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Abstract

The concept of intuitionistic topological space was introduced by Coker. The aim

of this paper is to generalize notions between bitopological spaces and double topological
spaces and also give a notion of pairwise locally compact and compactification for double-

topological spaces.
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1-Introduction

The concept of a fuzzy topology
introduced by Change[8] , after the
introduction of fuzzy sets by Zadeh . Later
this concept was extended to intuitionistic
fuzzy topological spaces by Coker in [10].
In [13] Coker studied continuity,
connectedness, compactness and
separation axioms in intuitionistic fuzzy
topological spaces. In this paper we follow
the suggestion of J.G. Garcia and S.E.
Rodabaugh [15 ] that (double fuzzy
set)is a more appropriate name than
(intuitionistic fuzzy set ) ,and therefore
adopt the term (double-set) for the
intuitionistic set , and (double-topology)
for the intuitionistic topology of Dogan
Coker , (this issue) we denote by Dbl-Top
the construct (concrete texture over Set )
whose objects are pairs (X,7) where 7 is

a double-topology on X .In Section three
we discuss making use of this relation
between bitopological spaces and double-
topological spaces , we generalize a nation
of locally compact and compactification
for double- topological space in section
four .

2-Preliminaries

Throughout the paper by X we denote
a non-empty set. In this section we shall
present various fundamental definitions
and propositions. The following definition
is obviously inspired by Atanassov [3].

14

2.1. Definition. [9] A double-set (Ds in
brief) A is an object having the form A=
<X, Aj, Az >, Where A; and A; are subsets
of X satisfying A N A, =¢. The set A
is called the set of members of A, while A,
is called the set of non- members of A.
Throughout the remainder of this paper we
use the simpler A= (A;, A,) for a double-
set.

2.2. Remark. Every subset A of X is may
obviously be regarded as a double-set
having the form A= (A, A%, where A°
=X\A is the complement of A in X.

We recall several relations and operations
between DS® as follows:

2.3. Definition. [9] Let the DS’s A and B
on X be the form A = (A, Ay), B= (By,
B,), respectively. Furthermore, let
{A;:jeJ} be an arbitrary family of

DS’s in X, where A; = (AJ@ , A}Z)) . Then

(a) Ac Bif and onlyifA < B, andA, o B,

(b) Ao Bif andonlyifAcBandBc A;

(©) A= (A,, A ) denotes the complement
of A;

(@) NA; =(NAY UA®);
©UA; = (UAP NA®);
) 0A =(ALA);
@ OA =(A},A);
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(¢ = (¢ X) and X = (X, ¢).
In this paper we require the following:

M) OA=(A.¢) and )(A=(4,A,).
Now we recall the image and preimage of
DS’s under a function.

2.4. Definition. [9, 12] Let X X be a
fixed element in X. Then:

(@)The DS given by x = ({x},{x}*)is
called a double—point (DP in brief X).
(b)The DSx=(¢,{x}*) is called a

vanishing double-point (VDP in brief X).
2.5. Definition. [9, 12]

(@) Let x beaDP in X and A= (A4,
A,)beaDSin X. Then x € A iff

XeA.
(b) Let x be a VDP in X and A =

(A1, Ay) aDSin X. Then xe A

iff Xxe A,.
It is clear that xe A< xc Aand

that, o o < XS A.

2.6. Definition. [13] A double-topology

(DT in brief) on a set X is a family 7 of

DS’s in X satisfying the following axioms:
TL: ¢, X e,

T2: G, NG, et foranyG,,G, €7,

T3: UG, ez forany arbitrary
family{G, : je J}c .

In this case the pair (X,7)is called a

double-topological space (DTS in brief),
and any DS in 7 is known as a double
open set (DOS in brief). The complement
A of aDOS Aina DTS is called a double
closed set (DCS in brief) in X.

2.7. Definition. [13] Let (X,7) be a DTS
and A = (A4, Ay) bea DS in X.

Then the interior and closure of A are
defined by:

int(A) = U{G:GisaDOSin X and G < A},

cl(A)=N(H:HisaDCSin X and Ac H},

Respectively.

Vol.6, No.2, June, 2019, pp 14-20

It is clear that cl(A) is a DCS in and int(A)
a DOS in X . Moreover, A is a DCS in X
iff cl(A)=A,and Aisa DOS in X iff
int(A) = A.

2.8. Example. [13] Any topological space
(X,7,) gives rise to a DT of the form

r ={A : A er}by identifying a subset A

in X with its counterpart A= (A, A%, as in
Remark 2.2.

3- The Constructs Dbl-Top and
Bitop: [7]

We begin recalling the following result
which associates a bitopology with a
double topology.

3.1. Proposition. [13] Let (X, 7)bea

DTS.

(&) 7, ={A :3A, < Xwiith A=(A,A) e 7}

is a topology on X.

(b) 7, ={A, :3A < Xwith A=(A,A) e 7}

is the family of closed sets of the topology

7, ={A; :3A < Xwith A=(A,A,) e}

on X.

(c) Using (a) and (b) we may conclude that

(X,7,,7,) is a bitopological space.

3.2. Proposition. [7] Let (X,u,v) be a

bitopological space. Then the family
{UV°)UeuVevUcV}

Is a double topology on X.

3.3. Definition. [7] Let (X,u,v) be a

bitopological space. Then we set

7, ={U,V°)U eu,V ev,U cV}

And call this the double topology on X
associated with (X,u,v) .

3.4. Proposition. [7] If (Xuyv) is a
bitopological space and 7 the

uv
corresponding DT on X, then
(Tuv)l =u and (Tuv)z =V.

4- Locally compact and
compactification in double-
topological space

In this section we introduced the
definition of pairwise locally compact and
pairwise compactification in double-
topological space and prove some
theorems through it.
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4.1. Definition. [19] By a double open
cover of a subset A of a double topological

space (X, 7), we mean a
collectionC ={G; : j € J}of double
open subsets of X such that

Ac{G,: jeJ}then we say that C
covers A. In particular, A collection C is
said to be an open cover of the space X iff
X =U{(G{,G): j e J}of double open
subsets of X.

4.2. Definition. [19] A double-set A of
DTS in(X,7) is said to be double

compact set iff for every double open
cover there is double sub cover , that is iff

for every collection {G;:je J}of
DOS's for which
Ac{G,:jeJ} for A=(A,A,)such

that

(A, A) < (G, G U...U(G},,G}).

4.3. Definition. Let (X,z) be double
topological space and (X", 77)be

double compact topological space such
that X is homeomorfic to a double dense

subspace of X'. Then (X, z")is called a
double compactification of (X,7). Thus a

compact space (X ,77)is a double
compactification of (X, 7) iff there exists
a mapping f of X into X" such that f is a
homeomorphism of X onto the subspace
f[X] of X and f [X] is dense in X".

4.4. Proposition. Let (X,z) be a non —
double compact topological space and let
X" = X U{oc}where oo is an object not
belonging to X. Let T cpnsist of all those
double subsets G of X such that either
G eror X" -G ar- double closed
and double compact subset of X. Then
7 is a double topology for X" such that
the space (X ',z )is double compact and
(X,7) is double dense subspace

of(X*,r*).

Proof: We first show that z"is a double
topological for X™
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[T.]): Since g = (¢, X) € 7, by definition
of 7°,¢ e r. Also since

X =X =¢ and ¢ is double closed and

double compact subset of X, we

have )5 et

[T,]: Let G,,G, €7 where
G, =(G;,G;), G, =(G,G}),
Three cases arise

(i) If G,,G, e then

(GI',G;) N(G],Gy)=

(G NG, G, UGy)

G NG erand G, UG er=
G, NG, er

And hence by definition of

7,6, NG, et

(i) If K, =X =G,and K, =X -G,

are double closed compact subsets of X,
such that

K, = (K{,K3), K, =(KZ, K3),
(K1, Kz) = X" =(G,G}) =K, =
X -G K= X"-G}
(Klz’Kzz): X*_(Glz*'Gzz*):> Klz =
X -G Kl = X"-GF
[(GI.G)) N(G,G))]
=X"— (G NG/, G} UG))
=X"— (G NG, X" - (G} UGY)
X" =(G NG) =

(X" -GHUX -GF) =K} —K?
X" =(G; UG]) =

(X" -GHHUX -G¥)=K!-K?
=(K; UK, K; NKY) =K, UK,
Which is double closed and double

compact, being a union of tow double
closed and double compact sets, hence

G, NG, et .

(iii) If one of the double sets, say
G, erand K = X" —G, where K= (K,
K,) is a double closed compact subset of
X, then
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G, NG, =(G, N X)NG, =G, N(XNG,)
=(G/,G;)N[X = (X" =(G{,G;))]
=(G],G,)N[X = (X" =G, X =G
= (G/,G;)N

[X (X" =G),X =(X"=G;)]
:[Gll* N(X - K1)’G;* UX=K),)]
=G, N(X —=K)
Which belong to 7 since G, €z and X-
Ker, K being T - double closed. Hence
by definition of 7°, G, NG, et . Thus
in either case G, NG, ez
[T°): Let {G, : 1 € A} be the collection of
7 "~ double open sets and let
G = (G;’G;) = LJ{G;A’G;A) ‘e A}
If
wgG, forall 2e A, theneach G, er
. Therefore G~ € 7 and if
o e G for some 4, € A, then

X" -G; =(X"=G},,X"-G},)
=(X =G, X -G;,)= X-G,
Hence X -G =X-G =X-U
{(Gl*/WG;/l) 1A e A}

=ﬂ{(X—G;,X—G;):/1€A}
Thus X —G"is the intersection of

double closed subsets of X, at least one of
which is double compact and consequently

X" —G"is also double compact subset
of X. Hence G e .

We now show that (X 7,z )is double

compact. Let C be any 7 - double open
cover of X". Then oo is in some member
of C and that member must be of the form
X"-K where K is some double closed
compact subset of X. Since K is covered
by C and K is compact, there exists a finite
subfamily C of C such that C covers K.

Then C U (X" —K) is double compact.
Finally we show that (X,7) is a double

dense subspace of (X, 7).

17
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In order that X may be a subspace of X",
we must show that z=r, where 7,
denotes the relativization of 7~ to X.
IfG er,G=(Gy, Gy, then G e 7, since
X is a 7 - double open set such that
G =G X.conversely, letG € r, . Then

G=G ' NX.for someG ez, If
w ¢ G, then
G, c X sothat G=G” and therefore
G is 7 - open.

If oeGthen X —G’is a r- double
closed subset of X.
G=(G,,G,)=XN(G,,G,)
=X-(X"=(G,,G,))

isa 7 - double open subset of X. Thus we
have shown that Ger < Ge T It

Hence

follows that (X, 7)is a double subspace of

(X", 77). We now show that X is double
dense in X". Since X is double compact
subset of a double space X', X is a not
double closed in X". Since X is a non-
double compact subset of a double
compact space X, X is not double closed
in X. Hence its complement X"- X = {0}
is not double open in X. It follows that
every neighborhood of oo must contain a

point of X. Thus o e X and so X = X
which is shows that X is dense in X".

4.5. Definition. In a bitopological space
(X, u, v), uis said to be locally compact
with respect to v if for each point
X € X there is u-open neighborhood of x
whose v- closure is compact. (X, u, v),
locally compact if u is locally compact
w.r.t. v, and v is locally compact w.r.t. u.

4.6. Definition. Let (X,z)be DTS and
let N € X . A double set N of X is said to
be 7 -nhd of X iff there exists 7 -DOS, G

such that xe G < N, similarly N is
called az -double nhd of A c X iff there
exists an DOS, G suchthat Ac G < N ..

4. 7. Proposition. If a bitopological space
(X, u, v) is pairwise locally compact then
(X,7,,) is pairwise locally compact.
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Proof: Let G be open neighborhood of X,
suchthat xeGer, ,G = (U, V°) with

uv !

in particular X eU e u, U is open

neighborhood of x. (X,u,v) is locally
compact then cl(U) is pairwise compact

then {N; : j € J}and there exists a finite
subcover such that

cdlU)c N, U..UN,,

Take (cl(U),¢) € z,, then

(clU).¢) = (N, A U...U(N;,, 9)
Then (X, z,,) is locally compact. o

4. 8. Definition. The DTS (X, 7)is said to
be pairwise locally compact if for each
point X e Xthere is double open
neighborhood of x whose closure is
pairwise compact.

4.9. Proposition. If a bitopological space
(X,7)is pairwise locally compact then

(X,7,,7,) is pairwise locally compact.
Proof: Let G = (A, B) € 7 be pairwise
locally compact such

that)feG then xe Aer,

- cl(G) is pairwise compact then there
exist {N; : j € J}open cover of cl(G)
such that cl(G) ={N : j € J} and there
exist subcover cl(G) = N, U..UN,
Then

(cl(A),cl(B)) = (N3, N{) U..U(Nj,, NT)
~cl(A) c N}l U...u N}n

N% N...AN}, <cl(B) then

(©(B)® = (Nj) U..U(N})°

So 7, is locally compact w.r.t 7, , in the
same way we prove 7, is locally compact
w.rt z;. Andso (X,7,,7,) is pairwise
locally compact. o
4.10. Proposition. Every double closed
subspace of a pairwise locally compact
space (X, 7)is pairwise locally compact.
(X,7).

Proof: Let Y be DCS of a locally compact
space X, and let y €Y be arbitrary. Then

ye X. Since X is pairwise locally
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compact, there exists a double open
neighborhood N of y such that cl(N) is
double compact. But N(Y is a double

neighborhood of yin Y such that

cl(NNY) ccl(N).
Thus cl(NY)is a DCS of the double

compact set cl(N) and is therefore itself
double compact. Also since Y is double
closed in X, it is easy to see that the
closure of N[Y in X is the same as its
closure in Y. Thus we have shown that
every point in Y has a neighborhood in Y
whose closure in Y is double compact.
Hence the subspace Y is pairwise locally
compact. O
4.11. Definition. [7] The DTS (X, 7)is
called pairwise T, if given

X # Yy in X there exists

G,H e satisfying xeG,ye H

and G c ()H.
4.12.Definition.[18] The DTS (X, 7)is
called pairwise T;if
VDCS Aer,acint Ain X there

existsG, H € rsatisfying aeG,ag¢ H ,

AcHandG c ()H_
4.13. Proposition. Let (X,7)be double

topological space, then every pairwise
locally compact, pairwise T, space is
pairwise regular.

Proof: Let X be a pairwise locally
compact, pairwise T, space and X' its one-

double compactification. Let x be any

double point in X* and A any double
closed set in X" not containing X. Since

X" is pairwise compact. A is a double
compact subset of X'. Since X is
pairwise T, there exists disjoint double
open subsets G, H of X satisfying

xeG,yeH forx=yandGc ()H.

From above A isDCSin X, X eint A,
takeG=(A,B),H=(C,D)er,
xeG—->xeAand

~()H =(D, ) then xe Ac D
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— x e D then Z(eG,)fgéH and

A c H ,So X is pairwise regular. o
4.14. Definition. [18] The DTS (X,7) is
called pairwise T,if

Vv DCS A B in X there exists

N,M ez satisfying Ac N,Bc M
and N c (OM .

4.15. Proposition. Let (X, 7)be DTS,

then every pairwise locally compact,
pairwiseT, space is pairwise completely
regular.

Proof: Let X" be the one-double point
compactification of pairwise
locallycompact, pairwise T, space X. We
first show that Xis pairwise normal.

Let A, B be any disjoint DCS's in X is
pairwise compact [17], A, B are double
compact subsets of X, there exist disjoint
DOS's G & Hsuchthat Ac G,B < H.

-+ X"is pairwise T, then for each
X#y,xeG&yeHand Gc()H

-+ X"is pairwise T, then X" is pairwise
normal.
We now show that X is pairwise

completely regular. Let x be any double

point in X, U be double open
neighborhood of Xx,x¢U since X is

double locally compact, there is a DOS N
in containing Xsuch that cl(N) is double

compact, M = X" —cl(N)is a DOS in
X.Since X is pairwise T, { X }is DCS in

*

X
Now cl(M) and{ x } are disjoint DCS's in

the pairwise normal X". Hence there is a
lower semi -continuous (l.s.c) and upper
semi  -continuous  (u.s.c)  function

f: X —>[01]st f(x)=1
and f(cl(M))={0},
subspace of X" and U < cl(M) there is
restriction f, : X —>[01] off to X is

continuous such that
fyx(x)=1, f,[U]=0, hence X is

pairwise completely regular.

since X is

19
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