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ABSTRACT: This research analyses the correlation that exists between fuzzy T-ABSO and fuzzy socle. To answer
this question, we define a new concept called, fuzzy socle T-ABSO submodules. Results showed many properties
that satisfied the new notion. In addition, we applied some algebra operations and found the relationship between
fuzzy T-ABSO and fuzzy socle -T-ABSO. We also investigated the structure of fuzzy socle T-ABSO sub- modules of
a module under fuzzy direct sum, homomorphic image and intersection. Moreover, the relation between fuzzy socle
T-ABSO sub-module and other types of fuzzy sub-module was presented. The implications of this study could be
used to define new concepts that depend on fuzzy socle T-ABSO concepts.
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In 1965, Zadeh [1] presented a fuzzy subset A of X as a function from X to the unit interval [0,1]. The theory of fuzzy
sets has been developed in many fields since then. Artificial intelligence, computer science, medicine, control engineering,
decision theory, expert systems, logic and other fields can all benefit from this idea. The concept of fuzzy sets was first
employed in algebra, which was one of the first branches of pure mathematics. In 1971, Rosenfeld [2] provided the fuzzy
subgroupoid and fuzzy subgroups. The concepts of fuzzy modules and fuzzy submodules were first introduced by Negoita
and Ralescu in 1975 [3]. Consequently, fuzzy finitely generated submodules, fuzzy quotient modules [4], radical of fuzzy
submodules and primary fuzzy submodules [5, 6] were investigated and Saikia and Kalita [7] established fuzzy essential
submodules and looked into their different properties.

All rings are commutative with identity in this article, and all modules are unitary. Prime submodules [8, 9] play an
important turn in module theory over a commutative ring. Ali [10] established the notion of approximately submodule:
Let M be an (R-module. A submodule H of M is said to be app-prime if rx € H, where r € (R and x € M, implies that
either xe M +Soc(M)orre[H+Soc(M) :x M], where Soc(M) is the sum of all simple submodules of M’. Rabi [11], in
(2001), generalised this concept to a prime fuzzy submodule: Let X be a F-module of an R-module M, A F-submodule
U of X is called prime if rpm; C U,with rpis F-singleton of R and m,is a F-singleton of X, implying that either m, C Uor
rp, C[U :¢ X] foreacht,be[0,1].

Wafaa presented the concept of T-Absorbing fuzzy submodule: Let X be a F-module of an R-module M, A F-
submodule U of X is called T-ABSO if s,r,m; C U,where sy, ryare F-singletons of R and myis a F-singleton of X,
implying that either rpm; C U or sym, C Uor s4rp C [U : ¢ X] for each t,q,b € [0, 1]'[12].

The concept of T-Absorbing fuzzy submodule is generalised in this article to fuzzy Socle T-Absorbing submodule. This
article consists of two sections. In section one, we provide some basic definitions and properties that we needed in the next
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section. In section two, many basic properties, characterisations and outcomes of fuzzy Socle T-Absorbing submodule are
studied.
Note: We denote fuzzy Socle T-Absorbing submodule by F-Soc-T-ABSO submodule.

2. PRELIMINARIES

There are various definitions and characteristics in this section of F-sets, F-modules and prime F-sub-modules.

Definition 2.1. [/]
Let D be a set that isn’t empty and I be the interval that is closed|0, 1]of real numbers. A F-set B in D (a F -subset of
D) is a function from D into I.

Definition 2.2. [/]
A F-set B of a set D is said to be F-constant if B(x) =t, Yx € Dt € [0,1]

Definition 2.3. [1]
Let x; : D — [0,1] be a F-set in D, where x €D , t € [0, 1] defined by:

|t ifx=y
Xz(y)—{ 0 ifx+#y

forally € D. x; is said to be a F -singleton or F -point in D.

Definition 2.4. [13]
Let Bbe a F-setis D, forall t € [0, 1], the set B; = {x € D; B(x) > t} is said to be a level subset of B.
Keep in mind that, B; is a subset of D in the ordinary sense.

Definition 2.5. [/4]
If C is a F -module of an R-module M, then the sub-module C:of M is called the level
sub-module of M where t € [0, 1].

Remark 2.6. [15]
Let A and B be two F-sets in S, then:
1- A =Bifandonly if A(x) = B(x) .
2- ACBifandonly if A(x) < B(x).
3- A=Bifandonly if A; = B; .
If A < B and there exist x €S such that A(x) < B(x), then A is a proper F-subset of B and written as A < B.
By part (2), we can deduce that x;, C A if and only if A(x) >t .

Definition 2.7. [15]
If M be an R-module. A F-set X of M is called F-module of an R-module M if :
1- X(x—y)=2min{X (x),X(y), forallx,y € M}.
2-  X(rx) = X(x) forallx € Mandr € R.
3- XO0)=1

Definition 2.8. [/6]
Let X and A be two F -modules of R-module M. A is said to be a F -sub-module of X if A C X.

Proposition 2.9. []3]
Let A be a F -set of an R-module M. Then the level subset A;, t € [0, 1] is a sub-module of
M if A is a F -sub-module of X where X is a F -module of an (R-module M.
Now, we’ll go over various F -sub-module attributes that will be useful in the next section.

Lemma 2.10. [15]
If ry be a F-singleton of R and A be a F-module of an R-module M.Then for any w € M

_ | sup{inf(t,A(x))} :ifw=rx} forsomex e M
(riA) (w) = { 0 otherwise
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Definition 2.11. [15]

Let A and B be two F -sub-modules of a F-module X. The residual quotient of A and B denoted by (A : B) is the
F-subset of R defined by:

(A:B)(r)=sup{te[0,1]:rBC A}, forallr € R. That (A : B) = {r; : 1B C A;riisa¥ — singletonofR}. If B = (xy), then
(A (xxy) ={ry s rexp C Asriisa¥ — singletono fR).

Lemma 2.12. [11]
Let A be a F -sub-module of F-module X, (A; : X;) = (A : X), Forallt€ [0, 1].
Also , we can prove that by Lemma 2.3.3.[9].
It follows that if, X =A®B, for A, B< X then X;=(A®B); =A;®B,.

Definition 2.13. [14]
Let f be a mapping from a set M into a set N, let A be F -set in M. The image of A denoted by f (A) is the F-set in N
defined by:

supl{A(2):ze f71 () # 2 for all yeN
0 otherwise

f(A)(y)={

Note that, if f is a bijective mapping, then f(A)(y) = A(f~ ()

Proposition 2.14. [17]
Let A be a F -sub-module of a F -module X, then: f (A) is a F-sub-module of Y.

Definition 2.15. [18]
A F-subset K of a ring R is called a F-ideal of R, if ¥V x,ye R :
I- K(x—-y) 2 min{K (x),K (y)} .
2- K(xy) = max{K (x),K (y)} .

Definition 2.16. [19]
Let X be a F-module of an R-module M, let A be a F-sub-module of X and K be a F -ideal of R, the product KA of
K and A is defined by:

KA(x) = sup{inf{K(r1),....,K(ry),A(x1),...,A(xp)}} forsomer; € R,x; € M,n€ N
Y10 otherwise

Note that KA is a & -sub-module of X, and (KA), = K;A; ¥t € [0, 1].

Definition 2.17. [11]
Let X be a F-module of an R-module M, A F -sub-module U of X is called completely prime if whenever rpm; C U,with
rp # 01 is F-singleton of R and myis a F-singleton of X, implies that m; C U for each t,b € [0,1].

Definition 2.18. [15]
Let A and B be two F -sub-modules of an R-module M. The addition A +B is defined by:

(A+ B)(x) =sup{inf{A(y), B(9)}withx =y +z, forallx,y,z € M}.
Furthermore, A +B is a F-sub-module of an R-module M.

Corollary 2.19. [16]
If X is a F-module of an R-module M and x; C X, then for all F -singleton ry of R, ryx, = (rx),, where A = min{t,k}.

Proposition 2.20. [15]
Let A and B be two F -sub-modules of a F-module X of an R-module M. Then (A : B) is a F-ideal of R.

Proposition 2.21. [20]
Let f : M — N be an R-homomorphisim, then f(Soc(M)) C Soc(N).

Definition 2.22. /21, 22]
Let X be a F-module of an R-module M, X is called F -simple if and only if X has no proper F -sub-modules (in fact X
is F-simple if and only if X has only itself and 01).
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Definition 2.23. [23]

A F-module X is called semi-simple if X is a summation of simple F -sub-modules of X .

Moreover, the F-socle of X is sum of simple F-sub-module of X and denoted by F — Soc(X). That is X is called
semi-simple if X = F — S oc(X).

Definition 2.24. [1]]
Let X be a F-module of an R-module M, X is said to be faithful if F —annX = 0. Where F —annX = {r; : r;x; =
01; forallx; € Xandribea™ — singletono fRR).

Definition 2.25. [12]
Let X be a F -module of an R-module M, X is said to be cancellative if whenever rix; = ryg forall x;,y; C Xandrbea™ —
singletono f(R then x; =y, .

Definition 2.26. [12]

A proper F -sub-module U of a F-module X of an R-module M is called T-ABSO F -sub-module of X if sqr,m; C
U,where ry,, s, are F -singletons of R and m; is a F -singleton of X implies that either syr, C [U :g X] or rym; C U or
sqm; € Ufor each t,b,q €[0,1].

Definition 2.27. [1]]
A F -sub-module N of a F-module X of an R-module M is called weakly pure F -sub-module of X if for any F -singleton
rpof R, implies that rpN = rpX NN with b € [0,1].

Lemma 2.28. [24]
let X be a 5 -module of an R-module M and let A,B and C are F -sub-modules of X such that C C B. Then C+(B(\A)=
(C+A)NB.

Proposition 2.29. [25]
If M be a faithful multiplication R-module, then Soc(R)M =S oc(M)

Definition 2.30. [26]
Let X be a F-module of an R- module M. X is called a multiplication F -module if and only if for each F -sub-module
A of X ,there exists a F-ideal K of R such that A = KX.

Proposition 2.31. [24, 27]

A F-module X of an R-module M is multiplication if and only if every non-empty F -sub-module A of X such that
A=ARX)X.

Keep in mind that a sub-module V of (R-module M is called an essential if HN'V # 0.

For non-trivial sub-module H of M [28].

The following definition was introduced by Rabi [11] : Let X be a #-module of an /R-module M. A F-sub-module A
of X is called an essential if AN B # 0y, for nontrivial F-sub-module B of X.

Finally, (shortly fuzzy set, fuzzy sub-module, fuzzy ideal, fuzzy module, fuzzy T-ABSO and fuzzy singleton is F-set,
HF-sub-module,F-ideal , ¥ -module, F-T-ABSO and F-singleton)."

3. FUZZY SOC-T-ABSO SUB-MODULES

In this section, we offer the concept of a F-Soc-T-ABSO sub-module as a generalisation of ordinary concept (Soc-T-
ABSO Sub-module). Some characterisations of F-Soc-T-ABSO sub-module are introduced.

Definition 3.1. A proper & -sub-module U of a & -module X of an R-module M is called a F-Socle T-Absorbing ( for short
F-Soc-T-ABSO) sub-module of X if whenever s rym; C U,where ry, s, are & -singletons of R and m, is a F -singleton of
X implies that either sqrpy C [U+F —Soc(X) 1@ X] or rym; CU+F =Soc(X) or sqm; C U +F —Soc(X) for each
t,b,q €[0,1].

Furthermore, A proper 5 -ideal L of R is called a F-Socle T-Absorbing ( for short F-Soc-T-ABSO) ideal of R if
whenever syr,c, € U,where rp,5, and cy, are F-singletons of R implies that either s,r, C L+5 —Soc(RR) or ryc, ©
L+5 —=Soc(R) or syc, € L+F —Soc(R) for each h,b,q€0,1].

While, a sub-module H of R-module M is called Socle T- Absorbing ( for shortSoc-T-ABSO) sub-module of M if
whenever srm € H, where r,s € (R and m € H implies that either sm € H+Soc(M) or rmeH+Soc(M) or
rse[H+Soc(M) :x M].

We will adopt the definition of a F -socle of X in this research as follows:
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such that : F —Soc(X): M — [0,1]

1 if meSoc(M)

h if mg¢Soc(M) withO<h <1

F —Soc(X)(m) = {

Lemma 3.2. for any F-module X for each t€ (0, 1] with (F —S oc(X)); # X; (F =S oc (X)), = S oc(X;)

Lemma 3.3. Let X be a F-module of an R-module M with X(m)=1 for each m € M, if U is a F -sub-module of X defined
by U : M — [0, 1] such that :

1 if meH
U(m)_{c if me¢H

Where H is a sub-module of M. Then U is a 5 -Soc-T-ABSO sub-module of X if and only if H is Soc-T-ABSO sub-module
of M.

withO<c< 1

Proof. First of all, we must define U + F — S oc(X).
(U+F =Soc(X))(m) = sup{min(U (y),F —=Soc(X)(2)),y+z=m}
So, we have

(U+5—Smﬂ0mm={1 if meH+Soc(M)

d if megH+Soc(M) with d = max{k,h)}

Now,

Suppose H is T-ABSO sub-module of M, to prove that U is a #-Soc-T-ABSO sub-module of X. Assume s,r,x, C U,
for x; € X and s, rp € R, where g,k,b € [0,1] that is either srx € U or srx ¢ U

either s,xx CU+F —Soc(X) or rpx CU+TF =Soc(X) 541, CIU+TF =Soc(X) :z X]

1) If srx € H, then either sx € H+Soc(M) or rx e H+Soc(M) or sr e (H+Soc(M) : M). If sx € H+ S oc(M) thus
(U+F =Soc(X))(sx) =1 this implies sgx; = (sx); € (sx)1 € U+F —Soc(X).Similarly in the case, if rx € H+Soc(M)
we get rpxx S U+TF =Soc(X). If sr e (H+Soc(M): M), let m, € X with p € [0,1], then s;rpm, = (srm); where J =
min{q,b, p} but srm € H+Soc(M). That is (srm); C (srx); € U +F =S oc(X), therefore s,rpx, € U +F =S oc(X) that’s
mean s,rp € [U+F =Soc(X) : X].

2)If srx ¢ H then U (srx) = ¢ with sx ¢ H thus U (sx) = c. Since s4rpx; € U then (srx); € U where 1= min{q, b, k}, that
is U(srx) =] thus ¢ > Jhus is . Now, if J =k this implies (sx); C (sx) CUCU+F —Soc(X). If I=b, U(n) = k for any
n€ M, and:

b if n=sra

(sqrpXm)(n) = { 0 otherwise for some ae M

Then we get (sqrpXpr) (n) < U(n), hence s,7,Xy €U C U +F —Soc(X) that’s mean sy, C [U+F —Soc(X) : X].

Therefore U is a F-Soc-T-ABSO sub-module of X.

Conversely

Suppose U is a F-Soc-T-ABSO of X. Let zvy € U, , with z,ve R and y € X, it follows that (zvx); C U, that is
zevix; C U. But U is a F-Soc-T-ABSO of X, then either z,x; CU+F —Soc(X) or vix; CU+F —Soc(X) or zv; C
[U+5 —Soc(X) :g X]. Thus we get either (U +F —Soc(X))(zx) >t or (U+F —=Soc(X))(vx)>tor (U+F -Soc(X) g
X)(zv) = t, hence by (Lemma 1.12) and (Lemma 2.2) either zx € (U +F —Soc (X)), = U; +(F =S oc (X)), = Uy + S oc(X})
orvx e (U+F -Soc(X),=U;+Soc(X;) or zve(U+F =Soc(X) g X), S(U+F-Soc(X)); rX;)=U;+(F -Soc
X)); :r Xy) = (U + S 0c(Xy) :g X;). Therefor we have either zx € U;+Soc(X;) orzxe U;+Soc(X;) or zve (Us+Soc(Xy) :
rX;). That’s mean U, is T-ABSO sub-module of X; .

For every t > 0 with U, # M, hence U; = H is T-ABSO sub-module of M.

Remark 3.4. (1) The following example show that sum of T-ABSO F -sub-module is need not to be T-ABSO F -sub-module
Let X:M—|0, 1] such that with X(m)=1 for each m € M = Z It is obvious that X be F. M. of Z-M. Z.
Let U: Z—[0,1] such that

if me2z

1 .
U(m)={k if m¢az withQ <k <1
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Let V: Z—[0,1] such that

(1 if me3z |
V(m)—{ b if m¢3z with0<h < 1

That’s clear U and V are a F- sub-module of X .

Now, Uy =2Z, Vi = 3Z where Uy and Viare Soc-T-ABSO submodules of Z, but Uy + V| = Z = X1is not Soc-T-ABSO
subm. hence A+B=X is not & -Soc-T-ABSO submodule

(2) The intersection of two T-ABSO F- sub-module need not be T-ABSO F- sub-module, for example:

Let X:M—0,1] such that with X(m)=1 for each m € M = Z It is obvious that X be F -module of an Z-module Z

Let U: Z—0,1] such that

(1 if mel2z
U(m)—{k if m¢12z with0 <k < 1

Let V: Z—[0,1] such that

_ if meldZ
V(’”)‘{h if m¢10Z

That’s clear U and V are a F- sub-module of X .

Now, Uy = 12Z, Vi = 10Z where U, and Viare Soc-T-ABSO sub-modules of Z, but Uy NV = 120Zis not Soc-T-ABSO
sub-module since 2.6.10€120Z, but 2.10¢120Z + Soc(Z) =120Z, 6.10¢120Z + Soc(Z) =120Z and 2.6¢120Z + Soc(Z)
=120Z.

Hence U and V are two F-Soc-T-ABSO F -sub-module, but ANB is not F-T-ABSO F- sub-module

withO<h<1

Proposition 3.5. Let U is F-Soc-T-ABSO F -sub-module of F. M. X of an R-M with & —S oc(X) = F —Soc(V)., then for
each VCX, either VCU or VNU is F-Soc-T-ABSO F -sub-module of V.

Proof. suppose that VZU then VNUCV . Let sqryme S VNU where 1,5, are F-singletons of R and m; CV, implies
sqr,m; CU. But U is F-Soc-T-ABSO F- sub-module, hence either s,r, C[U +F =S oc(X) :x X] or rym, C U +F =S 0c(X)
or sgm; € U +F —Soc(X). Then either syrp, C[(U+F =Soc(V)NV+F =Soc(V)):g V]or rpm; C(U+F =Soc(V))N
(V+F =Soc(V))or sgm; C(U+F =Soc(V)N(V+TF —=Soc(V)).ButF —Soc(V)CV, so we have either 5,7, C[(VNU)+
F=Soc(V):g Vlorrym; C(VNU)+F =Soc(V) or sym; €(VNU)+F —Soc(V) Thus VNU is T-ABSO F- sub-module
of V.

Proposition 3.6. Let U and V are F-sub-modules of a F-module X of an R-module M with V is F-T-ABSO prime
sub-module of X. Then [U :g V] is F-Soc-T-ABSO ideal of R.

Proof. Suppose that Sqrpa, S LU iz V], for s4,7p,ar € R, where g,k,b €[0,1]. ,thus sqrakV € U.So we have, s;rp(arV) €
U, but V is F-T-ABSO sub-module of X. thus either s,(axV) C U or rp(arV) C U or syrpX C U, therefore either s;ay C
[U:wig VICIU: g VI+F =Soc(R) or rpa; C[U:g VI+F —Soc(R) or syrp € [U :g VI+F —Soc(R). That’s mean
[U :x V]is a F-Soc-T-ABSO ideal of R.

Remark 3.7. Every F-Soc-prime submodule of a & -module X of an R-module M is F-Soc-T-ABSO submodule.

Proof. Let U be a F-Soc-prime submodule of X with sqrymy €U for 7,5, are F-singletons of R and m; CX. that
is (sr)my = (sqrp)m; € U with k = min{q,b}, but U is a F-Soc-prime submodule of X then either (sr); C [U + F -
Soc(X) :z X] or m; CU+F —Soc(X), that’s mean either s,rp € [U+F —Soc(X) :x X] or rpm; €U +F —So0c(X) and
sqm; CU+F = Soc(X).

Remark 3.8. Every &-T-ABSO sub-module is & -Soc-T-ABSO sub-module , but the converse is not true .
Proof. Suppose U be a F-T-ABSO sub-module of a F-module X of an R-module M and s,r, x, C U, for x; C X and

sq>-Tp © R, where g,k,b € [0,1]. Since U is a F-T-ABSO sub-module, then we get either rpx; C U C U +F - Soc(X) or
sgxk CU+TF =Soc(X) or sgrpX € U+F =S o0c(X). Therefore U is a F-Soc-T-ABSO sub-module.

The following example show that the converse is not true
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Example 3.9. Consider M =Z3 as a Z-module and X : M — [0,1], U : M — [0, 1] defined by:

X(m)=1 imeZlg

1 if me(D)
U(m)_{l/z if mg(0)

And a F -socle of X defined by F — S oc(X) : M — [0, 1] such that :

1 | e(3
F —Soc(X)(m) = if m (3)_
1/4 if me(3)
Where Soc(M) = <§> That’s clear X is a F -module and U be a F -sub-module of X.
<(_)> is Soc-T-ABSO sub-module of M, so by (Lemma 2.3) we get U is a 5 -Soc-semi-prime sub-module of X.
Now, [(0) : Zis| = 18Z . So we define [U : X]
) ! if mel8Z
[U"RX](’”)‘{ 1/3 if mg 18z
But U is not a F-T-ABSO sub-module of X, since for a F -singleton 3% C X and a F -singletons 2% ,2% of R such that
212131 =01 where 0; C U since U(0)=1> 1. but2131 =6, ¢ U since U(6)=1%# 3 and2,31 =6, ¢ U since
57 4 7 7 501 5 771 7
U©)=1%3% and 2,2y =4, ¢[U :q X] since [U :q X1(4) = 1#4
Hence, U is not a F-T-ABSO sub-module of X.

Remark 3.10. Let U be a F - sub-module of X, if ( U+ F —Soc(X) ) is a F-T-ABSO sub-module of X. Then U is a
F-Soc-T-ABSO sub-module of X.

Proof. Assume s,r,x, C U, for x; € X and 54,7, € R. hence syr,x, CU+F —Soc(X) , but (U+F —Soc(X)) is a
F-T-ABSO sub-module of X. So we have either r,x, CU+F —=Soc(X) = [U+F —Soc(X)|+F —Soc(X) or sgx; C
U+F=SocX)=[U+TF -Soc(X)|+TF -Soc(X)or sqrpX CU+TF =Soc(X) = [U+TF —-Soc(X)]+F —Soc(X). That’s
mean U is a F-Soc-T-ABSO sub-module of X.

Remark 3.11. Every completely F -sub-module of a F-module X of an R-module M is F-Soc-T-ABSO sub-module of X,
but the converse is not true .

Proof. We take U as a completely F-sub-module of X where Sqlymy © U, for rp, s € R,m; € X,where gq,t,b € [0,1].Now,
if rp =0y then rpm; =0, C0; CU+F =S oc(X).we get U is F-Soc-T-ABSO sub-module of X. If r;, # 0y,thus s,4(r,m;) C U,
we get sq(rm) , €U where d = min{b,1}.Now, since U is completely F-sub-module of X, then we have (rm); C U C
U+F —-Soc(X),thus rpm; CU+F —Soc(X). Therefore U is a F-Soc-T-ABSO sub-module.

The following example show that the converse is not true

Example 3.12. Consider M =Z as a Z-module and X : M — [0,1], U : M — [0, 1] defined by:

X(m)=1  if meZ

(1 if me2z
U(’")‘{ 1/4 if me2z

And a F -socle of X defined by F — S oc(X) : M — [0, 1] such that :

F—-Soc(X)(m) = { }/3 ifi]r‘n reﬂ{g}{()}
(U+F =Soc(X)(m) = { }/3 ifi? renzeZZZ

Where S oc(M) ={0}. That’s clear X is a F-module and U be a F-sub-module of X.
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27 is T-ABSO sub-module of M, so by (Lemma 2.3) we get U is a F-Soc- T-ABSO sub-module of X.
But U is not completely F -sub-module of X, since for a F-singleton 5 1 C X and a F -singleton 2 1 of R such that
2,5, =10y where 10, CU since U(0)=1> 3. but 5, U since U(5)= 7% 5.

2
Hence, U is not completely 5 -sub-module of X.

Proposition 3.13. Let U be a F-sub-module of a F-module X of an R-module M, Then U is a F-Soc-T-ABSO sub-
module of X if and only if V F-sub-module D of X and every F -singletons s4,rp of R with s,rpSCU , implies that either
sqD CU+F—~Soc(X) orrpD CU+F—Soc(X) or sqrpX CU + F —Soc(X)

Proof. (=) Let s,r,S €U , for S is a F-sub-module of X and s,,7, are F-singletons of R, So for every y, €S , we
have s,rpyn € U get ve ine .But U is F-Soc-T-ABSO sub-module of X, implies that either r,y, C U +F — Soc(X) or
cpyn CU+TF =Soc(X) or cprpX C U +F —Soc(X). That is, either 5,8 C U +F —Soc(X) or r,§ €U+ F —Soc(X) or
sqrpX CU+F—Soc(X).

(&) Let cprpx; C U for cp,rp, € R and x; € X then ¢prp (x;) C U, that is by hypothesis we get either ¢, (x;) CU +F —
Soc(X) or rp{x;) CU+F —Soc(X) or cprpX C U +F —Soc(X). Then, either rpx; CU+F —Soc(X) or cpx; CU+F —
Soc(X)or cprpX CU+F —Soc(X) . That’s mean U is a F-Soc-T-ABSO sub-module of X.

Proposition 3.14. Let U be a F-Soc-T-ABSO sub-module of a F-module X of an R-module M, Then U is a F-Soc-
T-ABSO sub-module of X if and only if ¥ F-sub-module S of X and a F-ideal J of R with JKSCU, implies either
JS CU+F—-So0c(X) orKS CU+F—-Soc(X)or JKXCU+F —Soc(X)

Proof. (=) Assume that JKS CU , for S is a F-sub-module of X and J,K are F-ideals of (R, So for every ¢, C J and
r, €K we get cprpS C U get ve ine .But U is F-Soc-T-ABSO sub-module of X, so by proposition(2.11) implies that
either r,S CU+F —Soc(X) orcyS CU+F —Soc(X) or cprpX C U +F — S oc(X). Therefore, either JS C U +F — S oc(X)
or KS CU+F—-Soc(X)or JKXCU+F—-Soc(X).

(&) Let cprpx; € U for cp,rp € R and x; € X then (cp)(rp){x;) € U, that is by hypothesis we get either {(c;){x;) C
U+F —Soc(X) or (rp){x;) CU+F —Soc(X) or {cp){rp) X C U+ F —Soc(X). Thus, either rpx;, C U +F — Soc(X) or
X CU+F —=Soc(X) or cprpyX CU+F —Soc(X) . That’s mean U is a F-Soc-T-ABSO sub-module of X.

Corollary 3.15. (1) If L is a F-ideal of R. Then L is a F-Soc-T-ABSO ideal of R if and only if V F-ideal K of R and
every F -singletons sq,ry of R with sqry KCL , implies that either s,K C L+ F —Soc(R) or r,K € L+ F —Soc(R) or
sq7p € K+ F —So0c(R)

(2) L is a F-Soc-T-ABSO ideal of R if and only if ¥ F-ideals K,P and J of R with PJKCL , implies that either
PKCL+F—-Soc(R) or JKCL+F—-Soc(R)or PJCK+F—-Soc(R)

Proof. Similarly as proof of Propositions 2.13 and 2.14.

Remark 3.16. If U is a F-Soc-T-ABSO sub-module of 5 -module X, with & —Soc(X) C U. Then U is - T-ABSO sub-
module.

Proof. Assume that U is a F-Soc- T-ABSO sub-module of a &-module X of an R-module M. Let s,r,x, C U, for
5qTp € R,x, € X,where g,k,b € [0,1]. Since U is a F-Soc-T-ABSO sub-module, thus either s,x; € U + F —Soc(X) or
1pX CU+F—=Soc(X)or s;rpX CU+F—Soc(X) but 5 —Soc(X)C U. Hence U is a F-T-ABSO sub-module.

Corollary 3.17. If U is a F-Soc-T-ABSO sub-module of 5 -module X, with U be an F -essential sub-module of X. Then U
is a F-T-ABSO sub-module.

Proof. Since U be an F-essential sub-module of X, then by definition of F-socle we have F —Soc(X) C U and by
(Remark 2.16) that’s complete the proof.

Corollary 3.18. If U is a 5 -sub-module of 5 -module X, with & —Soc(X) C U. Then U is a F-T-ABSO sub-module of X
if and only if U is a F-T-ABSO sub-module of X.

Proof. Consequently from (Remark 2.8) and (Remark 2.16).

Remark 3.19. Let U and V are F-sub-modules of F-module X. If U+V is a F-T-ABSO sub-module of X with V C
F —Soc(X), then U is a F-Soc-T-ABSO sub-module of X.
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Proof. By ( definition 1.18 ) then U+V is a F-sub-module of X. Now, let Sql%, S U, for s4,7p € R,x; € X,where
q,k,b € [0, 1]. this implies SqlXk S U+V.But U+V is a F-T-ABSO sub-module of X, therefore either s,x; CU +V C
U+F-Soc(X) orrpx; CU+V CU+F—-Soc(X) or sqrip X CU+V C U+ F—Soc(X). That is U is a F-Soc-T-ABSO
sub-module of X.

Theorem 3.20. Any F-sub-module of semi-simple 5 -module X is a F-Soc-T-ABSO sub-module of X.

Proof. If U is a F-sub-module of a F-module X of an R-module M. Let sqrymy S U, for rp,5, € R,m; € X,where
q,t,b € [0,1]. But X is semi-simple F-module, thus X = F —Soc(X). We have m; C X =F —Soc(X) CU +F — S oc(X),
this implies rpm; C rpX = rpF —Soc(X) Crpy(U+F —=Soc(X)) CU+F —Soc(X) that’s mean U is a F-Soc-T-ABSO
sub-module of X.

Lemma 3.21. (A &P B) +F - SOC(X@ Y) =(A+F-Soc(X))@P (B+F-Soc(Y)) forevery F-sub-modules A and B of
F-modules X and Y respectively.

Proposition 3.22. If U and V are F -sub-modules of F-modules X and Y respectively, then
1) Uis a F-Soc-T-ABSO sub-module of X if and only if U P Y is a F-Soc-T-ABSO sub-module of X P Y.
2) Vis a F-Soc-T-ABSO sub-module of X if and only if XV is a F-Soc-T-ABSO sub-module of X Y.

Proof. 1) Assume that U is a F-Soc-T-ABSO sub-module of X , s,,r, are F-singletons of R and (x;,y,) C Xy
where g,b,t,p € [0, 1]such that s,r,(x:,y,) C U@ Y. This implies s,7,x; € U, but U is a F-Soc-T-ABSO sub-module
of X, then either s,x; C U+ F —Soc(X) or rpx; CU+F—Soc(X) or s;rpX C U+ F~Soc(X). So, either (sgx;,y,) €
(U+F—S0c(X))@Yor(rbx,,yp)Q(U+F—Soc(X))@ Yor(sqrbX@rbY)Q(U+F—S0c(X))@Y. But(U+F—-Soc
XNEPY=(U+F-SocX)P (Y +F-Soc(Y)) since F-Soc(Y)CY, thus we have either (s4x;,y,) C (U +F —Soc
XD +F-
Soc(Y)) or (rpx;,yp) (U +F —Soc(X)) @ (Y+F—-Soc(Y))or (sqr;,X@ rpY)C(U+F—Soc(X)) @ (Y+F-Soc(Y)).
Now, by (Lemma 2.21) we get either s,(x;,y,) € (U@ ¥)+F=Soc(X P Y) or rp(x,y,) S (UP ¥)+ F=Soc(X P Y) or
SqTh (XEB Y) = (sqrsX P sgrpY) € (U b Y) +F—S0c(XEB Y). Hence U P Y is F-Soc-T-ABSO sub-module of XEP Y.

Conversely

Suppose that UEPY is F-Soc-T-ABSO sub-module of XY with rp, s, are F-singletons of R and x, € X such
that s,rpx; € U. Then s4ry(x1,yp) = (Sq7pXt, SqtbYp) © UEY, for any F-singleton yp €Y, but UEPY is F-Soc-T-ABSO
sub-module of X @ Y. Thus either s,4(x;,y,) C (UEB Y) + F—Soc(XEB Y) or rp(xs,yp) C (U@ Y) + F—Soc(XEB Y) or
SqTb (X@ Y) = (541X P s4pY) C (U b Y)+F—S0€(XEB Y), by (Lemma 2.21) we get either (syx;, 5,y,) € (U + F = Soc
X)NEP Y +F-Soc(Y)) or (rpxs, rpyp) S (U+F=Soc(X) P (Y +F - Soc(Y)) or (sqrpX P sqrpY) S (U +F —Soc
X)) EB (Y +F —Soc(Y)). Thateither s,x; CU+F—Soc(X) orrpx; CU+F~Soc(X) or s,7,X C U+F—S oc(X), therefore
U is F-Soc-T-ABSO sub-module of X.

2) Similarly as the idea in (1).

Lemma 3.23. If X is a F-module of an R-module M, and M be a faithful multiplication R-module, then:
F-Soc(X)=XF -Soc(R).

Proposition 3.24. Let X be a finitely generated multiplication and faithful & -module of an R-module M, if J is a F-Soc-
T-ABSO ideal of R then JX is a F-Soc-T-ABSO sub-module of X.

Proof. Let ry,s, are F-singletons of R and m,; € X where q,b,t € [0, 1], such that SqTymy € JX, where ¢g,t,b € [0, 1].that
is s47p (x;) € JX. But X is a multiplication F-module, thus there exist an F-ideal L of R with (x;) = LX. Then we get
sqrpLX € JX, 50 sqrpL C J +F —ann(X) = J since X is a faithful - module. But J is a F-Soc-T-ABSO ideal of (R, then
by (Corollary 2.15 (1) ) implies that either s, CJ+F —Soc(R) or rp,LC J+F =S oc(R) or s,L C J+F —S oc(R). Now,
by multiplying both sides with X and using (Lemma 2.21) we have either s,7,X CJX+F —=Soc(R) X = JX+TF - S oc(X)
or rpLX CJX+F —Soc(X) or s4LX € JX+F —Soc(X). Therefore, JX is a F-Soc-T-ABSO sub-module of X.

Proposition 3.25. Suppose that U is a F-Soc-T-ABSO sub-module of a F -module X and V is T-ABSO F - sub-module of
X with F —Soc(X) C V. Then the intersection of U and V is a F-Soc-T-ABSO sub-module of X.

Proof. Assume that rp, s, are F-singletons of (R and m; € X where ¢,b,t € [0,1], such that Sqrme © U N V,where.
This implies Sqrymy € U and Sqrym: SV, but U is a F-Soc-T-ABSO sub-module of X. So, we get either s,r, C [U +
F=Soc(X):q X] or rpm; CU+F =Soc(X) or sym; € U +F —Soc(X)..Now, since V is a T"TABSO F-sub-module
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of X this implies either s,rp C [V 1z X] or rym; €V or sym; C V.Therefore either s,7,X € (U+F —Soc(X))NV or
rpmy S(U+F =Soc(X)NVor sgm C(U+F =Soc(X)NV,but F —Soc(X) C V then by using (Lemma 1.28) we have
either s, X C(UNV)+F =Soc(X) or rpm, C(UNV)+F =S oc(X) or sym; S (UNV)+F —Soc(X). That’s mean UNV
is a F-Soc-T-ABSO sub-module of X.

Proposition 3.26. Let X be a faithful multiplication F -module of an R-module M, then a proper F - sub-module U is
F-Soc-T-ABSO sub-module of if and only if [U :g X] is F-Soc-T-ABSO ideal of R.

Proof. Let Sqryce S [U R X],where c¢;,rpands, are F-singletons of R where ¢,b,t € [0,1], implies that s,7, (¢;X) =
(sP)n(cX) € U, with h = min{q,b} But U is F-Soc-T-ABSO sub-module, so by (Corollary 2.12) then either s,r;, C
[U+F =Soc(X):q X]orry(c;X) CU+TF —=Soc(X) or 54(c;X) € U+F —Soc(X). Since X is multiplication F-module,
then by (Preposition 1.31) U = [U :g X]X , and since X is faithful multiplication, so by (Lemma 2.23) F —Soc(X) =F —
Soc(R)X. Thus either 5,7,X C [U (g X]X+F —=Soc(R)X or rpc;X C[U g X]X+TF —=Soc(R)X or sqc X C[U :g X] X+
F =Soc(R) X, this implies either rpm; C[U :g X]+F =Soc(R) or rpc; C[U g X]+F —=Soc(R) or sgc; C[U :g X]+F —
Soc(R). Thus [U :g X]is F-Soc-T-ABSO ideal of R .

Conversely

Let syr, E C U with s4,r, are F-singletons of R and E is F-sub-module of X. Since X is multiplication -module,
then E' = JX for some F-ideal J of R, we get s,r,JX C U that’s mean s,r,J C [U :g X],but [U :g X] is F-Soc-T-ABSO
ideal of R, so by (Corollary 2.13 (1) ) we have either r,J C[U :g X]+F —=Soc(R) or s4,J C[U g X]+F —Soc(R) or
sq7p € [U g X]+F =S oc(R), this implies either 7,JX C[U (g X]X+F —=Soc(R)X ors,J C[U g X]X+TF —Soc(R)X
or 541, C[U g X]1X+F =Soc(R) X, then by (Lemma 2.23) we have U is F-Soc-T-ABSO sub-module of X.

Lemma 3.27. Let f: M — M be isomorphism mapping from an R-module M into an R-module M If X and Xare
F-modules of an R-modules M and M respectively. Then f(F —Soc(X)) CF —Soc (X)

Proposition 3.28. Let f : X — X be an F -isomorphism from F -module X into F -module X, with U is an F-Soc-T-ABSO
submodule of X, such that ker(f) C U. Then f(U) is an F-Soc-T-ABSO sub-module of X.

Proof. f(U) is a proper F-sub-module of X. If not, then f) = X. Let x € X,s0 f(x)C X = f(U), that is there exist
ys € U where s,t € [0, 1]such that f(x;) = f (y;), implies that f (x;) — f (vs) = 01 then f(x; —y5) = 01, thus x; —ys C ker(f) C
U, it follows that x; € U.Thus U = X that’s contradiction. Now, Let Sqrymy C f (U),where ryp, s, are F-singletons of

R and m; is a F-singleton of X. But f is ontof (n;) = m; for some n; C X,that is Sqryime = sqrpf () = f(sqr;,nl) c

f(U)implies that f(sqrbn,) = f(z;) for some z; C U. Thus f(sqrbn,) — f(zn) =01, then f(sqrbnt —zh) = 0y that’s mean
sqrpny — 2z, S ker(f) € U,an s . So, sgrpn; € U but U is F-Soc-T-ABSO sub-module of X. hence ,at is lemma we have
either 5,7, C [U+F —=Soc(X) :q X] or rpny CU+F —Soc(X) or sgn; € U +F — Soc(X).Now, we get either f(s47,X) =
sqrb)_( CfU+F =Soc(X)) or f(ren) = rym; C f(U+F =Soc(X)) or f(sqni) = sym € f(U+F = Soc(X)). Then by
(Lemma 2.27) we have either sqn,f CfO)+f(F-SocX) C fUY+F —SOC(Y) or r,m C f(U)+F —SOC(Y) or
sym € f(U)+F —Soc (Y) Hence f(U) is an F-Soc-T-ABSO sub-module of X.

4. CONCLUSION

The idea of fuzzy socle T-Absorbing sub-modules is dualised in this study by introducing several characteristics and
properties of fuzzy T-Absorbing sub-modules. This approach has opened up new possibilities for studying the fuzzy
dimension. For example, socle T-Absorbing module and completely socle T-Absorbing sub-modules can be defined
utilising the concept of fuzzy socle T-Absorbing sub-modules.
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