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1-Introduction 
   The concept of a fuzzy topology 

introduced by Çhange[8] , after the 

introduction of fuzzy sets by Zadeh . Later 

this concept was extended to intuitionistic 

fuzzy topological spaces by Çoker in [10].  

In [13] Coker studied continuity, 

connectedness, compactness and 

separation axioms in intuitionistic fuzzy 

topological spaces. In this paper we follow 

the suggestion of J.G. Garcia and S.E. 

Rodabaugh  [15 ]  that  (double fuzzy 

set)is a more appropriate name than 

(intuitionistic fuzzy set ) ,and therefore 

adopt the term (double-set) for the 

intuitionistic set , and (double-topology) 

for the intuitionistic topology of Dogan 

Çoker , (this issue) we denote by Dbl-Top 

the construct (concrete texture over Set ) 

whose objects are pairs ),( X  where   is 

a double-topology on X .In Section three 

we discuss making use of this relation 

between  bitopological spaces and double- 

topological spaces , we generalize a nation 

of locally compact and compactification 

for double- topological space in section 

four .  

 

2-Preliminaries 
     Throughout the paper by X we denote 

a non-empty set. In this section we shall 

present various fundamental definitions 

and propositions. The following definition 

is obviously inspired by Atanassov [3]. 

2.1. Definition. [9] A double-set (Ds in 

brief) A is an object having the form  A= 

<x, A1, A2 >, Where A1 and A2 are subsets 

of X satisfying   21 AA . The set A1 

is called the set of members of A, while A2 

is called the set of non- members of A.  

Throughout the remainder of this paper we 

use the simpler A= (A1, A2) for a double-

set. 

2.2. Remark. Every subset A of X is may 

obviously be regarded as a double-set 

having the form  A
'
= (A, A

c
), where A

c 

=X\A is the complement of A in X. 

We recall several relations and operations 

between DS’
s
 as follows: 

 2.3. Definition. [9] Let the DS’s A and B 

on X be the form A = (A1, A2), B= (B1, 

B2), respectively. Furthermore, let 

}:{ JjA j   be an arbitrary family of 

DS’s in X, where ),( )2()1(

jjj AAA  . Then  

(a) 2211 BandABifAonlyandifBA   

     

(b) ABandBifAonlyandifBA  ; 

(c) ),( 12 AAA  denotes the complement 

of A ;     

     (d) );,( )2()1(

jjj AAA    

     (e) );,( )2()1(

jjj AAA    

     (f) );,([] 11

cAAA   

     (g) );,( 22 AAA c  
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     (h) ).,(),(
~~

 XXandX   

In this paper we require the following: 

     (i) ).,()(),()( 21 AAandAA    

 Now we recall the image and preimage of 

DS’s under a function. 

2.4. Definition. [9, 12] Let Xx  be a 

fixed element in X. Then: 

     (a)The DS given by )}{},({
~

cxxx  is 

called a double–point   (DP in brief X).                                                                                   

     (b)The DS )}{,( cxx 


 is called a 

vanishing double-point   (VDP in brief X).     

2.5. Definition. [9, 12]  

(a) Let 
~
x  be a DP in X and A= (A1, 

A2) be a DS in X. Then Ax
~

 iff 

1Ax . 

(b) Let 

x  be a VDP in X and A = 

(A1, A2) a DS in X. Then Ax


 

iff 2Ax . 

It is clear that Ax
~

Ax 
~

and 

that Ax


Ax 


. 

2.6. Definition. [13] A double-topology 

(DT in brief) on a set X is a family    of 

DS’s in X satisfying the following axioms: 

     T1:  
~~

, X , 

     T2: 21 GG   for any 21,GG , 

     T3: jG  for any arbitrary 

family  }:{ JjG j . 

     In this case the pair ),( X is called a 

double-topological space (DTS in brief), 

and any DS in   is known as a double 

open set (DOS in brief). The complement 

A  of a DOS A in a DTS is called a double 

closed set (DCS in brief) in X.   

2.7. Definition. [13] Let ),( X  be a DTS 

and A = (A1, A2) be a DS in X.  

Then the interior and closure of A are 

defined by: 

          

},:{)int( AGandXinDOSaisGGA 
     

},:()( HAandXinDCSaisHHAcl 
 Respectively. 

It is clear that cl(A) is a DCS in and int(A) 

a DOS in X . Moreover, A is a DCS in X 

iff  cl(A) = A , and A is a DOS in X iff  

int(A) = A. 

2.8. Example. [13] Any topological space 

),( 0X gives rise to a DT of the form 

}:{ 0

'   AA by identifying a subset A 

in X with its counterpart A
'
= (A, A

c
), as in 

Remark 2.2. 

 

3- The Constructs Dbl-Top and 

Bitop: [7] 

    We begin recalling the following result 

which associates a bitopology with a 

double topology. 

3.1. Proposition. [13] Let ),( X be a 

DTS. 

 (a) }),(:{ 21211   AAAwithXAA  

is a topology on X. 

(b) }),(:{ 2112

*

2   AAAwithXAA  

is the family of closed sets of the topology  

}),(:{ 21122   AAAwithXAAc

on X. 

(c) Using (a) and (b) we may conclude that 

),,( 21 X is a bitopological space. 

3.2. Proposition. [7] Let (X,u,v) be a 

bitopological space. Then the family  

           },,:),{( VUvVuUVU c   

Is a double topology on X. 

3.3. Definition. [7] Let (X,u,v) be a 

bitopological space. Then we set 

     

},,:),{( VUvVuUVU c

uv   

And call this the double topology on X 

associated with (X,u,v) . 

3.4. Proposition. [7] If (X,u,v) is a 

bitopological space and uv  the  

corresponding DT on X, then       

vandu uvuv  21 )()(  . 

 

4- Locally compact and 

compactification in double- 

topological space 
     In this section we introduced the 

definition of pairwise locally compact and 

pairwise compactification in double- 

topological space and prove some 

theorems through it. 
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4.1. Definition. [19] By a double open 

cover of a subset A of a double topological 

space ),( X , we mean a 

collection }:{ JjGC j  of double 

open subsets of X such that 

}:{ JjGA j   then we say that C 

covers A. In particular, A collection C is 

said to be an open cover of the space X iff 

}:),{( 21 JjGGX jj  of double open 

subsets of X. 

4.2. Definition. [19] A double-set A of 

DTS  in ),( X  is said to be double 

compact set iff for every double open 

cover there is double sub cover , that is iff 

for every collection }:{ JjG j  of  

DOS's for which 

),(}:{ 21 AAAforJjGA j  such 

that 

),(...),(),( 212

1

1

121 jnjnjj GGGGAA  . 

4.3. Definition. Let  ),( X     be double 

topological space and   ),( ** X be 

double compact topological space such 

that X is homeomorfic to a double dense 

subspace of X
*
. Then

 ),( ** X is called a 

double compactification  of ),( X . Thus a 

compact space ),( ** X is a double 

compactification of ),( X  iff  there exists 

a mapping f of X into X
*
 such that f is a 

homeomorphism of X onto the subspace 

f[X] of X
*
 and f [X] is dense in X

*
. 

4.4. Proposition. Let ),( X  be a non – 

double compact topological space and let 

}{*  XX where   is an object not 

belonging to X. Let 
*  consist of all those 

double subsets G
*
 of X

*
 such that either 

 aGXorG ***  - double closed 

and double compact subset of X. Then 
* is a double topology for X

*
 such that 

the space ),( ** X is double compact and 

),( X  is double dense subspace 

of ),( ** X
. 

Proof: We first show that 
* is a double 

topological for X
*.
 

[T1]: Since   ),(
~

X , by definition 

of  
~

* , . Also since 

~

*

~

*

~
 XX and 

~

  is double closed and 

double compact subset of X, we 

have
**

~
X . 

[T2]: Let 
**

2

*

1 , GG where 

),,( *1

2

*1

1

*

1 GGG  ),,( *2

2

*2

1

*

1 GGG   

Three cases arise  

(i) If  
**

2

*

1 , GG then 

),( *1

2

*1

1 GG ),( *2

2

*2

1 GG = 

,( *2

1

*1

1 GG  )*2

2

*1

2 GG 

andGG *2

1

*1

1  *2

2

*1

2 GG 

*

2

*

1 GG   

And hence by definition of 
**

2

*

1

* ,  GG   

(ii) If 
*

1

*

1 GXK  and 
*

2

*

2 GXK   

are double closed compact subsets of X, 

such that 

),,( 1

2

1

11 KKK  ),,( 2

2

2

12 KKK   

),( 1

2

1

1 KK  ),( *1

2

*1

1

* GGX 1

1K

*1

1

* GX  , 1

2K *1

2

* GX   

),( 2

2

2

1 KK  ),( *2

2

*2

1

* GGX 2

1K

*2

1

* GX  , 2

2K *2

2

* GX   

 [ ),( *1

2

*1

1 GG ),( *2

2

*2

1 GG ] 

 = *X ,( *2

1

*1

1 GG  )*2

2

*1

2 GG   

 = *X ,( *2

1

*1

1 GG  )( *2

2

*1

2

* GGX   

 )( *2

1

*1

1

* GGX 
2

1

1

1

*2

1

**1

1

* )()( KKGXGX    

 )( *2

2

*1

2

* GGX 
2

2

1

2

*2

2

**1

2

* )()( KKGXGX    

21

2

2

1

2

2

1

1

1 ),( KKKKKK    

Which is double closed and double 

compact, being a union of tow double 

closed and double compact sets, hence 
**

2

*

1 GG  . 

(iii) If one of the double sets, say 

*

1G and 
*

2

* GXK   where K= (K1, 

K2) is a double closed compact subset of 

X, then  
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)()( *

2

*

1

*

2

*

1

*

2

*

1 GXGGXGGG  

))],(([),( *2

2

*2

1

**1

2

*1

1 GGXXGG    

= )],([),( *2

2

**2

1

**1

2

*1

1 GXGXXGG   

= ),( *1

2

*1

1 GG   

   )](),([ *2

2

**2

1

* GXXGXX                                      

= )](),([ 2

*1

21

*1

1 KXGKXG                

 = )(*

1 KXG   

Which belong to   since *

1G  and X-

K  , K being  - double closed. Hence 

by definition of  * 
, 

**

2

*

1 GG  . Thus 

in either case 
**

2

*

1 GG   

[T
3
]: Let }:{ * G be the collection of 

 *
- double open sets and let 

}:),{),( *

2

*

1

*

2

*

1

*   GGGGG   

If 

   ** , GeachthenallforG

. Therefore *G  and if 

,0

*   someforG then 

 **

0
GX ),( *

2

**

1

*

00  GXGX   

= ),( *

2

*

1 00  GXGX  =
*

0
GX   

Hence  XGXGX ***
 

}:),{( *

2

*

1  GG  

                                          

}:),{( *

2

*

1   GXGX  

Thus
** GX  is the intersection of 

double closed subsets of X, at least one of 

which is double compact and consequently 
** GX  is also double compact subset 

of X. Hence 
** G . 

We now show that   ),( ** X is double 

compact. Let C be any  *
- double open 

cover of X
*
. Then   is in some member 

of C and that member must be of the form 

X
*
-K where K is some double closed 

compact subset of X. Since K is covered 

by C and K is compact, there exists a finite 

subfamily C
` 
of C such that C

` 
covers K. 

Then )( *` KXC   is double compact. 

Finally we show that ),( X  is a double 

dense subspace of ),( ** X . 

In order that X may be a subspace of X
*
, 

we must show that 
*

X   where 
*

X  

denotes the relativization  of  *
 to X. 

If G , G = (G1, G2), then XG   since 

X is a  *
- double open set such that 

.XGG  conversely, let
*

XG  . Then 

.* XGG  for some
** G , If 

*

1G ,then 

**

1 GGthatsoXG  and therefore 

G is  - open.  

If 
*G then 

** GX  is a  - double 

closed subset of X. Hence 

),(),( *

2

*

121 GGXGGG    

)),(( *

2

*

1

* GGXX   

 is a  - double open subset of X. Thus we 

have shown that G *X
G  . It 

follows that ),( X is a double subspace of 

),( ** X . We now show that X is double 

dense in X
*
. Since X is double compact 

subset of a double space X
*
, X is a not 

double closed in X
*
. Since X is a non- 

double compact subset of a double 

compact space X
*
, X is not double closed 

in X. Hence its complement X
* 
- X = {} 

is not double open in X. It follows that 

every neighborhood of    must contain a 

point of X. Thus XXsoandX   

which is shows that X is dense in X
*
. 

 

4.5. Definition. In a bitopological space 

(X, u, v),  u is said to be locally compact   

with respect to v  if  for each point 

Xx there is u-open neighborhood of x 

whose v- closure is compact. (X, u, v),  

locally compact  if u is locally compact 

w.r.t. v, and v is locally compact  w.r.t. u. 

4.6. Definition. Let ),( X be DTS and 

let XN  . A double set N of X  is said to 

be  -nhd of 
~
x  iff there exists  -DOS, G  

such that NGx 
~

, similarly N is 

called a -double nhd of  XA  iff there 

exists an DOS, G such that NGA  . 

      

4. 7. Proposition. If a bitopological space 

(X, u, v) is pairwise locally compact then  

),( uvX  is pairwise locally compact. 
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Proof: Let G be open neighborhood of x, 

such that uvGx 
~

 , G = (U, V
c
) with 

in particular ,uUx  U is open 

neighborhood of x. (X,u,v) is locally 

compact  then cl(U) is pairwise compact 

then }:{ JjN j  and there exists a finite 

subcover such that 

jnj NNUcl  ...)( 1  

Take uvUcl  )),((  then 

),(...),()),(( 1  jnj NNUcl   

Then ),( uvX  is locally compact.            □   

4. 8. Definition. The DTS ),( X is said to 

be pairwise locally compact if for each 

point Xx there is double open 

neighborhood of x whose closure is 

pairwise compact. 

4.9. Proposition. If a bitopological space 

),( X is pairwise locally compact then 

),,( 21 X  is pairwise locally compact. 

Proof: Let  ),( BAG  be pairwise 

locally compact such 

that 1
~

 AxthenGx   

)(Gcl is pairwise compact then there 

exist }:{ JjN j  open cover of cl(G) 

such that }:{)( JjNGcl j   and there 

exist subcover jnj NNGcl  ...)( 1       

Then 

),(..),())(),(( 212

1

1

1 jnjnjj NNNNBclAcl 

11

1 ...)( jnj NNAcl                                

thenBclNN jnj )(... 22

1 
c

jn

c

j

c NNBcl )(...)())(( 22

1   

So 1 is locally compact w.r.t 2 , in the 

same way we prove 2  is locally compact 

w.r.t 1 . And so ),,( 21 X is pairwise 

locally compact.                                      □   

4.10. Proposition. Every double closed 

subspace of a pairwise locally compact 

space ),( X is pairwise locally compact. 

),( X . 

Proof: Let Y be DCS of a locally compact 

space X, and let Yy
~

be arbitrary. Then  

Xy
~

. Since X is pairwise locally 

compact, there exists a double open 

neighborhood N of y such that cl(N)  is 

double compact. But YN   is a double 

neighborhood of 
~

y in Y such that 

)()( NclYNcl  . 

Thus )( YNcl  is a DCS of the double 

compact set cl(N) and is therefore itself 

double compact. Also since Y is double 

closed in X, it is easy to see that the 

closure of YN  in X is the same as its 

closure in Y. Thus we have shown that 

every point in Y has a neighborhood in Y 

whose closure in Y is double compact. 

Hence the subspace Y is pairwise locally 

compact.                                            □                                                                          

4.11. Definition. [7] The DTS ),( X is 

called pairwise T2 if given 

Xinyx  there exists 

HyGxsatisfyingHG 


,,
~

  

.)( HGand   

4.12.Definition.[18] The DTS ),( X is 

called pairwise T3 if 

XinAaADCS int,    there 

exists HG, satisfying HaGa 


,
~

, 

.)( HGandHA    

4.13. Proposition. Let ),( X be double 

topological space, then every pairwise 

locally compact, pairwise T2 space is 

pairwise regular. 

 

Proof: Let X be a pairwise locally 

compact, pairwise T2 space and X
* 
its one- 

double compactification. Let 
~
x  be any 

double point in X
*  

and A any double 

closed set in X
* 

not containing 
~
x . Since 

X
*
 

 
 is pairwise compact. A is a double 

compact subset of X
*
. Since

   
X

*
 is 

pairwise T2 there exists disjoint double 

open subsets G, H of X
*
 satisfying 

.)(,
~

HGandyxforHyGx 


From above A is DCS in X,  ,int Ax  

 ),(),,( DCHBAGtake ,  

andAxGx 
~

 

DAxthenDH  ),()(   
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thenDx HxGx 


,
~

and 

HA ,So X is pairwise regular.        □   

4.14. Definition. [18] The DTS ),( X  is 

called pairwise T4 if  

existsthereXinBADCS ,  

MBNAsatisfyingMN  ,,   

and MN )( . 

4.15. Proposition. Let ),( X be DTS, 

then every pairwise locally compact, 

pairwiseT2 space is pairwise completely 

regular. 

Proof: Let X
*
 be the one-double point 

compactification of pairwise 

locallycompact, pairwise T2 space X. We 

first show that X
*
is pairwise normal. 

Let A, B be any disjoint DCS's in X
*
 is 

pairwise compact [17], A, B are double 

compact subsets of X
*
, there exist disjoint 

DOS's G & H such that ., HBGA    

*X is pairwise T2 then for each 

HGandHyGxyx )(&,
~




 

*X is pairwise T1  then X
*
 is pairwise 

normal.  

We now show that X is pairwise 

completely regular. Let 
~
x  be any double 

point in X, U be double open 

neighborhood of 
~
x , Ux

~
 since X is 

double locally compact, there is a DOS N 

in containing 
~
x such that cl(N) is double 

compact, )(* NclXM  is a DOS in 

X
*
.Since X

*
 is pairwise T2 , {

~
x }is DCS in 

X
*
. 

Now cl(M) and{ 
~
x } are disjoint DCS's in 

the pairwise normal X
*
. Hence there is a 

lower semi -continuous (l.s.c) and upper 

semi -continuous (u.s.c) function 

1)(.]1,0[:
~
 xftsXf

}0{))(( Mclfand , since X is 

subspace of X
*
 and )(MclU   there is 

restriction  ]1,0[: Xf X off  to X is 

continuous such that 

,0][,1)(
~

 Ufxf XX  hence X is 

pairwise completely regular. 
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