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ABSTRACT

Algebras with three commuting involutions are represented as
commutants of one-generated  — £ — & subalgebras of algebras of vector-
space endomorphisms where ~ — £ and & are involutions of a prefixed
type.

Introduction and Preliminaries

Throughout this paper (k, -) denotes a field with an involution and
the terminology of algebra and algebra involution is relative to (k, -). A
systematic study of representation theory for algebras with involutions was
given in [6] by Quebbemann and he proved that (involutive unital finite-
dimensional algebras can be represented as commutants of one-generated
self-adjoint subalgebras of algebras of vector-space endomorphisms) and
later the representation theory for algebras with involutions has been extend
to algebras with two commuting involutions by Cabrera and Mohammed see

[1].

We begin by summarizing some definitions and fundamental
concepts. An involution * in an algebra A is a mapping a & a* of A into it
self satisfying (atb)* = a* + b*, (aa)* = ga* (where — denote the
conjecate of complex number), (ab)*=b*a* and a**=a for al a, b in A and
a in k see[1]. A subalgebra of A globally invariant by * is called a
* —subalgebra. If Bisa * — subalgebra of A, then its centralizer in A given
by

{al A:ab=baforalbinB},
isalso a* — subalgebra of A see[1].
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Involutive algebras can be constructed from the consideration of

nondegenerate hermitian spaces. Recall that, for S in k satisfying SS=1, a
nondegenerate S-hermitian form in a vector — space M over k is a mapping
<.,.>fromM x M into k satisfying
<KMm+mm>=<mm>+<mm><amm>=a<mm >
<m,m>=S<m,m>

forall m, mp, m, minMand a ink,and < m, m' > = 0 for al m implies
m=0 see [1]. If M has finite dimension, then the algebra Endc(M) of all
endomorphisms of M with the adjoint involution F & F  given by
<Fm),m>=<mF (m)>

for al m, m in M see[1].

If (A *, # d), (B, , £ ,0) are dgebras with three commuting
involutions, an isomorphism between (A, *, #, d) and (B, , £, &) isan
algebra isomorphism f from A onto B satisfying f(a*) = f(a) , f(@") =
f(@)Candf(a% = f(a)" for all ain A. Inthiscase (A, *, # d)and (B, , £
,0) are said to be isomorphic see [1].

Our main result isthe following :

Theorem 1. Let (A, *, #, d) be a unital finite-dimensional algebra with
commuting involutions over (k, -) and let S, S', S" ink suchthat SS=S'S
=S"S"' =1. Then there exist a finite-dimensional vector space w over k, a
nondegenerate S-hermitian form <. , .>, a nondegenerate S'-hermitian form
[., .], anondegenerate S"-hermitian form[. , .], and F in Endk(w) such that
(A, *, #, d) isisomorphic to the centralizer of the =~ — £ — &- subalgebra
of Endk(w) generated by F, where |, £ and & are adjoint involutions in
Endi(w) determined by <., .>,[.,.] and (., .), respectively.

We will follow the lines of the following lemma: Let (A, *, #) be a
unital finite-dimensional algebra with commuting involutions over (K, -)
and let S, S'in K such that SS = S'S= 1. Then there exist a finite-
dimensional vector space W over K, a nondegenerate S-hermitian form<.,.>
in W, a nodegenerate S'-hermitian from[. , .] in W, and F in Endk(W) such
that (A, * , #) is isomorphic to the centralizer of the - £- subalgebra of
End«(W) generated by F, where  and £ ae adjoint involutions in
Endk(W) determined by < ., .> and[., .] respectively.

Proof : see[1, Theorem 1]

The first part of the proof consists in finding a nondegenerate
S - S' — S"-hermitian space w, over k such that (A, *, #, d) is embedded into
Endi(Wo) in such away that w, is a balanced A-module (that is, A = Ends
(Wo) if B=Enda(w,)). Our construction involves the three commuting
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involutions of A and consists in a convenient triple of the representation
used in[1].

Theorem 2. let (A, *, # d) be a unital finite-dimensional algebra with
commuting involutionsover (k, -) andlet S, S, S" ink suchthat SS = S'S
= S"S' = 1. Thenthereexists Wo , <.,.>,[.,.],(.,.)), wherew, isa
finite-dimensional vector space over k which is a balanced left A-module (in
fact, w, contains A as a direct summand) and <. , > , [. , .] ,
(., .) are nondegenerate S-hermitian, S-hermitian and S"-hermitian formsin
Wo, respectively, in such away that the associated representation of A in w,
becomes an isomorphism of algebras with three involutions of (A, *, #, d)
into (Endk(Wo), , £ ,8), where , £ and & are adjoint involutions in
Endi(wW,) determined by <., .>,[.,.] and (., .), repectively.

Proof. Consider the vector space w, : = U1 A U A Us A Uz A Us A Us,
where U; = Uz = Us = A and U, = Uy = Ug = Hom (A, K). Endow w, with
the structure of faithful left A-module given by :

a (X, f1, Xo, f2, Xa, f3) : = (@1, f10Lar, @ "Xo, f20Lay, @ 7 X3, f30Lag) for all ain
A and (i, f1, X, f2, X, f3) IN Wo. The mapping <., .> from w, X W, in to k
defined by

< (Xq, f1, X2, T2, X3, f3), (Y1, 01, Yo, O2, V3, O3) > @ =

fa(ys) + fa(y2) + falys) + S (9u(x0) + G(32) + 9s(xs))

is a nondegenerate S-hermitian form satisfying

< a(xy, f1, X2, f2, X3, f3), (Y1, 01, Y2, 92, Y3, O3) > =

< (X1, f1, X2, T2, X3, f3), @ (Y1, O1, Y2, G2, ¥3, Os) >,

and therefore the representation of A on w, becomes an isomorphism of
involutive algebras from (A, *) into (Endk (Wo), ), where  denotes the

adjoint involution with respect to <., .>. Furthermore, the mapping [. , .]
from w, X W, into k defined by

[ (X1, f1, X2, T2, X3, T3), (Y1, O1, Y2, O2, V3, Q3)] : =

fa(y2) + fays) + fa(yr) + S (Gu(x2) + Ga(Xs) + Gs(x1))

is a nondegenerate S-hermitian form satisfying

[a (%1, f1, X2, T2, X3, f3), (Y1, Ou, V2, G2, Y3, O3)] =

[(x, 1, X, f2, Xs, T3), @"(y1, 01, Yo, G2, Y3, 93)]

and so the representation of A on w, also becomes an isomorphism of
involutive algebras from (A, #) into (End« (W), G), where G denotes the
adjoint involution with respect to [.,.]. furthermore, the mapping (. , .) from
Wo X Wo into k defined by
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(X, f1, X2, T2, X3, f3), (Y1, O1, Y2, 02, V3, Qg3)) : =

fa(ys) + falyr) + fay2) + S" (0(xs) + G2(x1) + G3(x2) )

is a nondegenerate S"-hermitian form satisfying

[a (%1, f1, X2, T2, X, f3), (Y1, Ou, V2, G2, Y3, O3)] =

[0, T2, %, 2, X, f3), @%(Y1, O, Yo, G2, Y, G9)]

and so the representation of A on w, also becomes an isomorphism of
involutive algebras from (A, d) into (Endk(w,), F), where F denotes the
adjoint involution with respect to (. , .). Therefore, the representation of A
on w, is an isomorphism of algebras with three involutions. Since w,
contains the "regular" A-module A as a direct summand, it is balanced (see
[4, P. 451]).¢

Remark 1. The involutions , £ and & in Endk(w,) obtained in the above
proof are not necessarily commuting. Sincew, = U1 A U A Uz A U, A Us
A Us we can represent each T in Endy (Wo) as a 6x6 homomorphism matrix.

ég u To T Ty Ty Ty 9
(}T21 Ty, Txu Ty Tx Ty —
T= gT31 T Ty Ty Ty Ty :
T T T Tu Ti Ty N
(;T51 T T To Ty Tg :
Too T T T Te Twp

Where Tjj T Hom (U;, Uj) fori, jT {1,233 4,5 6} Itiseasy to verify
that

=g ITg T ITg TE ITEY

¢IT¢ T¢ 1§ T¢ 2TE TS~
FocTE TTg TE XIS TE TGS

CsTg T T TE TG TET

(T ITE Tg TG Tg g

&XTg TS TS TE STE T
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geng T TE T T IO
TS T XTE TE T T¢ -
o eT$ TTE T§ TTY T§ ITL
¢CIXT$ TS TS T¢ TS T¢ ¢
$T$ TS g TTY T§ IS
T TE TS TE ITE TE 5
And
2TS T T¢ DT T§ ITYO
¢X IT4qf qu: > Tedf Tsdf > ITzdf LE
e.dT§ TTE T TTE TS T
¢CXTE TS TTE TS TTE TS <
$T§ TIE TS TIE T TS
ETE OTE OXTE OTE O XTE TS 5
Therefore
2 ¢ YITg T¢ XITg T X1
CXIT¢ T¢ TIT$ T TIT$ TS =+
re-¢ 8 TXg T§ Ty Tg Tamgl
CXIT¢ T¢ TIT§ T§ rIT¢ T§ -
$TE TIg T§ TiTg T TaTEl
EXTE T¢ rITg T§ XIT$ TS 5
2 ¢ IXT$ T IXTY T IXTYO
CIXTE T XTI TS TS TS -
e_¢ T§ IXTg T§ IXTg T¢  IrTED
CXXTg TE IXTE T IXTE TS <
¢ T IXTg T¢ IITg T¢  IXTgL
EXTg T§ IXTg T IXTE TS 5

And
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8

T¢ X3T¢ TS FIT$ TS XETSO
STTE TE TETE OT§ TETE TS -+
TITg T¢ TITg T TITYL
T¢ TE ZITE T XITS TS <
¢ TITg T¢ TIT¢ T¢I
ETE T TEZTE T ZEZTS TS 5

M|

2”

_||
(o))
11
v O O vO) WO VO WO
—
Yo

—]

Asaresult, , £ and & are commuting if and only if S S=SS=S'S=
SS' , or equivalently S*= S?= S"2,

Proof of Theorem 1. let (A, *, #, d) be a unital finite-dimensional algebra
with commuting involutions over (k, -) and let S, S, S" in k such that
SS=SS=2S8'S' =1 By Theorem 2 there exists (Wo, <.,.>, [.,.] , (.,.)),
where w,, is a finite-dimensional vector space over k which is a balanced left
A-module and <.,.>, [.,] and (.,.) are nondegenerate S-hermitian, S'-
hermitian and S"-hermitian forms in w,, respectively, in such a way the
associated representation of A in w, becomes an isomorphism from (A, *, #,
d) into (Endk(wo), , £, ©), where , £ and & are adjoint involutions in
Endi(W,) determined by <.,.>, [.,.] and (.,.), respectively. Let m denote the
dimension of B = Enda(Wo). Put (w, <.,.>, [.,.], (,})) : = Wo, <.,.>, [.,.] ; (,.)

diagonally in Endk(w). By the final step of the proof of theorem 1 in [1]
appliedto <.,.>, [.,.] and (.,.) there exists F in Endx(w) such that A=Endc(w)
= Endp(W) = Endn(w), where C and D (resp. H) denotesthe  — subalgebra
and £ — subalgebra (resp. O — subalgebra) of Endk(w) generated by F. Let
us denote by E the - £ — &- subalgebra of Endi(w) generated by F.
SinceC, D, Hi E, it followsthat Endg(w) I Endc(w) = Endp(w) = Endp(w)
= A. On the other hand, Aisa - £ — ©- subalgebra of Endy(w) whose
elements commute with F, therefore Enda(w) isa — £ — &— subalgebra
of Endg(w) containing F, and so Ei Enda(w). Fromthis, AT Endg(w).
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Remark 2. The process of representing the algebras of commuting
involutions can be explained through the following diagram :

Underliny vector Constr uction of Generator of | Thecondition on
No. of aceofry esenteg| Nondegenerateform | represented the element of the
involution | al sgra with respect to algebrawith | fieldk, where
9 involution involution S,S,.1 k
TT Endd(w, —=
N=1 Wo = U; A U, <.,.> ad T1 I\/Ik(z;z);é) sS=1
T1 End —= —
N=2 Wo= UlAUZAU3AU4 <.,.>,[.,] andTTnI\/IkE;V:(E);é) SS=sS=1
_ _ T1 Enddwo) | SS=5S =
N=3 |w,=UA ... Augl <..>.[..]1.0¢,) adTT Mold) T -
_ _ T1 Enddwo) | SS=5S =
N=4 Wo= UlA ........ AUg <.,>, [,] ) (:) :{-1-} andTT M8x8(¢) S,,§| - S...?I =1
R sS=s8S =
~ L CGL ] T Endiwe) | LS T D 2
N=5 =UA..... Aup <L b Gl ~ KT angr o gn Gt =
Wy 1 10 (( . )) and Ti M10x10(¢) s'S S_S S
Suu m - 1
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