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1. Introduction

Throughout this study we mean by andr to be two
D-algebras, FT(F-a-T) is a fuzzy Translation, FM(F-
A-M) is a fuzzy multiplication and FM-oA-T is a
Fuzzy Magnified-aA-Translation. Recently, much
attention has been given to study the concept of fuzzy
algebra which is one of the influential brunches in
Mathematics. Zadeh in [1] provided the concept of
fuzzy set. This concept has been applied on several
types of algebraic concepts such as rings, modules,
groups, topologies and vector spaces. The study of [2]
investigated the idea of the fuzzy d-ideal of a D-
algebras with some of its properties have been
proved. The concept of a D-algebras which is
considered as another popularization of BCK-
algebras has been provided by Neggers and Kim [3].
Then some of the relations among BCK-algebras and
D-algebras were discussed. A paper by Lee et. al [4]
presented the FT and the FM of fuzzy sub-algebras of
BCK/BCl-algebras. They discussed the relations
among the FT and the FM. Furthermore, the notion of
Q-ideal and fuzzy Q-ideal in Q-algebras has been
investigated by Mostafa et. al [5]. The study of
Hameed et. al [6] presented the definition of FT and
FM of Cl-algebras, and several properties of this
notion were studied. While, the FT and the FM of Q-
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The concept of fuzzy set (FS) is one of the beautiful branches in

Mathematics. This concept was initiated by Zadeh [1]. Since that time,
many studies have been considered this concept by different ways in the
field of pure and applied Mathematics. In this article, we introduced the
notion of FT and FM on a D-algebras o, where FT is a fuzzy Translation
and FM is a fuzzy Multiplication. We proved some characterizations of
FT and FM of sub-algebra and d-ideal of a D-algebrasa. Moreover, the
notion of FM-aA-T has been investigated on the D-algebrasa.
Furthermore, some results on the d-homomorphism of FT and FM which
based on the fuzzy d-ideal of a D-algebras are presented.

algebras were given by Hameed and Mohammed [7].
In addition, the notion of » -FT witho -FM on a BP-
algebras are introduced by Prasanna et. al [8]. Priya
and Ramachandran [9] provided the FT and FM of a
PS-algebras. Then, the homomorphism and the
Cartesian product of the FT and FM of a PS-algebras
are also presented by Priya and Ramachandran [10].
Now days, Alshehri [11] studied the FT and FM of a
BRK-algebras and some of their properties were
discussed. In this paper we introduced the notion of
FT and FM on D-algebras and discussed some of its
properties. The contents of this paper have been
structured as follows: In section two, some basic
definitions and previous results that are needed in this
research are presented. While, in section three, the FT
and FM of d-sub-algebras are presented. Section four
contains the FT and FM of d-ideals. Section five,
followed by the Cartesian product of FT and FM of d-
ideals. The notion of FM-«4 -T of a D-algebras has
been stated in section six. In section seven, the
homomorphism of the FT and FM of a D-algebras
has been studied. Finally, the conclusions and further
research scope of this paper are given in section eight.
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2. Basic concepts

In this section, some of the previous results that are
needed in this study are presented. We start with the
following observations which are given as follows.

FS = Fuzzy Set(subset)

FS-Algebra = Fuzzy Sub-algebra

Fdl = Fuzzy d-ideal.

Definition 2.1 [2] The system (a, ,0) is said to be D-
algebras, if all the following conditions are holds:
l.u=*u =0,

il.o*u =0,
fiilbuxv =0 and v *u =0 implies u =v for each
u,v € Q.

Definition 2.2 [2] Leto be a D-algebras. Then,
®=ScQ IS said to be sub-algebra of o if
u *v e S where u,v eS.

Definition 2.3 [2] Let o be a D-algebras with
Hc o, then a1 is called d-ideal of « if all the
following are fulfilled:

i.0oe H,

ii.u*v egandv e H implies u e H,
iiLu e and v e @ implies u *v < H.
Definition 2.4 [2] Lety be a FS of « , theny is

called FdI of o if all the following are fulfilled:

Iy (0) 2w (u),

iy (u) = min{ w(u *v), w(V)}

lil.y (u+v)=min{yw@u)yv)rforeachu,v e Q.
Definition 2.5 [2] The FSy of a D-algebrasa is said
to be FS-algebra of o if w (u *v) = min{y (u),» (v )}
where u,v € Q.

Definition 2.6 [2] The FSy of a seta is the function
v 1Q — [0,1].

Definition 2.7 [2] Lety, and , be two FS of q.
Then, the Cartesian product of  and y,is the
mapping v, xw, : Q@ xQ — [0,1] which is defined as
(W, xw,)u,yv)=min{y (u),y,v)} Vu,yv e Q.
Definition 2.8 [2] Let » be a FS of rand
f :Q — 1 be a mapping of a D-algebras. Then, the
mapping y ' is the inverse image of y under f such
that " (u) =w (f (u)) foreachu e Q.

Theorem 2.1 [2] Lety, andy , are two Fdl of a D-
algebras. Then, v, =y ,is Fdl of o x Q.

Definition 2.9 [3] Let (,+,0) and (r,’,0’) are two
D-algebras. The mapping f : o — r is said to be d-
homomorphism if for each u,v eQ we have
fuxv)=~f (u)=*'f ().

Definition 2.10 [4] Lety be a FS of <« and
a [0,T].Then, FT (F-0-T) of  is the mapping
w! :Q — [0,1] such that v (u)=y (u)+ e« for each
ueQ.
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Definition 2.11 [4] Lety be a FS of o with
1 e[0,1]. Then, FM (F-A-M) of  is the mapping
w! :Q —[01] such thaty ()= 2.y () for each
ueQ.

3. FT AND FM OF D-SUB-ALGEBRAS

This section presents the notion of FT and FM of a D-
algebras. In what follows, let (o,«,0) be a D-

algebras. Then, for any FS y of o we symbolize
T =1-sup{y (u):u e 0} unless otherwise we
mentioned.

Definition 3.1 A F-a -T set v ofa FS y s called
F-a -T sub-algebra if

w! (u=*v)2min{y(u),w )} for each u,v < o and
a €[0,T].

Definition 3.2 AF-2 -M set y ' of aFS y is called
F- 4 -M sub-algebra if

w ' usv)2>min{y ) )y, v)rfor each uv e
and 2 <[0,1].

Example 3.1 Let (@ ={0,1,2},+ 0) be a D-algebras
given as follows [3]:

NIO|IO

OINIO|IN

NP IO %
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1
Table 3.1
Define the FS v : 0 — [0,1] by

(0.7
y(u) =
[0.02
Then, y is a FS-algebra of . Here

T=1-sup{w(u):ueQ} = T=1-0.7 =0.3. Take

u=20

u =0

a=0.1e[0,T],and v :Q — [0,1] is defined by

(0.7+a ,u=0

T

{
L0.02+a u =0

which satisfies y )=y u)+a, Vu e Q.Then, it’s
a F-« -T. Furthermore, if we take 1 = 0.2 < [0,1], then
w10 - [0,1] is defined by
-(0.7)
-(0.02)

" ,u=20

w o=
‘ u =0

(4
<M
which satisfies v ) (u)=4- y (), vu e Q. Then, it’s
aF-1-M.

Theorem 3.1 For any FS-algebra y of a D-algebras
o,the FT ' of y is a FS-algebra of < where
a €[0,T].

Proof: Suppose that  is a FS-algebra of a D-
algebrasa, thenvu,v e o we get

y )= min{y W),y @)}= w@*v)+a>minfy @)y ©)t+a
zmin{y U)+a.y(v)+a}

=min{y )y, )}
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That is (@ *v)=min{y  (u).,w, )} Therefore,
w | isaFS-algebra of o. U

Theorem 3.2 Let  be a FS of a D-algebrasa. Then,
ifa FT | of y is a FS-algebra of o, then so is y
where « [0, T].

Proof: Since the FT | of y is a FS-algebra of q,
thenvu,v ¢ © we have

wosv)zmindy [ W, V)= yUsv)+a

zmin{y (W) +a,yV)+ar=min{y u),y (v)}+a

= y(u*v)=min{y (u),w )} Therefore, v isa
FS-algebra of o. U

Theorem 3.3 For any FS-algebra y of a D-algebras
Q withz e [0,1], the FM y " of y is also FS-algebra

of a.

Proof: Since y is a FS-algebra of a D-algebras o,
then vu,v e o we get

pusv)zmindy )y @)= 4w usv)2a-min{y u)y )}
=min{d -y (u), 4 w(v)}

=min{y " (u),y, (v)}

Thus, y " @ *v)2min{y . (u),w. (v)}. Therefore,
y ;' is a FS-algebra of o.U

Theorem 3.4 Lety be a FS of a D-algebras with
2 e0,1]. Ifthe FM y " of y is a FS-algebra of o,
theny is a FS-algebra of .

Proof: Suppose v is a FS-algebra of ¢, then

vu,v € Q we get
wyusv)zmingy @)y @)= 20 wuv)

zmin{d -y u),A-y¥v)}r=2- min{y (u),y )}

That is

Aoy av) 2 A-min{y () ()} =y U xv) 2 mindy ).y v)}
Hence, y is a FS-algebra of 0. U

4. FT AND FM OF D-IDEALS

In this section, we presented the notion of FT and FM
of d-ideals.

Definition 4.1 AF-a -T set y ' of a FS y s said to
be F-o« -T d-ideal of q,if all of the following
conditions are holds:

iy, (0) 2y (),

iy @)z mingy @ sv)w] ()}

il y @)= minfy @)y v)} vuyv e and

a e[0,T].

Definition 4.2 AF-2 -Mset y " of a FS y s said to
be F-1-M d-ideal of o,if all of the following
conditions are holds:

Loy =y W),

iy YWy = mingy @)Y @)}

i, v @=*v)>min{y) )y, v)} vuyv e and
A e[0,1].
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Theorem 4.1 Lety be a FS of a D-algebrase and
w | beaFT of y with « € [0, T].Then,y is Fdl of o
iff | is Fdl of .

Proof: Suppose thaty is Fdl of o, then for each
u,v e Q we have

Ly @2y =y@+azpyu)ra=yp 02y )

iy )= mingy @ o) @)=

y)+a>min{y U *v),yV)}+a

min{y U *v)+a,y vV)+a}

v

min{y | (u*v),p )}
That is w )2 min{y | u=v),y )}

.y @ sv) > mingy @).p )} =
vUu=v)+ax2min{fy (u),y vV)}+a

min{y W)+a,w ¢)+a}

v

min{y, (u)y, )}
That w ! (u=v)>min{y ),y ()} Therefore,
w | is Fdl of a.

Conversely, let y ' of y be Fdl of « for some
a €[0,T].Then, for each u,v « @ we have:

is

Ly (0 =y +azpyU)+a=y(©)z2yw).
ey )= mingy [ @ *v )] @)}=p@)ta > minf @)
taw W) ral= y)tazminfy (usv)y@)}+a

=y ()= min{y U =v),¥ ()}

Hi. T ev) 2 mingy [ ()] 0)}= w@*v)+a = min{y @)

+a,pW)+rar=pUv)+a zmin{y (U),y ()}+a
= w U =*v)=min{y (u),w (v)}. Thus, » is Fdl of o.
]
Theorem 4.2 Lety be a FS of a D-algebrase and
y " beaFM of v where 2 [0,1]. Then, y is Fdl of
Q iff ;" isFdl of .
Proof: Suppose that y be Fdl of ,then for each
uyv e Q we have
Ly @2pu)= 29022y =y!©0) 2y ).
iy @)= mingy @ =v)w @)1=
Ay )z A-min{y (u=v),pv)}

>min{d -y U *v),1-w{¥)}

=min{y ) (u=v),p v)}
Thatis y " )2 min{y! ¢ *v)w) ¢ )}
.y @ sy > mingy @) @)} =
Aoy urv)z A -min{y ).y )}
min{A-y (u),4-v ()}
min{y ) (u).w; ()}
That is )" (u*v)2>min{y ) ).y, )} Therefore,
y ;" is Fdl of o.

[\

™M

Conversely, let " of y be Fdl of o for some
4 €[0,1]. Then, for each u,v € & we have:

Ly (0 =2w ()22 pu)=p )=y ).



Tikrit Journal of Pure Science Vol. 27 (2) 2022

oy @)z mingy M@ ev) @)= 2w )
zmin{i -y u*v), 2w V)= 1-wU)

> A-min{y (U *v),p ()}

= y(u)=min{y (u*v),py )}

oy @)z mingy Y @) @)}

= A-wyU=xv)zmin{l-yu),A-w(Vv)}

= Ay (uxv)=2-min{y U)y v)}

= w U =*v)=min{y (u),w (v)}. Thus, v is Fdl of .
0

Theorem 4.3 The Intersection of two Fdl translation

of a D-algebrasa is Fdl translation of a D-algebras
Q.

Proof: Let y/; and v
Fdl y of o witha,a, e[0,T]. Then,
u,v e Q we have:

T

ay

are two Fdl translation of a

for each

Lol Ny ) =min{y ] ] (00} =min{y (0)+a, v (0)+a,}
>min{y (u)+a,yU)+a,l}

=min{y, @), U)}

™n

ay

(v, Ny, Yw).

(T Ny T Y@y =mingy ] ] @)} =min{y @)+ a,p©)+a,)

>min{min{y (u*v ),y V)}+a,min{y (U *v),yV)}+a,}
=min{min{y U *v)+a, ,w(V)+ea}min{yU*v)+a,yV)+a,}t}
>min{min{y (U *v)+a ,wy@U=*v)+a,}min{y V)+a, v V)+a,}}

= min{min{y [ (u=v)p ] ()} min{y @) ()3}
=min{y, Ny, @), Nyl @)}

iii. ('//:1 ﬂy/; )(u *V ) = min{y/:‘ (u *v ),y/;Z (u=*v)}
=min{y (U*v)+a,yU*v)+a,}

zmin{min{y (U),y v )}+ e, min{y (u),y ()} +a,}
= min{min{y () +a,v )+ e} min{y (W) +a, v ) +a,}}
= min{min{y () + @,y (W) +a}min{y @) +a, v () +a}}
= min{min{y ).y, W} min{y, ), ©)}}
=min{y, Ny, @)y, Ny ()}

Therefore v, My | is Fdl translation of . U

Corollary 4.1 The intersection of a finite family of
Fdl translation of a D-algebras @ is Fdl translation of
a D-algebras .

Proof: Clear from Theorem 4.3. U

Theorem 4.4 The Intersection of two Fdl
multiplication of a D-algebrasa is Fdl multiplication
of a D-algebras .

Proof:  Suppose

M

v Fdi

multiplication of a Fdly of o, witha, 4, €[0,1].
Then, for each u v e o we have:

LN
zmin{l, -y @Uu) 4, U}
= min{y ' (u)p ) ()}

= (v N,

i (2 0y @) = mingy Y @) @3 = mings, p @), v @)

that u/jj and are

y 1)) = min{y 7 (0),w ! (0)} = min{2, -y (0), 2, v (0)}

I
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= min{A, -min{y (u=v),pyV)} 4, min{y (u=v),wv)}}
>min{min{Z, -y (u=*v), A v ()} min{d, w(u=*v) 2, v({)}}
> min{min{4, -y (u*v) 4, -y @u=*v)},min{d -y V) 41, vV)}}

= min{min{y ' (U v )y (usv)}mindy ') v ()}
= min{y " Ny @) Ny s

il (2 My o) = mingu @ ! e}
=min{A, -y (U *v), 2, U =*v)}

>min{A, -min{y U),w )} 4, -min{y (u),y ()3}

= min{min{2, -y (), 4, v ()} min{Z, v (u). 2, -y (v )}}
>min{min{i, -y u), 2, -y )} min{d -y (v), 4, ¥ ()}}
= min{min{y ;' (). (W)}, min{y ' ).y} ()3}
—mingy " Ny ) Y Ny ).

Therefore " Ny ¥

 is Fdl multiplication of o. 0
Corollary 4.2 The intersection of a finite family of
Fdl multiplication of a D-algebrase is Fdl
multiplication of a D-algebras .

Proof: Clear from Theorem 4.4, U

5. CARTESIAN PRODUCT OF FT AND FM OF
D-IDEALS

This section presents the Cartesian product of FT and
FM of d-ideals.

Definition 5.1 Let wl‘ and 1//22
translation of a D-algebras . Then, the Cartesian
product of | and v, is symbolized by

be two fuzzy

T T

v, xw, 1QxQ - [0,1] and given as

(va xw. Juv)=min{y )y, )} VuveQ
andal,az e [0,T].

Definition 52 Let yand v}

42

be two fuzzy

multiplication of a D-algebras «. Then, the Cartesian
product of y'and is symbolized by

M
v,

xy ' 1 xQ - [0,1]and given as

(v v )uwv)=min{y ')y ()} vuy cQ
and 4, 4, e [0,1].

Theorem 5.1 Let » and 5 be two Fdl of a D-
algebras . Furthermore, let T = min{T, T } where
T, =1-sup{w(@Uu):u e Q}and

T =1-sup{y(u):u e Q}where « <[0,T]. Then, the
FT of v x » is Fdl of o x Q.

Proof: Suppose that  and 5 are Fdl of a D-algebras
o with « e[0,T].By Theorem 4.1, v [ and ,  are
Fdl of o.By Theorem 2.1, we have y | x ! is Fdl of
axq. Now, let u,v e o then

(sz): uv)=@Wxz)uyv)+a=min{yu) xVv)}+a
=min{y U)+a,xV)+a}

=min{y, (u) 7] )}

T

:(Wr{xl;)(u,v) for each uyv)e QxQ.
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Therefore, | x zis Fdl of o x .U

Theorem 5.2 Let  and » be two Fdl of a D-
algebras. Furthermore, let T = min{T, ,T } where
T, =1-sup{y(u):u e Q}and

T, =1-sup{y(u):ueQ} where 1 < [0,1]. Then, the
FM of y x » is Fdl of o x Q.

Proof: Suppose that » and , are Fdl of a D-
algebras with 2 e [0,1]. By Theorem 4.2, " and
x, are Fdl of . By Theorem 2.1, we have
v x x) isFdl of o xq. Now, let u,v e @ then

('//XZ)T (uv)=A-(wxg)uyv)=4i-min{y (u), x(v)}
=min{2-wUu),1-7V)}
=min{y ) (), z)' &)}

M

=(w) xx,)u,yv) foreach wv)eaxa.
Therefore, ' x 7" isFdl of o xq. U

Theorem 5.3 Let v and , be two FS of a D-
algebras o where ' x »' is Fdl of o xa and
a €[0,T]. Then,

i. Either w '(0)>w @)ory (0)> » () for each
ueQ.

i. If w'(0)>y @) for each ueq, then either
2, (0) =yl (u)Or 1 (0) =z (u).

ii. If x7()> ] @) for each u e ,then either
yo(0) 2w (u)Ory [ (0)2 7 ().

Proof: i. Assume that v ' (0) <y, (u) and

Zz.(0) <z, (u) forsome u,v € Q. Then,
(woxzl)uyv)=min{y (u), 7, )}

> min{y [ (0), 7, (0)} = (v x z,)(0,0) =
(wIxzl)ww)>(v]xz])0,0) Whichisa
contradiction. Hence, we got the result.

ii. Assume that »'(0)<w_ @)and z[(0)< z ()
then, there exist u v e @ such that

(w1 x27)(0,0) = mingy [ (0), ] (0)} = #] (0) and
(wixz)uy)y=min{y [ (u), z v )}> . (0)=
(woxzl)v)>(w]xz.)(0,0) whichisa
contradiction. Thus, the proof is completed.

The proof of the last point is similar to the proof of

point two. U

Theorem 5.4 Let v and 5 be two FS of a D-
algebras o where ) x 4 is Fdl of o xa and
A e[0,1]. Then,

i. Either " @)=y w)or y"©)= 4" w) for each
ueQ.

i. If y"©)=y"@) for each u e, then either

2, 0) =y )0 Y (0)= 2" ).

TJPS

iii. If ,Y@©)>4"@u) for each u e q,then either
v (0 zy W) ory )2 £} @)

Proof: i. Assume that v " (0) <y )" (u) and

2. (0) < 2. (u) forsome u,v e . Then,

(v =z )y =mingy @), 2 @)}

> min{y ' (0), 2" (0} = (v x 2" )(0,0) =

(v 2 )wv)> (v) < z)(0.0) Whichisa
contradiction. Hence, we achieved the result.

ii. Assume that ' (0) <) (u) and

2 (0) < 2" (u) for some u,v e @.Then,

(v ! % 2)")(0,0) = mingy ' (0), ' ()} = z" (0) and
(v xz Yuv)=min{y ' @), z)' @)}> 2, (0)=
(v >z )wwv)> (y) = z")(0,0) Whichisa

contradiction. Thus, the proof is completed.
By similar way we can prove point three. U
Theorem 5.5 Let v and , be two FS of a D-

algebras @ such that " x ,! is Fdl of o x o where
a <[0,T]. Then, either v or , is Fdl of o.

Proof: To show that 5 is Fdl. From Theorem 5.3(i),
we have v [ (0) >y (u) Or »!(0)> » (u) for each
ueQ.Thus,

i.Let x7(0)> z!(u) then,

x(0)+a 2 yU)+a = x(0)= x(u).

ii. By Theorem 5.3 (iii), we get w (0)2y (u)or
w!(0)2 z u)for each uea. If v (0)2 z] ()
then, (, 7« ;7)o = mingy @, 2 @i = 2wy (1)
Since y ) xy, is Fdl of axa then for each
(u,u,),,v,) e QxQ wehave

T

(vixxl)u,u,)=min{y (u,) r, @)}
= min{mingy | @ *v, )y ¢ ming] 0,5v, )z, €, )3}
>min{min{y [ @, *v ),z @, *v )} minf ¢ )x] ¢,)}}
zmin{(y ] <z, ) (U, #v ), v (v x 2 ) 6, v )
Thatis (v x 7] ), .u,) 2 min{(y] x 2])

T

(U, *v ), @, *v (v, xx20) b, v )}
Now, if u, =v, = 0, then we have
(W% 2] ) Ouu,) = ming(y ] = 2] )0, +v ). (v 2] )0,y @nd
by using (1), we get
o) zmin{z U, *v,) 2, (v,)}=
xW,)+azmin{yU,*v,)+a,z(,) +a}=
yU)+az2min{yu,*v,), y(v,)}+a =

2 U,) 2 min{y(u,*v,), x(v,)}

iii. (z//: X;(;)(ul*vl,u2 *v,) = min-

T

v, >z ) u) (v, xx])v,v,)} put

u, =v, = 0, then we have

1
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(woxzl)Ou,*v,)zmin{(y ] x 7] )(0u,) (v xz])Ov,)}
By using (1), we have

Za Uy xv )z mind{y ] (u,) 2, (v,)}=

WU, *v,)+azmin{yUu,)+a,yV,)+a}=

W, *v ) )+a2>2min{yu,), xV,)}+a =

2, =v,) z2min{x(u,), (v ,)}.
Therefore, , is Fdl of o. The second part can be

checked by similar way. 0

Theorem 5.6 Let v and 5 be two FS of a D-
algebras such that » ' x )" is Fdl of o x o where
1 [0,1]. Then, either  or 4 isFdl of .

Proof: To show that 5 is Fdl of o. From Theorem
5.4(i), we have y " (0) > w ) (u) OF 2)(0)> . (u)
for each u € @ . Thus,

i. Let 4™ (0)> 4" ) then,

A-x0)z2-xU)= x(0)2 x(u).

ii. By Theorem 5.4(iii), we havey " (0) >y ) (u) Or
w(0)2 g u)foreach ueq. If v (©)> 1))
then,

(v <z )Ou)=min{y ' (0), x) ()} =z, (u). (D)
Since v ' x ' is Fdl of @ x & then for each
(u,.u,), v,v,) e QxQ we have

(wi' <z )uu) =mindy ' ) 2,  U,)}:
zmin{min{y }' (u, *v,)y ' @)},
min{y;" (u, *v,), 2}' (v )3}

= min{min{y )" (u, *v,), 7" (u, *v )b min{w ) ). 7, v ,)}}

M

zmin{(v ) x 2 ) (U xv ), v ) (v x ) vy )Y

That is (n//AM x 7 )(u,u,) > min{(y )" x 2. )
(v ), U, v, ) (v ) x 2 ) v,V )3

Now, if u, =v, = 0, then we have

((//;w x)(:ﬁ )(O,UZ)Z min{(y/;“ x;(:ﬁ)

(0,u, *v,), (v, xx)" )0y ,)} and by using (1) we
get z w,) > min{x) (u, *v,) 7, «,)} =
A-x@,)=min{d-yu,*v,),A-xV,)}=
A-g,)zA-min{yu,*v,), 7V ,)}= .

)z min{x(u,*v,), (v ,)}.

i (p ) <2 ), *v u, *v,) = min-
M
A

v x2) Yuu) (v <2 )v,v )}, put

u, =v, = 0, then we have

(w)' < z))Ou,*v,)=min

(w) <2 )©u,) (v xx,")©v,)} By using (1)

we get
Z;vl (u, »v,)= min{l;w (uz)‘/‘{:n v,)r=

A-yU,xv,)zmin{d-xyu,),1-x(v,)}=

TJPS

AU, *v,)=A-min{y@u,). x(v,)}=,
v, *v,)2min{z(u,), v ,)}. Therefore, , is Fdl
of a. The second part can be checked by similar
way. U
6. FM- o4 -T OF D-ALGEBRAS
This section contains the idea of FM-¢ 4 -T of a D-
algebras.
Definition 6.1 [11] Lety be a FS of o with
ae[0,T] and T=1-sup{w(u):ueQ} Wwhere,
2 €[0,1]. The mapping v " :0 — [0,1] s called
FM- a4 -T of y if it satisfies [ = a -y (u) + 4.
Example 6.1 Consider a D-algebras o which
presented in Example 3.1. The FS  of o is given by
(0.7 wu=0
[0.02 u =0
Then, is a FS-algebra of «o. Here
T=1-sup{y(U):ueQ} = T=1-0.7 = 0.3. Take
a=02c[0,T]and21 =0.4<[0,1]. The mapping

w0 - [0,1] is defined as

(@ (07)+2

0 @-(0.02)+4 u =0

u=20

which satisfies
it’sa FM-a2 -T.
Theorem 6.1 Lety be a FS of o
a e[0,T], 4 e[0,1]With " : 0 - [0,1]is @ FM-a24
-T of . Then, v is a FS-algebra of o iff " isa

FS-algebra of o.
Proof: Since y is a FS-algebra of ¢, then, for each

uv e Qwe have

y ™M —a-y@)+a, VueQ. Then,

where

yusv)zmindy @)y )} =
a-yuUxv)+A2a-minfy (u),yV)}+ 1
>a-minfy W)+ A,w )+ 1}
min{e -y W)+ 4,0 v @)+ 4}
min{y " )., )}
That is y Y (u=v)>min{y " ).y "

A

[\

(v)3}. Hence

™

w " is aFS-algebra of .

Conversely, assume " be a FS-algebra of o,

then, for each u v ¢ @ we have
w2 uev) 2 min{y ' u),w )" (v)} implies
a-yU=*v)+iA>2min{a -y U)+L,a-wV)+ 21}
za -min{y U)y ¢ )3+ 4.
Thatis a -y (u*v)+2>a min{y Uu),y©)}+ 4=
w(u*v)=min{y u),w ). Therefore, y is a FS-
algebra of . O
Theorem 6.2 Lety be a FS of
ae[0,T],2e[0,1]andy " :Q - [0,1]1S @ FM-¢24 -
T of . Then, v is Fdl of o iff " is Fdl of .
Proof: Since y is Fdl of o, then, foreach uv e 0

we have y (0) 2y (u) ,w (u) = min{y (u *v),¥ )}

Q where
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and w (u *v) > min{y ),y (v)}. Thus,

™

Ly@zv@)sav@+izapw+i=sv©zv ).

I w@u)=min{y (U *v),w (V)}=

a-yU)+A>a -min{y (u*v)yvV)I+ 1
>min{a -y U *v )+, -wV)+ A4}
=minfy ' @ xv)w ) @)}

Thatis w [ (u) 2 min{y " (u *v),pw " v)}.

iii. wu=v)2min{y (u),yv v)}=

a-yU=xv)+Az2a-min{y (u),ywvV)}+ 1

[\

min{a -y )+ 4,0 -y )+ 4}
min{y ' W), ©)}.

That is y " (u=v)>min{y " (u),w]" )} Hence

y ' is Fdl of a.

Conversely, assume [ be Fdl of o, then for each

uyv e Q we have

Ly @2y MW= a v @+iza-pu)ei=p(©)2y@).

iy )2 minfy M)y M)

a-yU)+A=>2min{a - wU=*v)+ A, a -w({)+ A}
2a-min{y U *v ),y ¢ )}+ 4.

Thatis o -y (u)+4 > a -min{yw U *v ),y v)}+ 4 Which

implies v (u) = min{y (U *v ),y (v)}.

il w M wsv) > min{y )y N vy

a-yU*v)+A>2min{a -y U)+A,a-w(V)+ A}

zo-minf{y ).y @)+ 4.
Thatis ¢ -w(u *v)+ A2 a -min{y U),w()}+ 1 =
w U =*v)=min{y (u),w ()}. Therefore  is Fdl of

0. U

7. HOMOMORPHISM OF FT AND FM OF
D-ALGEBRAS

In this section, we provided the homomorphism of FT
and FM of a D-algebras and proved some results
which are based on the FS-algebra and Fdl of a D-
algebrasa.

Theorem 7.1 |If
homomorphism with  "is a FT of a FS . Then, the

f . (Q,x0) > (I',*,0)is a d-

pre-image of v [is defined as f (v )= (f (u))
for each u e 0.If y is Fdl of a D-algebrasr, then
f () is Fdl of a D-algebras .

Proof: Sincey is Fdl of a D-algebrasT, then for each
v, v, el there exist u u, e Qsuchthat f u,)=v,
and f (u,)=v,. Thus,
Ly@)zpv)=>yv(0)+azyl,)+a =

py () +azy( ))+a =y (FO)2y (f )=

f )0 2 y )u).

iy ) zmin{y (v, *v,)w,)}
y)+azmin{y (v, *'v,),w{,)}+a

which implies

zmin{y v, *'v,)+a,w@,)+a}
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=min{y | (f (u)*'f (u,).w, (f )}

>min{y, (f (u, *u,))w, (f U,)}

=min{f (y ), *u,).f T,k
Thatis ¢y yw,) > min{f (), *u,)f ),
. y v, *v,)2min{y v,),vv,)}=

(v, *'v,)+azmin{y(v,).wv,)}+a

=y, *'v,)+azmin{fy(v,)+a,yV,)+a}

Sy ) u)+ezminfy (f @) +aw( u,)+al

= p, (f (U, *u,))2mindy [ (f (u).w, (f U,)}

=1 Ny U ruy) 2 mingt D) T ),
Hence, f (v ) is Fdl of a D-algebrasa. U
Theorem 7.2 |If d-
homomorphism with " is a FM of the FS . Then,
the defined as
f 'y")y=w.)(f () foreach u e If y is Fdl of
a D-algebrasr, then t (") is Fdl of a D-algebras

Q.
Proof: Sincey is Fdl of a D-algebrasr, then for each

v, v, el there exist u ,u, e @ suchthat f (u,)=v,
and f (u,)=v,. Thus,

f o (Q,%0) > (I*,00iS a

M

pre-image of y IS

Ly 2pyv)= 2w 2ive,)=
Ay ()2 2w (f )=y, () 2y u)=
F )= f 7w W),
iy )2min{y,*v,)wv,}=
Aoy @)z A-mindy (v, 2V ,) w00}
>min{d -y, *'v,), A v,)}
>min{y ) (F (u)*'f (u,).w, (F (u,)}
>min{y ) (f (u, *u,))p ) (F (u,)}
=min{f (), xu,)f e )Y
That is
£ ) ) uy) = min{ ), ruy) f w3
iii. w,*v,)2min{yv,).wv,)} which implies
Ay, v,z Amindy (v,)w v )}
= Ay, *'v,)z2min{l-y(v,),1-wv{,)}
= Ay (f ) U,) = min{A-w(f @) 2w U}
=y, (f (U, *u,)) = min{y ) (F @)y, (F u,)}
= )y xuy) = mindf Ty ) T ),
Therefore, t 7y )") isFdl of .0
Corollary 7.1 Let f :(Q,*0)— (I',*,0)be a d-
homomorphism with | is a FT of the FS . Then,
the of defined
f 'y )=w.(f ) foreach uea.lf y isa FS-
algebra of a D-algebrast,then f *(y[) is a FS-
algebra of a D-algebras a.

pre-image ylis as
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Proof: Sincey is a FS-algebra of a D-algebrasr, then
for each v, v, er there exist u ,u, e @ such that
fu,)=v,, f@u,=v, Thus,

w W, *'v,)2min{y v,),v ()}

=y, *'v,)+azmin{y(v,)vV,)}+a

=y, *xv,)+azmin{y(vV)+a,y(V,) +a}

=Sy ) f U,))+azmin{y (f u))+a.y( (u,)+a}

= p (U, *u,)) = mindy [ (F @), (f ,))}

= f ) xuy) 2 mind Ty )W) f T D))
Therefore f (v ) is a FS-algebra of a D-algebras
0.0

Corollary 7.2 Let f :(Q,#0)— (r,+,0)be a d-
homomorphism with )" is a FM of the FS . Then,
the defined
f w))=v)(f () foreach uea.lf y isaFS-
algebra of a D-algebrasr,then f *(y ") is a FS-

algebra of a D-algebras a.
Proof: Sincey is a FS-algebra of a D-algebrasr, then

for each v, v, T there exist u, u, e Q such that
and Thus, we have

pre-image of y s as

fu,)=v, f(u,)=v,.
(v, *'v,)2min{y (v,),v,)}
= 2w, *'v,) 2 A-min{y @) ,)}

= Ay, xv,)zmin{i-yVv,),1-w({,)}

= Ay (u)*"f (u,))zmin{d -y (f (u)), 2 v (u,))}
=y (U xu)) 2 mingy (@) ) (F @)}

= F 7y Fu) 2 mindf T W) Ty e,
Therefore ¢ " (y ") isaFS-algebra of o. U
Definition 7.1 Let f : — o be an endomorphism
andy [ be a FT of a FS y of a D-algebras . Then,
W), FS by
w,), (W)= ) @) =w(f @) +a foreach
ueanda [0, T].

Definition 7.2 Let f : — o be an endomorphism
andy " be a FM of a FS  of a D-algebras o. Then,
(v, is a new FS of o defined by
W), W)= ) @) =2y ) foreach ueaand
2 e[0,1].

Theorem 7.3 Let f : @ — o be an endomorphism of
a D-algebras . If  is Fdl of o, then (), is Fdl

of a D-algebrasq.
Proof: Let u,v € @, then

L) =yl @)=y (@) +azyp )
va =y (f W)= U= ) 0)=,) u).
i), W=y, U=y U)+a
>min{y (f (u*v ),y (f (v)}+a

>min{fy (f W*v)+a,w(f V))+a}

>min{y | (f (u*v),p ] (f ¢)}

=min{(y,), (U =v) (v)), &)}

is a new of « defined
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Thatis (), ()= min{(y ), (*v),(¥,), )}

i )), @)=y @)=y @) ta
zmin{y (f @)y (f ¢)}+a

zmin{y (f W) +a,yv(f ())+a}

= min{y [ (f @)y, (f @)}

=min{(w ), @), (v, )}

Thatis (), @ »v) = min{(w]), @).(w]), v)}.
Therefore, (v ), is Fdl of a D-algebrasa. U
Theorem 7.4 Let f : o — o be an endomorphism of
a D-algebras o. If y is Fdl of o, then ('), is Fdl

of a D-algebrasa.
Proof: Let u,v e @, then

o™y, () =y " (F () = 2w (f (0)> Ay (f (u))
vl =w @)= w0z v, .
i), W=w)FU)=2y( )

= A-min{y (f (u*v)),w (f (v))}

>min{A -y (f (u*v)),A-w(f ()}

>min{y ) (f @ *v)).pw) (f &N}

=min{(y)), (u*v),(w.)), v)}

Thatis (v "), (u)=min{(y "), =*v),(w;), &)}
. (w)), Wxv)=w) (f U=v))

=A-y(f (Uu=*v))>A-min{y (f (u)),w( (v)}
min{l -y (f W)),A-w (f ¢))}
min{y " (f @)).w) (f v )}
min{(y '), ), (w;"), )}
Thatis (4!, (u*v) 2= min{(w ), @).(w)), @)}
Therefore, (v "), is Fdl of a D-algebrasq. U
Theorem 7.5 Let

epimorphism. If (), is Fdl of a D-algebras o, then
w is Fdl of a D-algebrasr.

[\

v

f

f:(Q,%0) > (I',+,0)be an

Proof: Since (), is Fdl of D-algebrasq, then for
each there exist v v, ersuch that
fu,)=v,and f u,) =v,. Thus,

LD, @), u)= ] (FO)2y](u)=

y(E O +azpyE,)ra=ypO)2yy,).

i), w)=min{w]), U, *u) @), )=

wo(F )= min{y ] (f (u,*u,)),w ] (f u,))}=

v (u))+axmin{y (f (u)*"f (u,))+a,y{ (u,))

+tay=ypyV,)+tazmin{y vV, *'v,)yV,)}+a =

u, e Q

ul 2

p(v,) = min{y (v, *'v,).w )}

. ], @, u,) 2 min{w ), @), ), U,)r=

wo(f u,xu)) 2 mindy [ (F () (f @,)}=

p(f )+ f U,))+azminfy (f (u,)+a,w(f U,)
+a}y=>ypy W, *v,)+azmin{y(v,) vV, )}+a=

w v, *'v,)2min{y (v,),w (v,)}. Therefore, v is Fdl
of a D-algebrasr. U
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Theorem 7.6 Let

epimorphism.  If (v "), is Fdl of a D-algebrasq,
theny is Fdl of a D-algebrasr.

f o (Q,%0) > (I +,0)be an

Proof: Since (v "), is Fdl of a D-algebras o, then for
each u, e o there exist v, v e<rsuch that

ul’ 2 1'" 2

f(u)=v,and f @u,)=v,. Thus,

L), @2, w)=yld )2yl u)=
Ay ()2 2w,)=y(0)2y@,).

i), )2 minge ), ©,xu). 0", @)=

w () = mindy ) (F (uxu,)) ) (F ()=

Aey (FU)) 2 min{A-p (f u)*'f (u,) 4w (f u,)}=
Ay @)z a-min{y (v, +'v,)w @ ,)}=

y @)z minfy (v, *'v,),w (v,)}.

il ), @, xu) 2 min{w ), @) w)), @)=

w ! (F (U xu)) = mindy M (F @)y ) (F )} =

Aoy (F ) *'f U,))2min{d -y (f )2y u,)}r=
Aoy, r'vy) 2z a-mindy v,) (v ,)} =

w W, *'v,)>min{y ,),w(,)} Therefore, v is Fdl
of a D-algebrasr. U
Theorem 7.7 Let
homomorphism. If

f 1 (Q,x0) > ([*,0)be a d-
is Fdl of a D-algebrasr, then
(v ), is Fdl of a D-algebras .

Proof: Since y is Fdl of a D-algebrasr, then for

each v, e T there exist such that

1 2

f(u)=v,and f @u,)=v,. Thus,

\Y u,u, eQ

Ly 2pe,)=sp@)+a>pl)+a=

(O +a 2y u))+a =y (fO)2y (fu))=
W), 0)=()), (u,).

ii. yv)zmin{y (v, *'v,)yV,)}=

yV)+azmin{y (v, *'v,),y(v,)}+a=
y)+azminfy (v, *v,)+a.pyv,)+at=

vo @)z mingy [ (F u)*'f (u))w ] (F (u,)}=
W), ) =min{(y,), (u,*u,) (w]), U}
iy (v, *'v,) 2min{y(v), w(v,)} implies

y (v, *'v,)+az2min{y v,), vV, }+a =
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