2,Y" —2), Z4 (Y] /(Y2 —2Y —2), or Local 7 3 3 2

Zy (Y]/(Y?*-2).

Zg (Y]/(2Y, Y2 —4), Z4 (Y] /(Y2 =2Y), B, (Y1, Y2 / (Y2, Y} — Y1 Y>) or Local 7 3 3 3

Zy (Y1, Y|/ (Y2, Y} —Y1Y2, V1Y — 2, 2V, 2V>).

Zy7, B3[Y]/(Y3) or Zo[Y]/(3Y, Y7 3). Local 8 3 3 3

Zy(V1, Vo] J(YE, Y3, Y Y, —2,2Y1, 2Y2) , Z4 (Y] /(Y?) Local 7 3 3 2

or B (Y1, 1] /(12 122).

B xZyor B, xBY]/(Y?) Non- 7 3 3 2
local

P, xZy or B, x B3[Y]/(Y?) Non- 17 4 4 3
local

K xF Non- 3 3 3 2
local

X Non- 5 3 3 2
local

F3 <X F3 Non- 8 3 3 2
local

Fy X Fpa, for any prime number p and any positive integer o with p* > 4. Non- 2p%—1 3 3 3
local

F3 X Fja, for any prime number p and any positive integer & with p* > 4. Non- 3p%—1 3 3 3
local
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