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Introduction ideal was introduced by Anderson and Smith,

. . L . where a proper ideal P of a commutative ring R is a
In our article all rings are commutative ring with

. . weakly prime if x,yeR, and O#£xyeP then xeP or
non-zero identity. In the recent years many yp y XY

generalizations of prime ideals were defined. Here y&Pin [5] . Ebrahimi Atani and Farzalipour defined

state some of them. The notion of a weakly prime the nation of weakly primary ideals [8] . The

authors in [6] and [3] introduced the notions 2-
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absorbing and n-absorbing ideals in commutative
rings. A proper ideal P is said to be 2-absorbing (or
n-absorbing) ideal if whenever the product of three
(or n+1) elements of R in P, the product of two (or
n) of these elements isin P.

In [1] and [2], the author Akray introduced the
notions I-prime ideal, I-primary ideal and n-

absorbing I-ideal in commutative rings as a
generalization of prime ideals. For fixed proper
ideal 1 of a commutative ring R with identity, a
proper ideal P of R is an I-primary if for ¢c,deR with
cdeP-1P, then ceP or devP. Throughout the paper
the notation b_1--«(b_i)~:-b_n means that b_i is
excluded from the product b_1---b_n. A proper
ideal P of R is an n-absorbing I-primary ideal if for
b 1,--b (n+1)eR such that b_1---b_(n+1)eP-IP,
b 1.--b_neP or b 1---b (i-1)
b_(i+1)---b_(n+1)eVP for some i€{1,2,---,n} where
P is the radical of the ideal P.

Assume that R is an integral domain with quotient

then

field F. The authors in [7] introduced a “proper
ideal P of R is a strongly primary if, whenever
cdeP with c,deF, we have ceP or deVP. In [9], a
proper ideal P of R is a strongly I-primary ideal if
cdeP-IP with ¢,deF, then ceP or deVP. It is said
that a proper ideal P of R is quotient n-absorbing I-
primary” if b1 b_2-b (n+tl)eP with
b 1b 2,...b (n+1)eF, then b 1 b 2---b neP or
b_1--(b_i)*--b_(n+1)eVP for some 1<i<n. Set P is
an ideal of a ring R, let P be an n-absorbing I-
primary ideal of R and b _1,....b_(nt+1)€ER. The
statement is that (b_1,...,b_(n+1) ) is an I-(n+1)-
tuple of P if b_1---b_(n+1)€lP, b_1 b _2---b_ne¢P
and for any 1<i<n, b_1---(b_i)*--h_(n+1)gP.

2 n-absorbing I-primary ideals

In this section, we start with to define the definition
of an n-absorbing I-primary ideal of a ring R.

In this section, we start with to define the definition

of an n-absorbing I-primary ideal of a ring R.
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Definition A proper ideal P of R is an I-primary if
for c,deR with cdeP-IP, then ceP or deP.

Definition A proper ideal P of R is an n-absorbing
I-primary ideal if for b_1,---,b_(n+1)eR such that

b_1---b_(n+1)eP-IP, then b_l.--b_ neP or
b_1-b_(i-1) b_(i+1)-b_(n+1)eNP for some
i€e{1,2,---,n}.

Example 2.1 Consider the ring

A=kt 1,t 2,...,t (n+2) ], where k is a field and

suppose that P=(t 1 t 2.t (n+1),t 172
t 2t nt 172 t(n+2) ), I=(t 1 t2-tntl
t 2.t (n+1) ). Then P-IP=(t_1---t (n+1)t 172
t 2.t nt 172 t_(n+2) )>-(t 1

t 2.t (n+1),t_172--t_nt 172--t (n+1),t 172
t_2---t_(n+2) ). Hence P is an n-absorbing I-primary

ideal but P is not n-absorbing.

Proposition 2.2 We set that R is a ring. Based on
this, the following statements can be considered

equivalent:
(i) P is an n-absorbing I-primary ideal of R;

(ii) For any elements o, 1,...,0 n€ER with a_1---0_n
not in VP, (PR a_l--o_n )S[U_(i=1)*(n-1)
(WP: R a_1-a “i-o_n )UP_R o 1-0_(n-1)
JU(IP:_Ro_1--+a_n).

Proof. (i) = (ii) Set a_1,...,a_nER such that
o_1-a_ngVP. Let re (P: R o_l-an ). So
If ra_1---a_nelP, then re(IP:_R
al-oan ) Let ro_l--o nélP.
o_1---a_negVP, either ra_1--o_(n-1)€P, that is,

ro_1---a_neP.

Since

re(P:_ R a_l1--:a_(n-1) ) or for some 1<i<n-1 we
have ra_1--+(a_i )*-—-a_neVP, that is, re(¥P:_R
o 1-(o i )>on ) or o1 a_2-anevP. By

assumption the last case is not hold. Consequently

((P: R )e&[U_(i=1)(n-1) (VP:_R
a_l-a "i-o_n )JUP_R a_1-0_(n-1) )JU(IP:_R

a_l--0.n))

a l-a_n
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(i) = (i) Let B 1 B _2---B_(n+1)eP-IP for some
B_1,p_2,....8_(n+1)eER such that _1 B_2---f_n &P.
Then B_1e(P:_R B_2---p_(n+1) ). If
B_2---p_(n+1)eVP, then we are done. Hence we
may set p_2---B_(n+1)&VP and so by part (ii), (P:_R
1 b B2-B(+) )e[u_ (=2 (P: R
B_2---B"i--p_(n+1) )JU(P:_R B_2---B_n )U(IP:_R
B_2:--B_(n+1) ). Since B_1 p_2---p_(n+1)¢IP and
B_1 B_2---p_neP, the only possibility is that p_1€
u_(i=2)*n (VP:_R B_2--+(B_i)*-p_(n+1) ). Then
B.1 B_2--(Bi)>-p_(n+l)eVP for some 2<i<n.
Hence P is an n-absorbing I-primary ideal of R.
Proposition 2.3 If V be a valuation domain with
the quotient field F. Then all n-absorbing I-primary
ideal of V is a quotient n-absorbing I-primary ideal
of R.

Proof. We can certainly assume that P is n-
of V,
a_2---a_(n+l)eP for some a_la 2,...,a (n+1)eV
such that a_1 a_2---a_ng¢P. If a_(n+l)gV, then
a_(n+1)™M-1)eV. So a_1---a n a_(n+l) a_(n+L)(-
So

a_(n+1)eV. If a_ieV for all 1<i<n, then there is

absorbing I-primary ideal and al

1)=a_1---a_neP, which is a contradiction.
nothing to prove. If a_i¢V for some 1<i<n, then
a_1-+(a_i)*-a_(n+1)ePS\P. Consequently, P is a
quotient n-absorbing I-primary.

Proposition 2.4 Set P be an n-absorbing I-
primary ideal of R such that VIP=I\P, then VP is a
n-absorbing I-primary ideal of\

Proof. Let us assume a_1 a_2--a_(n+1)eVP-INP
forsomea l,a 2,...,.a (n+1)eRsuchthata 1---(a_i
)>-a_(n+1)¢\P for every 1<i<n. Thus we have
neN such that a_1”n a_2"n---a_(n+l)*neP. If
a_2"n---a_(n+1)"nelP, al

a_2---a_(n+1)eNIP=I\P, which is a contradiction.

a_ 1™ then
Since P is an n-absorbing I-primary, our hypothesis
So
a_2---a_ne\P and VP is an n-absorbing I-primary
ideal of R.

implies a_1”n a_2"n---a_n"neP. al
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Theorem 2.5 Assume that “for any 1<i<k, I iis an
n_i-absorbing I-primary ideal of R such that \(P_i
)=q_i is an n_i-absorbing I-primary ideal of R,
Let The
following statements does hold:

(1) P_1INP_2N---NP_k is an n-absorbing I-primary
ideal of R.

respectively. n=n_1+n_2+---+n_k.

(2) P_1P_2.--P_k is an n-absorbing I-primary ideal
of R”.

Proof. The proof of the two parts are similar, so
we prove just the first. Let H=P_1NP_2N---NP_k.

Then  VH=P_1NP_2N---NP_k. Let al
a_2---a_(n+l)eH-IH for some
a l,a 2,...,a (n+t1)eER and a_l-(ai
yr-a (n+1)gvH  for  any  1<i<n. By,
VH=P_1NP_2N--NP_k is an n-absorbing I-

primary, then a 1 a 2---a neP_1NP_2N---NP_k.
We prove that a_1 a_2---a_neH. For all 1< i<k,P_i
is an n_i-absorbing I-primary and
a_2---a_neP_i-IP_i, then
1<B_1M,B_2%i,...,B_(n_i)*i<n such that a_(B_1%i )
a (B_27 )-a_(B_(n_i)Ni )EP_i. If B_rA=p_s"m it
is for two couples I,r and m,s, then

(& (B 1" ) a(B2°1 ) (B_(n 1"
)--a_(B_17 ) a_(B_2" )---a_(B_r"l )---a_(B_(n_I)"t
)-@&a_(p_1"m ) a (p_2"m )-(a_(p_m"m)
)ra_(B_(m_m®m ) )-a (B_1%k ) a_(B_2"k
)-+-a_(B_(n_k)"k )eVH)

Therefore a_1---(a_(B_n"m))"-a_n a_(n+1)eVH,
which is a contradiction. So B_j™i ’s are distinct.
Hence {a_(p_1"1 ).a_(B_2"1 ),....a_(B_(n_1 )
)a (p_1"2 )a (B_2"2 ),.ma_(B_(n_2)"2
)--a (B 1"k ),a (B 2%k ),...,a (P (nkk )
}={a l,a 2,..,.an }. If a (B 1M ) a (P 2N
)---a_(B_(n_i)Ni )eP_i for any 1<i<k, then

al

we have

al aZ2-an=a (i ) a@@2M
ya(B_(n)™M ) a (172 ) a (P22
y-a_(B_(n2*2 )-a(p_1%k ) a (B2

)---a_(B_(n_k)"k )€H,
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thus we are done. Therefore we may assume that
a (B 17 )a (B_2"1)--a_(B_(n_1)* )gP_1. Since
P_1is I=n_1-absorbing I-primary and

a (B1°1 ) a (B2 )-a_(B_(n1))
a_(p_1"2)a (p_2"2)-a_(B_(n_2)"2 )--a (B_1"k
) a_(p_2"k )--a_(B_(n_k)"k )
a_(n+l)=a_1---a_(n+1)eP_1-IP_1,
then we have a (B_172)a (B 2”2 )---a_(B_(n_2)"2
ya_ (Bl ) a(p_2tk  )-a (B_(n_k)k )
a_(n+1)eP_1. On the other hand a (B_1"2 )
a_(p_2"2)-a_(B_(n_2)"2 )-a_(B_1%k ) a_(B_2"k
)---a_(B_(n_Kk)*k ) a_(n+l)eP_2N---NP_k.
Consequently a (B 1™2 ) a (B.2"2
y-a_(p_(n_2)*2 ) -a (1% ) a (B2
)a_ (B_(n_K"k ) a_(n+l)evH, which is a
) a(p_2ni
)---a_(B_(n_i)™Ni )€ P_i for every 2<i<k. Then a_1

contradiction.  Similarly a_(B_1"i
a_2---a_neH.
Proposition 2.6 Assume that P “is an ideal of a
ring R with V(IVP) cIP. If P is an (n-1)-
absorbing ideal of R, then P is an n-absorbing I-
primary ideal of R.”
Proof. Let VP be an (n-1)-absorbing, and consider
b 1 b_2--b_(n+1)eP-IP
b 1b 2,...b (n+1)eRandb_1b 2:--b_n¢P. Since
(b1 b (n+1) )(b_2 b_(n+l) )--(b_n
b (n+1))=(b_1b_2--b_n)b_(n+1)*neP<VP-INP.
Then for some 1<i<n,
(b_1 b_(n+1) )--«((x_ib_(nt1))" )--+(b_n
b_(n+1) )=(b_1--«(b_i)"-b_n) b_(n+1)*(n-1)eP,
and so b_1---b"i-+b_n b_(n+1)eVP. Consequently

for some

P is an n-absorbing I-primary ideal of R.

We recall that a proper ideal Q of R is an n-
absorbing primary if [a) 2, [a)
_(n+1)eRrR

and a_la 2---a (n+1)€Q, thena 1la 2---a neQ or

the product of a_(n+1) with (n-1) of a_ 1 [,a)

al

2, [a] nis in Q. It is clearly every n-

absorbing primary is an n-absorbing I-primary.
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Proposition 2.7 Suppose that R is a ring and
rer, a nonunit and m>2 is not negative integer.
Let (0:_R r)&(a), then (r) is an n-absorbing I-
primary, for some | with IP<I”m if and only if (a)
is n-absorbing primary.

Proof. Let (r) be n-absorbing I"m-primary, and
al a_2---a_(n+1)e(r)
ala?2..a(+eR. Ifala?2-a(n+tl)é(r"m
)3 then al

a_1--a"i-a (n+1)eV((r)) for some 1<i<n. Based

for some

a_2---a_ne (r or
on this assumption, a_1 a 2:--a_(n+1)e{r*m ).
If a1l

al

Hence a1 a_2--an (a_(n+l)+r)eE(r).
(a_(n+1)+r)g(r"m ), then

a_2--a_ne(ryora_1--a”i-a_n (a_(n+l)+r)eV(r)

a_2--an

for some 1<i<n. Soa 1 a 2---a_ne(ryora 1--(ai
)~-a_(n+1)eV((r)) for some 1<i<n. Hence, suppose
that a 1 a 2---a n (a_(n+1)+r)e(r"m ). Thus a_1
a_2---a_(n+tl)e (r"m ) implies that a 1 a 2---a n
re{rm ). Therefore, there exists seR such that a_1
a_2---a_n-sr’\(m-1)e(0:_R r)<(r).

a_la 2---a ne(r).

Consequently

Proposition 2.8 Assume V is a valuation domain
and neN. Let P be an ideal of V such that PA(n+1)
is not principal. Then P is an n-absorbing I"(n+1)-
primary if and only if it is an n-absorbing primary.

Proof. (=) Let P be an n-absorbing I1*n-primary
that is n’t n-absorbing primary. Therefore there are
a_l,...,a (nt1)eR such that a_1---a_(n+1)eP, but
neither a_1---a_n€P nor a_1---(a_i )*--a_(n+1)eVP
for any 1<i<n. Hence (a_i }€P for any I<i<n+1.
And so V is a valuation domain, thus Pc(a_i ) for
any 1<i<n+l, and so P"(nt+1)S(a_1---a_(n+l) ).
PA(n+1) s principal, then
a_l---a (n+1)eP-P7(n+1). Therefore P is an n-

absorbing

Therefore not

IN(n+1)-primary implies that either
a_1--a nePora 1-(a_i)*-a (n+1)eVP for some
1<i<n, which is a contradiction. Hence P is an n-
absorbing primary ideal of R.

(&) Is trivial.
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Theorem 2.9 We consider that JEP are a proper
ideals of aring R.

(1) Let P is an n-absorbing I-primary ideal of R,
then P/J is a n-absorbing I-primary ideal of R/J.

(2) Let JSIP and P/J be an n-absorbing I-primary
ideal of R/J, then P is an n-absorbing I-primary
ideal of R.

(3) Let IP<J and P be an n-absorbing I-primary
ideal of R, then P/J is a weakly n-absorbing primary
ideal of R/J.

(4) Let JPCIP, J be an n-absorbing I-primary ideal
of R and P/J be a weakly n-absorbing primary ideal
of R/J, then P is an n-absorbing I-primary ideal of
R.

Proof. (1) Set b 1,b 2,....,b (n+1)ER such that
(o_1+3)(b_2+J)--+(b_(n+1)+J)e  (P/)-1(P/I)=(P/J)-
(I(P)+H/J. Then b_1 b 2---b_(n+1)eP-IP and from
being P is an n-absorbing I-primary, we obtain
b _1---b_nePorb_1---(b_i)*-b_(n+1)eVP for some
And so (b_1+J)---(b_n+J)eP/J or
(b_1+J)--+((b_i+1)" )--(b_(n+1)+] J)ePI=V(P/)
for some 1<i<n. Hence we prove that P/J is n-

“ 1< ign.

absorbing I-primary ideal of R/J.”

(2) Set b1 b 2-b (n+l)eP-IP
b_1b_2,..,b_(n+1)eR. Then (b_1+J)(b_2+J)-
(b_(n+1)+N)e(PL)-(1(P)I)=(P/)-1(P/J). From being
P/J is an n-absorbing I-primary, we obtain that
(b_1+J)-«(b_n+td)e PH or (b _1+))--+((b_i+t])" )
—(b_(n+1)+)eN(P/I)=VP/J 1<i<n.
b 1.--b_neP or b 1.-(bi

)*+b_(n+1)eVP for some 1<i<n, hence P is an n-

for some

for some

Therefore

absorbing I-primary ideal of R.

(3) Resulted directly from part (1).
(4) Set b 1--b_(n+1)eP-IP
b 1,..b_(n+1)eR. Note that b_1.--b_(n+1)¢ JP
because JPCIP. If b_1---b_(n+1)€d, then either
b 1-b_neJcP or b_1--(b_i )*b_(n+1)eVIcVP
for some 1<i<n, since J is an n-absorbing I-primary.
If b_1.--b_(n+1)e),

where

then
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(b_1+J)---(b_(n+1)+J)€(P/3)-{0} and
(b_1+J)---(b_n+J)eP)  or  (b_1+J)-((b_i+))"
)-+(b_(n+1)+J)eN(P/I)=\P/J some 1<i<n.
b 1.--b neP or b 1--(b i

)*--b_(n+1)eVP for some 1<i<n. Hence P is an n-

so either
for

Therefore

absorbing I-primary ideal of R.

Proposition 2.10 Suppose that P is an ideal of a
ring R such that IP is an n-absorbing primary ideal
of R. If P is an n-absorbing I-primary ideal of R,
then P is an n-absorbing primary ideal of R.

Proof. Leta 1a 2---a_(n+1)€P for some elements
a la 2,....a (n+t1)eR such that a_1 a 2---a_n&P.
If a1l a2-a(n+tl)elP, then IP n-absorbing
that

a_l-(ai )*a (n+l)eVIPSVP for some 1<i<n,

primary and a_l a 2---a n€lP implies
and so we are done. When a_1 a 2:--a_(n+1)&IP
clearly the result follows.

Theorem 2.11

ideal of a ring R and (a 1,...,a (n+1) ) is an I-

If P is an n-absorbing I-primary

(n+1)-tuple of P for some a_1,...,a (n+1)€R. Then
for every elements o_1,a_2,...,0. me{l,2,...,n+1}
which 1<m<n,
al-@(l))(@(2))-(a(om)
)*-a_(n+l) I"'mcIP
Proof. We claim that by using induction on m. We
take m=1 and assume a_1---(a_(o_1))*-a_(n+l1)
x¢ 1P for
)+a_(n+l) (a_(o_1 )+x)€IP. Since P is a n-
absorbing I-primary ideal of R and a_1---(a_(a_1)
)>-a_(n+1)¢P, we conclude that a 1---(a _(a_1)
Y@ (o 2))>a (n+l) (a_ (a1l )+x)evP, for
1<a_2<n+1 different from o_1. Hence

some X€eP. Then a l-(a (a 1)

some
a l-(a(a2))*a (ntl)eVP, a contradiction.
Thus a l1-(a_(o1))~-a_(n+tl) PCIP.
assume that m>1 and for every integers less than m
the prove does hold. Leta_1---(a_(o. 1))"-+(a_(a 2
))*-(a_(o. m))*-a (n+l) x_1 x 2---x_melP for
the

Here

some X 1,x 2,...x_meP. According to
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induction assumption, we conclude that there exists
CeIP such that
(&a 1-+(a (o 1 ) )@ (a2 )
)++(a_(a.m))~a (n+l) (a_(o_ 1 )+x_ 1)@ (a2
+x 2 )+(@a_(a_m)+x_ m)@ =&+a_1--(a_(a_1
) )@ (a2 ) )@ (am ) )a (n+l) x 1
X_2:--X_melIP.)
Now, we have two cases.
Case 1. Set a. m<n+1. Since from being P is an n-
absorbing I-primary, then
a_l-(a_(o_1))*(@a(a2))(a(em)
) an (a_(o_1)+x 1)@ (a2 )+x 2 )-+(a_(o_m
)+X_m)eP,
or
(a_1l-(a_(o_1))*(a_(o_2))*(a(a_m
))~+(a_j)*a_(n+l) (a_(a_1)+x 1)@ (a_2)+x_2
)--(a_(o_m )+x_m )@€eP)
for some j<n+1 distinct from a_i’s; or
al-@(al))@(2))-(a(om)
)+a (n+l) (a (o 1 )+x_ 1 )-((@a(oi )yxi )"
)---(@_(o_m)+x_m)eVP
for some 1<i<m. Thus either a 1 a 2---a_n€eP or
al-@(ai )

)*--a_(n+1)eVP, which each of these cases which is

a l-a"j-a (ntl)evP  or
a contradiction.

Case 2. Set o, m=n+1. Since from being P is an n-
absorbing then a_l--(a_(a 1 )
ye(a(e2 ) )@ (e (ml) ) )i(a(ntl)
)@ (o 1)+x 1)@ (a2 )+x 2)--+(a_(a_m)+x_m
)EP, or

I-primary,

(a_1l-+(a(a_l ) ) (@_(o_2 )
) +(@_(o_(m-1) ) )*(aj )*-(a_(n+l) ){a (o_l1
yx_1)a (o 2)+x_2)--(a_(o_m)+x_m)@eVP,)
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