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Abstract. The thermal diffusion of dopant impurity in multi-quantum-well heterostructures can be 

modeled with the second Fick’s law equation by using temperature dependent diffusion coefficient 

and equilibrium segregation coefficient at the interface between the layers of the heterostructures. 

The model adopted analytical methods by using the Laplace transform technique to solve the 

diffusion equation in different circumstances. The model has applied to practical structures such as 

           detectors and                         transistor. The results encourage to 

improvement  the model to accommodate the complex types of heterostructure devices. The model 

may be a useful reference for a laboratory process controlling the dopant  diffusion in multi-

quantum-well heterostructures devices after future development. 

Keywords: quantum well, heterostructure, thermal diffusion, semiconductors, segregation 

coefficient, Fick’s equation. 

1. Introduction      

        Most modern electronic devices 

comprise of multi-quantum well produced by 

various manufacturing processes such as the 

multi-crystallization, super-growth of 

semiconductor, thermal growth of oxide, and 

other methods that require high accuracy 

when manufacturing devices with nano-

scales devices. The process of forming a 

quantum well is often followed by the 

process of doping with impurities using the 

methods of thermal diffusion or ion 

implantation as needed [1]  . Diffusion and ion 

implantation are two commonly used doping 

techniques in the industry to add impurities in 

the semiconductor (shown in Figure (1)). 

Diffusion involves the movement of dopant 
particles from higher concentration to lower 

concentration regions in random motion. 

Whereas, ion implantation involves 

bombarding accelerated ions to the surface of 

the substrate [2].                                                                                                                                       
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              Figure (1): Doping techniques (a) Thermal diffusion and (b) Ion implantation [2]. 

      The Diffusion process is widely used in 

the production of electronic and optical 

devices similar to            in order to 

build a      link, the Diffusion process is 

the preferred technique because it can form a 

high p-doped area, of the most common 

materials used are zinc and cadmium. The 

challenges associated with using zinc as 

impurities are controlling the depth of 

diffusion and the concentration of restaurants 

for high-speed diode production [3]. 

In this study, we will present an analytical 

theoretical model to study and investigating 

the diffusion of dopant impurities into a 

multi- (QW) heterostructure device using the 

modified Fick’s - diffusion equation. 

2.Dopant Diffusion in Multi-Quantum 

Well  

     In the multi-quantum well 

heterostructures, dopant defects 

concentration changes with position in the 

layers. The simplest form heterostructure 

consists of a single heterojunction, which is 

an interface within a semiconductor crystal 

via a chemical composition changes [1]. 

Quantum well heterostructures are the 

building blocks of the most advanced 

semiconductor devices presently being 

developed and produced. They are imperative 

elements of the highest performance optical 

sources and detectors and are being 

employed increasingly in high-speed and 

high-frequency digital and analog devices 

[4]. The benefit of multi-(QW) 

heterostructures is that, they offer precise 

controlling the states and motions of charge 

carriers in semiconductors nano-devices [5]. 

The (QW) heterostructures attracted 

scientific attention due to their peculiar 

properties arising from the role of quantum 

confinement in nano-layer when one of the 

dimensions of these structures is smaller than 

twice the radius of Bohr’s of the exciton, the 

quantum confinement occurs, and this 

limitation causes a difference in the 

electronic and optical behavior of nano-

devices [6]. 

3. The Equation of Motion for Dopant  

    Diffusion 

For ions or atoms injected in a specific layer 

of thickness L during the time of interval t, 

by neglecting any surface sputtering, the 

equation of motion for ion diffusion process 

can be considered the form of one-dimension 

Fick’s second low [7]:   
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Where  (    ) is the distribution of the ion 

gas concentration as a function of   and time 

    and   is the diffusion coefficient, The 

term 

 
  (    )

  
 is related to the gas flux. The 

diffusion coefficient empresses number of 

particles that diffuse across a unit area in unit 

time.  

However, diffusion coefficients depend on 

temperature and may depend on the 

concentrations of impurities in the system, 

crystal defects, strain, stress, diffusion depth, 

and so on. In this research, the temperature 

dependence diffusion coefficients will be 

determined which is experimentally obey 

Arrhenius's relation [8],  

 ( )         (
  

   
)                                            

(2) 

where,     is a preexponential factor,    is 

the activation energy,    is Boltzmann 

constant and    is the absolute temperature.                                                                   

3.1. Analytical Solution for the Diffusion 

       Equation in One (QW)                                    

      For gaseous and liquid sources, there is a 

steady concentration of impurities at the 

surface. There is a vapor of impurities (it is 

also true for a solid source) that is keeping 

the steady concentration on the surface. Also, 

the diffusion length Dt is much smaller than 

the layer thickness L, so that the layer can be 

approximated as a semi-infinite medium. 

Then to calculate the concentration of the 

impurities as a function of depth from the 

layer surface, second Fick’s law of diffusion 

can be used for the case  of D  only  

temperature dependent [9-10]. 

  
  (   )

  
  ( )

   (   )

   
                              (3) 

The initial and boundary condition for this 

problem is: at time    , impurity 

concentration at depth   and time  , is given 

by,  (   )   . At the surface, we have, 

 (   )         and at    ,  (   )   . 

Where the surface concentration,       

remains a constant at a constant temperature 

T.  

To solve equation (3) that satisfies the initial 

and boundary conditions we use Laplace 

transformation method and then equation (3) 

will be, 

 ( ) ∫
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(4) 

and by using the Laplace transformation 

rules, equation (4) becomes, 

 ( )
  

   
 (   )  [ (   )    ] 

   

                                    ∫  (   )    
 

 
         

(5) 

by using the boundary conditions, we get 

 ( )
  

   
  (   )     (   )          (6) 

Equation (6), is linear homogenous second-

order ordinary differential equation and its 

solution is 
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Where A and B are constants, so the 

solution of the equation (7) that satisfies the 

initial and boundary conditions is given by, 

 (   )  
      

 
    (  √

 

 ( )
)                  (8) 

By taking the inverse Laplace transform of 

equation (8), one can get, 

 (   )            (
 

 √ ( )  
)              (9) 

Where      is the complement of the error 

function, and √ ( )   is the propagation 

length. This relationship represents the 

solution of the time-dependent propagation 

equation for one layer of matter at fixed 

surface concentration ions.                                                                                                                                   

3.2. Analytical Solution for the Diffusion 

      Equation in (QW) Heterostructure                                     

To introducing the analytical solution for a 

special one-dimensional case, we consider 

two segments    and    of different 

quantum wells connected with the interface  . 

The impurity with concentration   diffuses 

under intrinsic dopant diffusion in both 

segments    and    with different 

temperature dependent diffusion coefficients 

  ( ) and   ( ) , respectively. 

Suppose in region    as     is of the 

concentration      and the region    as     

the concentration is   , as shown in figure 

(2). In this case, the dopant diffusion 

equations in each segment can be written as 

[9], 

   (   )

  
   ( )

    (   )

   
                         

(10) 

 

                              Figure (2): Schematic diagram for two-layer of different phases.  
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The initial condition in the region    is at a 

uniform concentration        and in    the 

concentration is zero initially: 

  
  (    )                      

  (    )                       
}                   (11) 

The boundary conditions at the interface       

    can be written as:  

  (   )      (   )                                 

   ( )
   (   )

  
|
   

   ( )
   (   )

  
|
   
 
} (12) 

where    is the segregation coefficient (The 

ratio between the balanced concentration of 

impurities in the region    to their 

concentration in the region   ) [11]. 

Since ions do not accumulate at the insulating 

surface between the two layers, the boundary 

condition in the relationship (12) clarifies the 

overflow of the boundary between the two 

layers. 

Using the solution in the equation (10) and 

the boundary conditions (12) the results 

of the problems are given by [11], 
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  (    )             
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where,    ,   ,   ,    are constants, which 

are got by the substituting the initial and the 

boundary conditions in equations (13) and 

(14), and hence get a system of linear 

equation comprising four equations which 

solved by suitable algebraic methods, 
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Then by substituting the values of constants 

   and    in equations (13) and (14), we 

obtain relationships that describing the 

concentration profile of dopant impurities in 

the case of single heterojunction. 
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(17)  

The concentration profiles results equation 

(16) and (17) are applied to two different 

quantum wells, and the results are presented 

with suitable conditions. 

3.3. Analytical Solution for the Diffusion 

Equation in Double (QW) heterostructure                                      

We assume a multi-quantum well, consisting 

of three layers heterogeneous      ,    and 
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   , the equations in each segment can be 

written as equation (10) for         and the 

solutions can be given as,  

    (    )             
 

 √  ( ) 
      

                                                            (18) 

    (    )             
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                                (     )             (19)                                    

    (    )             
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Where,    ,   ,   ,    ,       are constant 

values. 

 

Figure (6): Schematic diagram for three-layer of deferent phases. 

     The initial conditions are defined, at time 

    the concentration of impurities at the 

surface     while it is zero throughout the 

structures, the initial conditions are given:  

  (    )                    
  (    )                      

}                       

(21)  

The boundary conditions are 

  (   )       (   )                                
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(22) 

Where   ,    are the segregation coefficient 

between the first and second layers, second 

and third layers respectively. 

 The boundary conditions (2), (4) in equation 

(22), are for the case where ions gas 

accumulation is absent at the inner boundary 

at the       and           between the 

regions     and   ,    and    respectively.  

The integral constants are found by applying 

the initial and boundary condition in 

equations (18), (19), and (20), getting a 

system of linear equations consisting of six 

equations that can be solved by algebraic 

methods.  
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By solving the above linear system, and 

using the same method used to solve the 

equation (15), the values of the constants 

column are obtained and by substituted in 

equations (18), (19), and (20), getting the 

concentration equations showing the 

distribution of dopants diffusion in double 

quantum well. So, in the same way, one can 

investigate the dopant diffusion in multi-

quantum will heterostructure.  

4. The Results    

       The diffusion of    into     is a critical 

practical step in the manufacture of the high 

quality planar            detectors and 

LED diodes [13]. Where the vast amount of 

optical information transmitted by optical 

fibers, which makes it useful for building an 

electronic system has great reliability in 

dealing with that information. Accordantly, 

the (QW) diode laser is the basic building 

block for that system. 

 The            diode made of a thin film 

       (     ) and substrate 

    (     ), this composition has tainted 

Zinc (  ) impurities, the spread of    

impurities in             is an important 

process for manufacturing high-quality 

reagents and optical diodes, the amount of 

impurity ions        
      

   
 , and the 

diffusion coefficient in the substrate                 

           
     

 

   
  and the Diffusion 

coefficient in the              
     

 

   
 

during         ,        , the segregation 

coefficient        , [3-14].  
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Figure (3): Diffusion profile of the quantum well heterostructures in the case of the    diffusion in 

           diode. (a) our model calculations, (b) experimental results [12] 

Figure. (3) shows the convergence between 

our treatment and the practical results of the 

diffusion of impurities in the quantum well 

devices despite the approximations adopted 

in the model to simplify the analytical 

treatment. Time of diffusion and temperature 

as well as the segregation coefficient were 

adopted approached values to the application 

model. 

The diffusion coefficient is directly related to 

the temperature, the effect of the temperature 

on the material causes the movement of 

impurities throughout the solid due to the 

breakage and formation of bonds, the 

diffusion of most species does not occur until 

the temperature is employed. 

 

The rising in the temperature value causes an 

increase in the diffusion coefficient value as 

in equation (2), and therefore the diffusion of 

impurities inside the material will increase.   

Table (1):The Diffusion coefficient of Zinc in 

    and         as a function of 

temperature [15-16]. 

         (
   

   
)              (

   

   
)   T (  ) 

                         500 

                        550 

             4        600 
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Figure (4): The concentration profile of  Zinc ions  in            diode for three different 

temperatures, with                   and          
      

   
 . 

        The segregation coefficient causes a 

difference in the electronic and optical 

properties of the (QW) devices. In the system 

under study, for the process of dopant 

diffusion in a two-layer system, the 

segregation coefficients are denoted by k 

(between M1 and M2) as in the figure (5). 

 

Figure (5): The concentration profile of Zinc ions in            diode for the three different 

values of segregation coefficient at T=400    and         . 

 

The transistor                            

, Ohmic contacts to p-type                

have been extensively analyzed because of 

their important applications as base contacts 

for     DHBTs. The     transistors offer 

fast diffusive as shown in the table (2) and 

ballistic electron transport. This makes them 

particularly attractive for ultra-high-speed 

applications such as optical ICs operating at 

over 100 Gbit/s and high data-rate wireless 



Journal of Basrah Researches ((Sciences)) Vol. (46). No.2 (2020) 

26 
 

communications at frequencies beyond 

100GHz. 

       The amount of impurity ions is              

       
      

   
 and the segregation 

coefficient             and         , 

during          [4-17]. The concentration 

profile of the    diffusion in     

                   is presented in figure 

(7). 

                     Table (1): The Diffusion coefficient of Silicon in                    . 

           Layers          (     )               (    )       (     ) 

Diffusion coefficient            
   

   
            

   

   
          

   

   
 

 

        Figure(7): The concentration profiles of the    diffusion in                         

The model gave encouraging results for its 

development in the requirements of the 

manufacture nanodevices. Our future work 

will be to adopt the diffusion coefficient as a 

function of impurities concentration.  

 

 

 

 

5. Conclusion 

      A theoretical model for dopant diffusion 

in multi-quantum well heterostructure was 

introduced by using the system of traditional 

homogeneous partial differential equations 

for dopant diffusion. This model is associated 

with a segregation coefficient for interface 

multilayer semiconductors and temperature 

dependant diffusion coefficient. Real 

manufactured devices were handled to test 

the model such as the (QW) diode laser and 
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pnp-transistor that gave a closer approach in 

terms of the practical results .In future work ,

the model will be developed to accommodate 

the more properties of the dopant diffusion in 

the manufacture of quantum well devices and 

deals with numerical or semi-numerical 

technics  in the solution.  
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 قسم الفيزياء -كلية التربية للعلوم الصرف -جامعة البصرة                                                 

في هذه الدراسة تم بناء انموذج نظري لدراسة انتشار الشوائب المطعمة في التراكيب المغايرة وتطبيقة على أجهزة  المستخلص:

ابار الجهد الكمية باستخدام معادلة قانون فيك الثاني للانتشار، باستخدام دالة الانتشار المعتمدة على الحرارة ومعامل الفصل في 

ين طبقات أجهزة  التراكب المغايرة. اعتمد الانموذج طرق رياضية تحليلية باستخدام تحويلات حالة الاتزان عند السطح الفاصل ب

           لابلاس لحل معادلة الانتشار في ضروف مختلفة. تم تطبيق الانموذج على تراكيب عملية مثل كواشف 

تشجع على تطوير الانموذج واستيعاب أنواع معقدة من أجهزة التراكيب . النتائج                       وترانزستورات 

المطعمة في أجهزة الابار الكمية بعد المغايرة. قد يكون الانموذج مرجع مفيد في العمليات المختبرية للسيطرة على انتشار الشوائب 

     تطويرة في المستقبل.

 .المغاير، الانتشار الحراري، أشباه الموصلات، معامل الفصل، معادلة فيك.بئر الجهد الكمي ، التركيب مفتاحية: الكلمات ال
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